NmaBa 4. CtoxacTnyeckue mogenu 3sonoumu

Ornmpasich Ha CKa3aHHOE O CIIyYalHOCTH B II. 2.2.1, KOPOTKO OCTaHOBHUMCH
Ha CTOXACTHMYECKHUX MOJEJSAX HBOJIOLMU BO BpEeMEHH (CIIy4alHbBIX MPOILECCax).
OnHu MoryT OBITH 33JaHbl JTMOO HEMOCPEACTBEHHO YKa3aHUEM B SIBHOM BHJIE UX
CTaTHUCTUYECKUX CBOMCTB  (IJIOTHOCTEH  pacmpeieneHus BEpPOSTHOCTEH,
KOPPEJSILUOHHBIX (QYyHKIMH u 1.1, . 4.1-4.3), nmubo CcTOXacTUYECKUMH
pa3HOCTHBIMU WK JuddepeHInanbHbIMu ypaBHeHHsIMU. HekoTopbie Hanbonee
U3BECTHBIC YpaBHEHUS, X CBOMCTBA M MPHIOXKEHHUs 00Cyx maroTcs B nm. 4.4 u
4.5.

4.1. D1eMeHTBI TEOPUH CIAYYANHBIX MPOIECCOB

Ecnu npu GpUKCUPOBAHHBIX C 3aIaHHOW TOYHOCTHIO HAYaJIBHBIX YCIOBHUSIX
x(f,) ¥ ImapaMeTpax MOpouecc JIEMOHCTPUPYET OAHY U Ty K€ BPEMEHHYIO
pean3anmio, TO eCTECTBEHHO €ro JuHamMudeckoe omnucanue (rnasa 3). OnHako
Ha TMPAKTUKE 7Ta CUTyalMsl YacTO HE peaju3yeTcs: MPU KaXKIOM HOBOM
WCTIBITAHUM «B OJHHUX M TE€X K€ YCIOBHSIX» peaau3alus mpoiecca OTIudaeTcs
OT mpenbiaymux. Takyl HEOJHO3HAYHOCTh CBSI3BIBAIOT C  BIUSAHUEM
MHOT'OUYUCJIEHHBIX HEKOHTPOIUPYEMBIX (DaKTOPOB, KOTOPOE BCET/1a UMEET MECTO
B peambHoM wmupe. Ilpm sToM  memecooOpa3HO  OTKa3aTbCs  OT
JETEPMUHUPOBAHHOTO  OMNMCAaHWs W  HCHOOJb30BaTh  amnmapar TEOpUU
BEPOSATHOCTEN U TEOpUHM ClyyalHbIX TIporieccoB [55, 53, 113, 150, 87].

4.1.1. IlongaTue ciry4ailHOTO mpoIrecca

Cayuatinoiti - npoyecc  (ciiydaitHass  (QyHKIOHMST  BPEMEHH)  SIBIISIETCS
0000IIIeHNeM TIOHATHUA CIy4allHOM BEJIMYMHBI, YMECTHBIM JJISi ONHCAHUSA
YIIOMSIHYTOU cuTyauuu. bosiee TOYHO, €ro onpeaeneHue ciaeayomee.

Bo-niepBbIX, cryuatinas @yHkyus — 3TO ciaydaiiHas BETWYHHA, 3aBUCAIIAS
HE TOJBKO OT CIIy4YallHOro COOBITUSI @, HO M OT Kakoro-aubo napamerpa. Eciu
3TOT MapaMmeTp — BpeMs, TO ciydyailHas (YHKUMS Ha3bIBACTCS CIIy4alHbIM
mporeccoM U obo3Havaercs &(f,w). Benmmunaa £ MoOXkeT OBITh KaK CKaSIPHOMN

(CKamsipHBIM  Cay4yalHBIA MOpPOLECC), TaK W BEKTOPHOM (BEKTOPHBIA WM
MHOTOMEPHBIN citydaiiHblil nporecc). OHa MOKET NPUHUMATh KaK JUCKPETHBIE
3HaueHus: (IpOLEecC ¢ JUCKPETHBIMU COCTOSIHMSIMHM), TaK U MpoOerarhb
HEIPEPBIBHBIN psii 3Ha4YeHWW. bynemM moka roBOpUThH I ONPENEICHHOCTH
TOJIBKO O TOcieAHeM ciydae. M3ydeHnem u pa3pabOTKOW TaKUX MoOJeiei
3aHUMAETCsl Teopusl ClydalHbIX mpoueccoB [53, 55]. B ciaydae OuUCKpPETHOTO
BpeMeHn ¢=0,1,2,... caydallHBIi TPOLECC HA3BIBAIOT TAaKXKE CAYYAUHOU
nocne008amenbHOCmbIo.

