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O®PAKTAJIBLBHBIE CBOMCTBA
CUHXPOHHOTIO XAOCA B CBA3AHHBIX OTOBPAXEHUAIX

E.Il. Cenesnes, A.M 3axapesuy

YncneHHO HecefyeTcs BIUSHAE aCHMMETPHM Ha CHHXPOHHEIM XaoC B KBaJlpaTHYHBIX
OTOOpaKEHHAX ¢ [MCCHIATHBHLIM BHIOM cBsA3d. ITokasaHo, 4TO ¢ BBEJICHHEM aCHMMETPHH

TI0C/IE NOTEPH TPAHCBEPCAJILHOM CYIIEPYCTONYMBOCTA CHHXPOHHBIM XaOTUUECKHHM aTTPaKTOP
CTAHOBUTCS (PPAKTAILHBIM, a ¢ NpAGIMKEHAEM K IpaHUIle CHHXPOHM3ANUHA (YMECHBIICHAEM
CBSI3H) €rO pa3sMEPHOCTE IEMOHCTPUPYET HEMOHOTOHHOE ITOBEICHHE.

H3yuenne sIBIICHUS XaOTHYECKONW CHHXPOHH3AIMM MMEET KakK (PyHAaMEHTANILHOE,
TaKk W npukiagHoe 3HaveHue [1-9]. HecoMHeHHBIH MHTEpec B 3TOM HallpaBJICHHM
PEACTABJISAIOT MCCIENOBAHUS SIBICHUS XaOTHYECKOA CHUHXPOHM3ALMHd B CHMMETPHYHO
CBSI3aHHBIX HIEHTHYHBLIX IOACHCTEMaX, NEMOHCTPHUPYIOLIMX OMH M3 KIACCHYECKHUX
CIIEHapHeB Ilepexola K Xaocy, HanpuMmep, uepe3 MOCIeOBaTe/IbHOCTh YIBOCHMMA
nepuona [10-11]. PexxuMy CHHXpOHHBIX XaOTHUYECKHX KOJeOaHUN B TakOM CHCTEME
COOTBETCTBYET CUTYyalUs, KOrjja 3HaYCHHUsS MUHAMHAYECKHX IIEPEMEHHBIX B MOACHCTEMAX
paBHbl. Ilpy 3TOM B (pa3oBOM MPOCTPAHCTBE BLIJEIAIOTCS [Ba HalpaBJICHHUS:
MHArOHAJILHOE, BMOJbL KOTOPOrO [BHXKEHHS HEYCTOWYMBBI, a COOTBETCTBYIOLUMA
JAMYHOBCKHUM IMOKA3aTellb MOJIOKHUTENIEH, M TPaHCBEPCAlIbHOE, BHOJL KOTOpPOro
IBIDKEHHE YCTONUYMBO, a COOTBETCTBYIOIIMH JISITYHOBCKHMMA IOKa3aTeNb OTPHLATEJIEH.
OBOJIIOIMS CHCTEMbl IIpH M3MEHEHMH IIapaMeTpa HEJIMHEHHOCTH TOXAECTBEHHA
3BOJIIOLMY H30JIMPOBAHHOM MOACHUCTEMBI. Llenpio maHHOM padoThl SIBNSETCA H3YyYECHHE
BIMSIHMSA acuMMeTpHH (HEMIEHTHYHOCTH IIOCHUCTEM) HA CTPYKTYpPY CHHXPOHHOIO
XaOTHYECKOTO aTTPAKTOpa, €ro KOPPEeNAlMOHHYIO pPasMEpPHOCTb M €€ 3BOJIOUHUIO C
NpUOIUXKEHUEM K TCpaHULE CHHXpOHM3auuu. UYUCIEeHHO HccaeoBajlach CHCTEMaA
IMCCHIIATHBHO CBA3aHHBIX KBaPaTHYHLIX OTOOpaKeHMMA '

"xn+1 = A’ B xn2 T k('xnz B ynz)’
| o ()
a.yn_,_l:ls‘yn -k(xn .-'yn )’ |

rae x, Uy - JMHAMH4YECKHE NEpEMEHHEIE, n=1,2,... - TUCKpPETHOE BpeMs, A - mapaMeTp