Jns cay4allHOro mporecca pe3yJsibTaTOM OJHOTO MCHBITAHHS SIBIIIETCA HE
OJTHO YHUCIIO (KaK Ui CIy4yaiHOM Benu4uHsbl), a QyHKIus &(f,@,), Tae @, — 3TO

peanu3oBaBllieecs B JAHHOM MCHBITAHUM ciydailHoe coObitue. CiyuaiiHoe
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COOBITHE MOXXHO WHTEPIPETUPOBATH KAK COBOKYIHOCTh CIIyYalWHBIX (paKTOPOB,

JIEWCTBOBABIIMX BO BpEMs MPOTEKaHMs TMpoliecca U BIUABIIMX Ha HEro.

Oyukmua (¢, m,) Ha3bIBaeTCsd peanuzayuel CIydaillHOTO Ipolecca. JDTO yiKe
1

JIeTepMUHUpPOBaHHAs (HecoydaiHasi) GYHKIUS BPEMEHHU, TIOCKOIBKY CITy9aiiHOE
coObITHE (UKCUPOBAHO @ =®,. B pe3ynpTare pas3auyHbIX MCHBITAHUH

MONMY4YaroTCsi, BOOOIIE TOBOpS, pa3MUYHbIe peanu3anuu. MHOXKECTBO
peanu3anyii, MOTy4YeHHBIX B Pe3yJIbTaTe Pa3HBIX HCMBITAHUN (NPU Pa3THYHBIX
@) Ha3BIBAIOT aHcambnem peanuszanuii (puc.4.1).

4.1.2. XapakTepUCTUKHU CIIy4allHOTO mpoIriecca
B mo6oit ¢pukcupoBaHHBII

S a 0 g Peammsamus 1 MOMEHT BpPEMCEHH [ 3HAYCHHC

£ 5% f¥ e S¥ BB Sy 5B R re CIIVYaHOTO TIpoIiecca t,w
RLI (RLIE R RS y poul s(t,o)
SIBIISICTCS cayuaitHoi

BenuuuHOM. OHa Ha3bIBaeTCs
ceuenuem CIy4allHOTO Ipolecca
B MOMEHT BpEeMEHH [ U

XapaKTECpU3yeTcAa IINIOTHOCTBIO
82800ty Lhnt grnly 8], RS A 8
B SR aws Beo) pacrpeneneHusi BepOsSTHOCTEH,
& % 8 8 8

KOTOpY0 o0o3HauuM  p(x,?).

|

|

} DTOT 3aKOH  pacrpelesieHus
| Ha3bIBACTCS 0OHOMEPHBIM
| pacnpeoenenuem  CIy4alHOTO
| nporiecca. OHO 3aBUCHT OT
| mapameTpa — BpPEMEHH ¢ — W
| MOXET OBITh Pa3TUYHBIM IS
IBYX  Pa3JIMYHBIX MOMEHTOB
BpeMeHHU. 3Hasi OJHOMEPHBIMI
3aKOH pacrpesesieHus mpoiiecca
p(x,t), MOXXHO BBIYMCIUTH €TO

MATEMATHUYCCKOEC OXHWJIAHHUC U
AUCIICPCHUI0O B MOMCHT BPCMCHH
t. Ecim 3akoH pacnpeneneHus
MCHACTCA B 3aBUCHUMOCTHU OT
Puc.4.1. AncamOmp w3z N peanuzamuii (Tpu BPEMEHH, TO MOTYT MEHSTBHCS W
0KA3aHbl) U JBa CEYEHHs! CITy4aiiHOro ImpoLecca MATEMATHIECKOE 0K IAHHE

nporecca

m(t) = M[E(t,w)]= [xp(x,t)dx, 4.1
" €ro AUCIrcpCcust:
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o0
2 2 2
ol(t)=M[5(t,0)-m@O] = [[x=m®)] p(x,t)dx. (42)
—00
OTO0 neTepMHHHMpPOBaHHbIE (HecHydaiiHble) (YHKLIHMHM BPEMEHH, IOCKOJIbKY
3aBHCHUMOCTD OT CIIy4YaiHbIX COOBITUI MCKIIIOUEHA IPU YCPETHEHHH.
Ceuenus &(f,w) B pa3nu4yHble MOMEHTBI BPEMEHU #; U , UMEIOT, BOOOILE

roBOpsA, pa3Hble (DYHKIUHM MJIOTHOCTH pacmpeaenenus p(x,t) u p(x,t,), cM.

puc.4.1. CoBMECTHOE TIOBEACHHME CEYEHMM ONMCBIBAECTCS ABYXMEPHOMU
IUIOTHOCTBIO paclpeneneHus p,(x;,t,x,,t,). Takum 3xe o00pa3oM MOXKHO
3aJaTh n-MEpHBIE 3aKOHBI paclpeseieHus p, U1 BCEBO3MOXKHBIX HaOOpOB f,
ty, ..., t,. OHH 0OpPa3ylOT COBOKYNHOCTb KOHEYHOMEPHBIX pacrlpeaeIeHun
ciydaitHoro npoiiecca &(¢,w). BepoaTHOCTHBIE CBOMCTBA Mpoliecca MOJHOCThIO
ONpeEeHbl, TOJIBKO €CIU 33a/JaHa BCA 3Ta COBOKYMHOCTh. OIHAKO, TTOCKOJIBKY
OHa MpPEACTABISIET COO0K OECKOHEUHOE MHOKECTBO 3aKOHOB PACIIPEIEIICHHUS, TO
B OOIeM cilydae TMOJHOCTBHIO OIKCATh CIyYalHBIA MPOIECcC MPAKTHUICCKH
HEBO3MOKHO.

PeanbHO  mpUXOAWTCA ~ OrpaHUYMBATBCA  HCIIOJIB30BAHUEM  TOJBKO
HEKOTOPBIX XapaKTEPUCTUK, HAIIPUMEP, OJHO- U JBYXMEPHBIX paclpeeieHuH,
MOMEHTOB HEBBICOKMX MOPSAJKOB — MAaTEMaTUYECKOI'0 OKHUJAHUs, IHCIIEPCHUH,
ABTOKOBApUAIMOHHON (PYHKIIMHM — U T.A. Tak, aBTOKOBapualMoOHHasi (PyHKIHS B
o0I1eM citydae 3aBHCHUT OT JIBYX apTyMEHTOB:

K(1y,t,) = M(E(4,0) = m(e)NE(ty,0) = m(1,)) =
= _U(xl - m(t1))(x2 - m(tz))]?z (X581, Xy, 85 )dx dx, .

Jns (uxcupoBaHHBIX #, W f, BbIpaxkeHue (4.3) ompenensier xosapuayuro

4.3)

Clly4auHbIX BemumyuH &(f,w) U &(t,,0). Ecam HOpMHpOBaTh e¢  Ha
CpEIHEKBAIPATUYHBIC OTKIOHEHUS, TIONYUYUM ABMOKOPPENAYUOHHYIO (DYHKYUIO
pt,.t,)=K (tl,tz)/(af (tl)ag(tz)), T.e. KOIP(OUIMEHT KOPPEISIUN MEXIY
Clly4alHbIMU BeIu4uHaMu &(t,,m) u E(t,,m) ! ABTOKOppenAIrOHHas (yHKIUS
NPUHUMAET 3HA4Y€HUs B HMHTEpBaje oT —1 g0 1; \ p(tl,tz)\zl COOTBETCTBYET
JETEPMUHUPOBAHHOU JTUHENHOMN 3aBUCUMOCTH ¢ (t,,w) = const - (L, ) .

I XapakTepUCTHKH MPOIECCOB YacTO HCIIOJIB3YIOTCS — YCJIOBHBIC
OJHOMEpHbIE pacmpeaeneHus p,(x,t|x,,t,), T.e. pacupenenenus ceueHus &(r),

Inpru ycCJI0OBHHM, 4YTO B MOMCHT BPCMCHU tl BCINYHHA 5 IMPpHUHAJIA 3HAYCHHC

&) =x,. Dynxumo p,(x,t|x,,t;) Ha3bIBAIOT IUIOTHOCTBIO BEPOSITHOCTEH

" EcTb u mpyrast TepMHHOIIOTHS, COITIACHO KOTOPOit (4.3) HA3EIBACTCS ABTOKOPPEIALMOHHOMN (ByHKIHEH, a mocie
HOPMHPOBKH — HOPMHPOBAHHOM aBTOKOPPEIILIMOHHOM GyHKuuel [172]. MBI ee He HCIIONB3yeM.
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Hepexo/ia U3 COCTOSIHUS X; (B MOMEHT BPEMEHHM f,) B COCTOSIHUE X (B MOMEHT
BPEMEHHU 7).