HEJIMHEHUHOCTH, O - MapaMeTp aCUMMETPUHU, k - TapaMeTp CBS3H. -
CnenyeT OTMETHTb, YTO KOPPEJSILUOHHAS Pa3MEPHOCTL SBJISETCS TNPENECIbHOH
BEJIMYMHON M NMPH €€ YHUCICHHOM OLEHKE ¢ KOHEYHOM TOYHOCTBIO BCErNa OCTAETCH
Bompoc, uro OymeT Ha Gonee MeakKHX MacmTadax? OIHAaKo, €Cl¥ €CTh BO3MOXKHOCTH
AHAJIUTUYECKH OLCHUTh Pa3MEPHOCTH MHOXKECTBA, TO MOXHO IPOBEPHUTH NOJIyYECHHbIE
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YHCJIIEHHO pe3yNbTaThl. Hamnpumep, KOPpPETSLMOHHYH Ppa3MEPHOCTh KPHTHYECKOI'O
aTTpaKTOpa B KBaJpPaTHYHOM OTOOpaXeHUH MOXHO OLEHUTH aHAJIMTHYECKH Ha OCHOBE
VHHBEPCAJILHBIX CBOMCTB CIieHapHs mepexofa K xaocy [12,13]. 3roT pe3yapTaT MOXHO
pPacIpoOCTPaHHTh M HA CBSI3aHHBIE CHCTEMBI, HCCIERyeMble B JAaHHOM pabore, H
MCITOJIL30BaTh KaK TECT NpPHU IPOBEACHNAN YUCICHHBIX OLEHOK. '

ITpu 6=1 cucrema (1) cUMMeTpHYHA OTHOCHTEJIBHO 3aMEHBI X <>y H IS ITOTO
cllyyas ee qUHAMKKa JIOCTaTOYHO Xopoino u3ydeHa. Ilpu k>0 B 3aKpHTquCK0ﬁ obnacTu
(A>h, roe A =1.40115518909.. - xpuTHYecKOe 3Ha4YeHHE [UI1 H30JIMPOBAHHBIX
nopcuctem |1 3]) cucteMa (1) HeMOHCTPHpPyeT CHHXPOHHBIA XAOTHYECKUHA PEXKUM,
¢a30BbIi IOPTPET KOTOPOrO PACHOIIOKEH Ha TUAaTOHANM IUIOCKOCTH (x .y ). IloBenenue
CBSA3aHHBIX CHCTEM B 3TOM CJiy4ae TOXIECTBEHHO [MHAMHKE H30JHMPOBAHHON
noacucTeMbl. OnieHKa KOPPESIUOHHON pa3sMEPHOCTH XaOTHYECKOro arTpakTopa IpH
KPUTHYECKOM 3HaueHun napaMeTpa A=A, maeT d =0.54 (paccuuThIBaIaCh pEfyLUpO-
BaHHAasi KOPPEJIAILMOHHASA Pa3sMEpPHOCTD, I 4ero Mcmonb3oBanock 40000 sHaveHuit u
5000 omopHBIX TOYEK, PACCUUTAHHBIX ¢ TOYHOCTHIO 1071%), yTo Gmu3ko K xaycnopdgoBoit
pa3MEPHOCTH KPHUTHUYECKOIO aTTpakTopa KBagpaTmyHoro orobpaxenus [12,13]. C
yBeJINYEHHEM IIapaMeTpa A pa3sMEpPHOCTb CHHXPOHHOI'O aTTPaKTOpa yBEIMYHBAETCS H
craHoBuTcss pasHoit 1. IlocnemHee CBsi3aHO ¢ TeM, YTO ISl KBajgpaTHYHOIO
oTOOpaXXeHuss pPa3sMEPHOCTh XaOTHYECKOro aTTpakTopa paBHa 1, a CHHXPOHHBIA
aTTPaKTOP CBSI3aHHOM CHCTEMBI JIEXKUT Ha NMPSMOY - AWAroHalIu B (pa30BOM IIOCKOCTH
X =y .

[Tpu d#1 cumMeTpus HapyllaeTcsl, OMHAKO PEXUM CHHXPOHHM3AIHH COXPaHSCTCH.
Ha puc. 1, a npuselieHa CTPYKTYpa IIOCKOCTH napaMeTpoB (k,A) npu 8=0.97. Ceerible
0o0acTH COOTBETCTBYIOT TNEPUONUYECKUM CHUH(A3HbIM UIHKJIaM, CBETJIO-CEphIE -
CHHXPOHHBIM  XaOTHYECKNM  peXHMaM, TEMHO-CEpbIM  00O3Ha4YeHa  OO0JIacTh
HECHH(PA3HbIX PEXHUMOB, CIUIOIIHbIMH OOO3Ha4y€Hbl JMHHU OuQypKalUd YABOCHHUS
nepuoaa, nucpamu - nepuoyn IMKIoB. Puc. 1, 6 wumoctpupyeT ¢$a30Bble NOPTPETHI
XaOTHYECKHX aTTPAKTOPOB M HX YBEJIUYEHHbIE (PparMeHThl. PaccCMOTpHM 3BOJIIOLHIO
nuKna nepuoma 1 ¢ poctoM mapaMeTpa A mpu ¢pukcupoBaHHBIX k=0.5 u 8=0.97. C
yBeJIHYEHNEM A HAOJIOJaeTCs MOCEHOBaTENbHOCTL OM(PypKaluy YIBOCHMS II€PHOJA,
3aBeplaroniascs npu A=1.4229918... nepexofoM K CHHXpOHHOMY Xaocy (¢parMeHT  Ha
puc. 1, 6). ITpu k=0.5 nerepMuHaHT MaTpulp! JUHeapu3aluu obpaiaerca B 0 U Bce
nukael cucteMsl (1) (Kak ycToiuuBbIe, TaK U CEIJIOBBIE) SBIISIIOTCS CYNEpYCTONYNBBIMH
B TPaHCBEPCAJILHOM HampaBjieHWH. B 3TOM ciyyae KpUTHYECKHMH aTTPAKTOP JIEKHUT Ha
NpsIMOii, a OLIEHKA €ro KOppesLUOHHOM pa3MepHocTH faeT 3HaueHue d =0.5 (uro
6mu3Ko K paccumranHoi B [12,13] koppensimoHHON pa3sMEPHOCTH KPUTHYECKOro
aTTpakTopa OJHOMEPHOTO KBAPAaTUYHOIO OTOOpaKEHWs). YTBEPXKAECHHE, YTO
arTpakTop npH k=0.5 1neXMT Ha NpsMOM, JerKo foKa3aTb. BeruteM B cucreme (1)
IEpPBOE YpaBHEHHUE U3 BTOPOrO

yn+1 B xn+1 - ?\’(6 B 1) - ynz + xnz B Zk(xnz B ynz)’
1ocJie rPYIIIMPOBKH MTOJYYHM CIIEAYIOIEe BbIpaKeHHUe:
Vst =Xy =M (3-1) - (1 -26)(x,2-y,7 ). (2)
[Tpu k=0.5 BeIpaxkenue (2) IpUHAMAET BN

Yoe1 = %, =2 (8-1)

Ine1 = 7\(5 B 1) + X

NN

JTaHHOE BBIpAKEHHE MNPENCTABISeT JUHENHYIO 3aBUCUMOCTb MEXMAY THHAMHYECKHMH
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5=0.97; 6 - ha3oBble HOPTPETHI H MX yBeTHUeHHble PAa3MEPHOCTH d, OT NapaMeTpa K IpH A=2.0, 6 -
¢oparMeHTHI B 3aBECUMOCTH OT MapaMETPOBK U A ¢pa3oBble NOPTPETHI M HX YBEIHICHHBIE (PPArMEHTRI
\=1.4229918..., k=0.5 (I); A=2, k=0.5 (2); Tpu crefyloumx 3Hauenusix mapamerpak: 0.3 (1);
A=1.422693..., k=0.4 (3); A=2, k=0.4 (4) 0.25 (2); 0.24 (3); 0.225 (4)
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MepeMEHHBIMHA M CIPABENINBO [JIsl JFOGBIX 72, CIENOBATENBHO, aTTPaKTOp cucTeMbI (1)