4.1.3. CTallMuOHApHOCTh U APTrOJUYHOCTb CIyYalHBIX TTPOIIECCOB

BaxHpIM CBOHCTBOM mpolecca SBISIETCS €ro cmayuoHapHocms (WU
HECTALlMOHAPHOCTb). CmayuonapueimM 6 Y3KOM CMbiCle Ha3blBAlOT TaKOU
IIPOLIECC, BCE KOHEYHOMEPHBIE PACIPEIENICHHUs KOTOPOrO0 HE MEHSIOTCSA IIPU
CIIBUTE o BPEMEHH, T.C. vn,t,,....t,,T
D, (X5t X, ,t,) =P, (X,t, + T, X,,,t, + 7). pyrumMu crmoBamu, Tpu CIBUTE
0 BPEMEHM HE MEHIETCd HM OJHAa U3 XapaKTEPUCTHUK IIpoLEecca.
CmayuonaprvimM 6 WUpoKomM CMbiCle HA3bIBAIOT TAKOM CIy4aWHbIA IIpoLece,
IUIA KOTOPOTO IIpU CABUIE II0 BPEMEHM HE MEHSIOTCS MaTeMAaTHYECKOE
OKUJIaHUE, AUCHIEPCUsl U KOppEIsUUOHHas (pyHKIUS (T.€. MOMEHTBI 1O BTOPOTO
MOpsAJIKa BKIIIOUUTENBHO). /{11l cTamoHapHBIX (Kak B Y3KOM, TaK U B HIMPOKOM

CMBICTIE) MPOLIECCOB MMEET MECTO m(t) = const ,o ; (t) = const
K(t,,t,)=k(r),r =t, —t;, U3 cTauMOHApHOCTH B Y3KOM CMBICIE CIEIYyEeT
CTAI[MOHAPHOCTD B IIUPOKOM CMBICIE.

BooOmie ToBOps, TEPMHH «CTAIlMOHAPHOCTBHY» O3HAYACT HEM3MEHHOCTh
KaKoTO-TO CBOWMCTBA BO BpeMeHH. Eciu wuHTepecylomee Hac CBOWCTBO
(HampuMep, MOMEHT OJTHOMEPHOTO paclpeeiicHuUs MopsiaKa 71) He MEHSIETCS, TO
MPOIIECC HA3BIBAIOT CTAIMOHAPHBIM OTHOCHUTEIILHO ATOTO CBOMCTRBA.

Opeoduyeckum HA3BIBAIOT MPOIECC, BCE XaPaKTEPUCTUKH KOTOPOTO MOTYT

OBITH TIOJTYYEHBI TI0 OJTHOM ero peaym3aruu (OeCKOHEYHO JIIMHHOKN). Hampumep,
T

.1
MaTeMaTHYeCKOe OKUAAHHUE OMPENENIUTCA Kak m = lim ;j‘f(t,a)l)dt JUISL TIOYTH
T—o
0

1000r0 @, T.€. yCPEeAHEHUE 110 BPEMEHU M YCPEIHEHHE IO IPOCTPAHCTBY JAOT

OJIMHAKOBBIE PE3yJIbTAaThl. ECIM 1O OJHOM peay3aluy MOXHO IOJNYyYUTh 6Ce
XapaKTEPUCTUKN TPOLECCa, TO €ro Ha3blBAIOT JPrOJUYECKUM 6 CMpO20oM
cmulcnie. ECIM MOYKHO TOJIYYUTh TOJBKO HEKOTOPBIE XAaPAKTEPUCTHUKH, TO €TI0
Ha3bIBAIOT dPrOJNYECKUM OTHOCHUTENIBHO 3THX XAPAKTEPHUCTHUK: BBOJAT MOHATUS
3ProAUYHOCTH MIEPBOTO MOPSIIKA — OTHOCUTENIBHO MTEPBBIX MOMEHTOB, U T.II.
Dproauyueckue NpoIecchl MpeICTaBIsoT cO00 BaXHbIN KJIACC, TOCKOJIbKY
Ha MpaKTUKE 3a4acTyl0 HMMEETCSl TOJIbKO OJIHA peanu3alus, a He OOJbIIoN
ancamOnb. [lo 2TON eAMHCTBEHHOHN peaau3aluu TOJBKO JUIS 3PrOJUYECKOro
Imporecca MOXKHO BOCCTAHOBHUTH €ro cBoicTBa. IloaTomy wacto mpu aHammse
OTJENBPHOTO BPEMEHHOTO psiia TPUHUMAIOT THUIIOTE3Yy OO0 3ProAUYHOCTH