npu k=0.5 GyzeT exaTp Ha IIPSIMOX.
[Ipy panpHediieM YBEJIMYCHWH IlapaMeTpa A TNMPOHUCXORUT IHOCJIENOBATEIBHOE

yMEHbIIEHHE CBS3HOCTH CHHXPOHHOIO XaOTHYECKOro arrpakropa (dparMeHT 2 Ha
puc. 1, 6 WITIOCTPUPYET ONHOCBA3HBIA XapakTep), a €ro pa3sMEPHOCTb YBETMUMBACTCS H
nocturaeT d=1. Takum oGpa3oM, TIIpu BBEJACHHA AaCHMMETpDHM B Ciydae
TPaHCBEPCAJILHOU CYNEPYCTOMYUBOCTH (PpaKTaJbHbIC CBOMCTBA CHHXPOHHOTO Xaoca
aHAJIOTHYHb] CHMMETPHYHOMY CJIy4arlo.

' YMeHbIICHHE CBA3H IIPUBOIUT K TOMY, YTO CHH(pa3HbIE YCTOMYMBLIE H CCMITIOBBIE
IMKIbl  cucreMbl (1) He SBASAIOTCS CYNEPYCTOMYMBBLIMM B TpaHCBEpCAIbHOM
HanpaBJeHUH, a HEYCTOMYMBbIE MHOrOOOpa3us CEVIOBBIX LUKJIOB HE JieXaT Ha OJHOH
npsMoii. ®parmenT 3 Ha puc. 1, 6 WIIIOCTpUPYeT KpUTHYECKHH aTTpakTop npH k=0.4. C
POCTOM TapaMeTpa A KaXAblid JIEMEHT KPHTHYECKOI'O aTTPAKTOpa IBOMIOUMOHUPYET B
¢a30BOM MPOCTPAHCTBE B OTHEILHOM HAINPABJICHHH, & B HTOI'e KPUTHYECKUH aTTPaKTOp
He JIeXKUT Ha NpsIMOM ¥ ocTaeTcsl ¢ppakTalnbHbM (¢parMeHT 4 Ha pHc. 1, 6).

_ Puc. 2, a WUIIOCTPHPYET 3aBUCHUMOCTb KOPPEJSIHOHHOM PpPa3sMEpPHOCTH
CHHXPOHHOI'O Xaoca OT MmapaMeTpa cBsi3u npd A=2.0, a puc. 2, 6 - $a30Bble NOPTPETHI
aTTPakKTOpPOB M MX BblielieHHble (parMeHThl. C YMEHBIICHHEM CBA3M Pa3MEPHOCTH
CTAaHOBHUTCS GoJblile 1, aTTpakTOp He JIEKUT HAa AMaroHajM ¢a30BOHM IUIOCKOCTH, 2
yBeIMueHne Maciutaba BBIABIIAECT €ro CIOXHYIO (PpakTallbHYIO CTPYKTYpy B BHE
GeCKOHEeYHoro MHoXecrBa JuHMH (dparmMent 4 Ha puc. 1, 6). C panpHeduM
YMEHBIICHHEM CBSI3M HAOJMIONaeTCd pacllpeHye aTTpakTopa B TPaHCBEPCabHOM
HanpasjeHud (¢parMent I Ha puc. 2, 6) U yBeauyeHHe ero pasMepHocTd. IIpu aTtom
«IMHEWYaTass» CTPYKTypa CHHXPOHHOTO aTTPaKTOpa INpOSBISETCS Ha 0Oojee MEJIKHUX
MaciuTabax. JIOrHYHO NPEANONIOXUTh, YTO ¢ NPUOMMKEHHEM K I'PaHule CHHXPOHH3AIMK
pa3sMEPHOCTb aTTPAKTOpa, Kak ¥ BTOPOH JISINIYHOBCKHMM IIOKa3aTelb, OyNeT MOHOTOHHO
YBEJINYUBATLCS. '

OnHako ¢ npubImKeHueM napamerpa k K 3HaueHuo (.25 CHHXpOHHBIH aTTPaKTOp
HAYNHAET CXKKMAThCS B TPaHCBEpCAJbHOM HAIpaBJIEeHUH (XOTsI BTOPOH JISIMMyHOBCKHMA
MOKa3aTeNlb YBEJINYHMBAETCS), €T0 pa3MEepHOCTh YMEHBINACTCS H CTAHOBHTCS OJIM3KOM K
1, HO OH TaKXe He JIEXUT Ha npsMol (dpparMenT 2 Ha puc. 2, 6). CienyeT OTMETHUTD,
yro B okpecTtHOocTH 3HadeHmii A=2.0 m k=0.25 npoucxopar Oudypkaluu YIBOCHHS
epuofia CENJIOBBIX IMKJIOB, BJIOXCHHBIX B CHHXPOHHBIH XaOTHYECKHHM aTTpPaKTOp.
[TosToMy NpHUYKHON TAKOro CXaTHs MOXET ObITh H3MEHECHHE KOH(QUrypauuu
MHOroo6pasuii HEeyCTOMYMBBIX LUKJIOB. [lalbHeHiee YMEHBIICHHC CBA3H IPHUBOIUT
BHOBb K pOCTY KODPESIMOHHONX pa3MEpPHOCTH MU PACIUMpPEHHIO aTTpakTopa B
TpaHCBepCAIbHOM HanpaeiieHun (¢parments! 3, 4 Ha pHC. 2, 6). C NpHOMIKEHHEM K
rpaHule 06JacTH CHHXPOHM3ALMHA HabofaeTcs AajbHeNIee paCllMpEHne aTTPaKTopa,
OHAKO pa3MEPHOCTD OISITh YMEHBIIAETCSI.

B wmrore MOXHO chejiaTh ClIEAyloIe BBIBOALI: B CHMMECTPHUYHO CBA3AHHBIX
CHCTeMaX NPHU TPaHCBEPCAILHOH CyNEepPYCTONYMBOCTH ACHMMETpHS (HEHJIEHTHYHOCTD)

MOJACUCTEM He OKa3bIBAa€T BIHMSHHAE Ha pPasMEPHOCTL CHHXPOHHOTO XaOTHYECKOro
aTTpaKTOpa, TO €CTh Pa3MEPHOCTHBIE XapaKTEPHUCTHKM aTTpPakKTOpa OCTAIOTCS TaKHMMH
Xe, KaK M y arTpakTopa H30JHPOBAaHHOW NMOAcCHUCTeMbl. C noTepent CynepycTOMYHBOCTH
pa3MEpPHOCTh aTTPAKTOpa YBEIMYUBAECTCS, JEMOHCTPHPYS C NPHOMMXKEHUEM K I'DaHHULIC
CHHXPOHM3al[ii HEMOHOTOHHOE IIOBEJICHUE.

Paboma evinosnena npu durnarncosoii noodepxke PODPU, epanm NO2-02-17578,
mono0excrHozo 2pauma PAH Ne 23, npu noodepxwxe CRDF, REC-000.

22



buomnorpaguyeckui CUCOK

1. Yamada T., Fujisaka H. Stability theory of synchronized motions in coupled

oscillatory systems // Prog. Theor. Phys. 1983. Vol.69. P.32.
2. IMuxosckuit A.C. B3anMope#icTBHe CTpaHHBIX aTTPAaKTOPOB // HperHHT Ne 79,

HIT® AH CCCP. I'opekuii. 1983. 21 c.
3. Pecora L.M., Carrol T.L. Synchronization in chaotic systems // Phys. Rev. Lett.

1990. Vol.64. P.821.

4. Afraimovich V.S., Nekorkin V.1, Osipov G.V. et al. Stability, Structures and
Chaos in Nonlinear Synchronization Networks. World Scientific, Singapore. 1994. -

5. Hasler M., Maistrenko Yu., and Popovych O. Simple example of partial
synchronization of chaotic systems // Phys. Rev. E. 1998. Vol.58, Ne 5. P. 6843.

6. Maistrenko Yu.L., Maistrenko V.L., Popovich A., and Mosekilde E. 'Transverse

instability and riddled basms in a system of two coupled logistic maps // Phys Rev. E.

1998. Vol. 57, Ne 3, P. 2713.
7. Astakhov V., Kapitaniak T., Shabunin A., Anishchenko V. Non-bifurcational

mechanism of loss of chaos synchronization in coupled nonidentical systems // Phys.

Lett. A. 1999, Vol. 258. P. 99.
8. Postnov Dmitry, Han Seung Kee, and Kook Hyungtae. Synchromzatlon of

diffusively coupled oscillators near the homoclinic bifurcation // Phys. Rev. E. 1999. Vol.

60, Ne 3. P, 2799,
9. Maistrenko Yu.L., Maistrenko V.L., Popovych O., Mosekilde E. Desynchroni-

zation of chaos in coupled logistic maps // Phys. Rev. E. 1999. Vol. 60, Ne 3. P. 2817.
10. Kysneyos C.I1. YHUBEpPCATILHOCTD U MOROOHE B IMTOBEJEHUHI CBSI3aHHBIX CHCTEM

®eitrentayma // 3B, By30B. Paquodusuka. 1985. T. 28, Ne 8. C. 991.
11. Acmaxos B.B., Bespyuko b.Il, Epacmoea E.H., Cenesnes E.II. Buppl
KONeOaHUN U X 3BOJIONKSA B UCCHIIATHBHO CBA3aHHBIX (heiireH6ayMOBCKUX cUcTeMax //

KT®. 1990. T. 60, Ne 10. C.19.
12. Halsey T.S., Jensen M.H., Kadanoff L.P. et al. Fractal measures and their

singularities: The characterization of strange sets // Phys.Rev. A. 1986. Vol. 33. P.1141.
13. Kysueyos A.Il, Kysumeyos C.Il. Kpurnueckass [UHAMHUKa OFRHOMEPHBIX
oroGpaxxenuii // U3B. By30B. [Ipuknagnas nenunefiHas qunamuka. 1993. T. 1, Ne 1, 2. C. 15.

Capamoackoe omoeaeHue [Tocmynuaa 8 pedaxyuro 04.09.02
HPO PAH

FRACTAL PROPERTIES OF SYNCHRONOUS CHAOS
IN COUPLED MAPS

Ye.P. Seleznev, A.M. Zakharevich

We investigate numerically the influence of asymmetry on synchronous chaos in
the system of dissipatively coupled quadratic maps. It is shown that the synchronous
chaotic attractor becomes fractal after the loss of transversal superstability in the

asymmetrical system. Correlation dimension of the attractor demonstrates nonmonotonic
dependence on the coupling coefficient near the synchronization boundary (at the

coupling decrease).
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Cenesnes Eseenuit Ilemposuu - pomuncsa B Caparope (1960). OxoHunn
chusuveckuit pakynpTeT CapaTOBCKOro rocyfapcTBeHHOro yHuBepcurera (1982).
3alllUTH JUCCEPTALMIO Ha COHMCKAaHUE YYCHOH CTEleHM KaHfgujaaTa (pH3UKO-
maTeMaTHueckux Hayk (1990). Crapumit HayvyHblii cOTpyaHMK CapaTOBCKOTO
OT/ENIEHAs] HHCTUTYTa PaMOTEeXHUKHN U 2nekTpoHukn PAH, moueHT dakynbreTa
HenuHEeNHEIX nporeccoB CI'Y. ABrop m coaBTrop Oonee S0 HayyHBIX pabor.

- O0nacTh HAyYHBIX MHTEPECOB - IKCHEPHMEHTAIBLHOE HCCIENOBAHME HEITHMHEHHBIX
, ABJCHAN B paTHO(PHU3HYECCKAX CHCTEMAX.

3axapesus AnOpeii Muxaiinosuy - poganca B CaparoBe (1982). Crynenr
4-ro Kypca (hakyJIbTeTa HEIHHENHEIX IIpoLieccoB CapaTOBCKOI'O roCylapCTBEHHOIO
. yamBepcureTa. OOMAacTh HAyYHBIX HHTEPECOB - HENMHEHHas JHHAMHKA DagHoO-
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