2 EcTh 1 HECKOIBKO MHAs TPaKTOBKa, CBA3aHHas C JONOJHUTCIbHBIM Tpe6OBaHI/I€M KOHEeYHOU JAUCTICPCUU I
CTallUOHApHOI'0 B IIMPOKOM CMBICJIC ITPOLICCCa, IPU 9TOM TaKO€ CJICIOBaAaHUEC HE 6ylleT HUMETHh MECTa.
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UCCJIEYyEMOTO Ipoliecca. DProJJUYECKUl MPOLECC ABIISAETCS CTaAllMOHAPHBIM, HO
HE BCSIKMM CTAallMOHAPHBIN IIPOLIECC SABIIAETCS IPTOANYECKUM.

[Ipumep (peanbHBI aHAIOr) CIy4YallHOrO IMpoOIEcca JAET MPAKTUYECKU
moboe ¢Gu3MYecKkoe M3MepeHHne. DTO MOXKET OBITh M3MEpPEHHE CUJIbI TOKa B
KaKoOW-IIMOO HETWHEHHOW IIenu, JIEeMOHCTpHUpYyHoIIed aBTokonebanus. OT
UCHBITAaHUSI K MCHBITAHUIO W3MEPEHHBbIE pealn3alii (BpEMEHHBIE PSABI, CM.
IJ1aBy 5) OTIMYAIOTCS M3-32 HAJIM4YMs TEIUIOBBIX IIIYMOB, HABOJAOK, U T.II.
[Ipnyem, noylyyuB peanu3alyi0 Ha KAKOM-TO OTPE3KE BPEMEHH, HEIb3s
OJIHO3HAYHO M TOYHO IpEJCKa3aTh €€ JaJbHEUIIEE MMOBEIEHNE, TOCKOIbKY OHO
ompeeNnseTcs Ciy4aiHbIMU (PaKTOpaMH, KOTOpble OyAyT BIUAThH Ha MPOIIECC U B
Oymymiem.

bosiee mpocTo mpuMep CIy4yalHOro mpouecca — CUIIBHO YIPOIIEHHOE
MOJIETIbHOE TpEACTaBiIeHUuEe 00 HCIMyCKaHuu (POTOHA BO30YKICHHBIM aTOMOM.
MomMeHT wucmyckaHus, HadanbHass (¢a3a, HampaBleHHE W TOJIAPU3AIM
HenpeackazyeMbl. Ho kak ToabKo ()OTOH HCIYIIEH U €r0 HayalbHOE MOBEICHUE
CTaJI0 M3BECTHO, TO BCE IOCIEAYIOLIEE YK€ OJHO3HAYHO IIPEICKa3yeMo.
CnyualiHplil mpolecC 3[eCh OMMCHIBAETCS FapMOHUYECKOW (PYHKIMEH BpeMeHH
CO ciydailHOM HavanbHOM (ha3oi (rapMOHUYECKUN 1IyM, cM. HUke). CiyuyaiiHbie
MPOIIECChl TAaKOTO THUMA HA3BIBAKOT  Keazudemepmunuposauvimu [172],
MOCKOJIbKY CIlTydailHble (PaKTOpbI OINpPEAENSIOT TOJIbKO HayallbHbIE YCIOBHS, a
3aTeM MOBEJICHHE NMOJUUHSIETCS JETEPMUHUPOBAHHON 3aKOHOMEPHOCTH.

4.1.4. OueHkH XapaKTEPUCTUK CITYYANHBIX MTPOIIECCOB

Jl1st TOro 94To0BI MOYYUTh CTATUCTUYECKHE OIIEHKH OJHOMEPHOIO 3aKOHA
pacrnpenenenus p(x,t) ¥ ero MOMEHTOB, MOKHO MPOBECTU MHOTO UCIBITAaHUHN U

HOoIy4uTh Habop peanusanuii mpouecca &(f,w,), &(t,w,), ..., &(t,o,). dis

& o (V)

(UKCUPOBAHHOTO MOMEHTA BPEMEHU f=¢ Ha0Op 3HAYCHHI ATUX pearu3anui
“ () (v} *

COCTaBISIET BBHIOOPKY 3HAYCHWH Ciy4dailHOW BenwuuHbl &(¢ ,®) o0bema n

(prc.4.1). TTo 3Toit BEIGOPKE MOXKHO OLEHHTH 3aKOH pachpeneieHus p(x,t ) u

T.11. To ke camoe HyHO MPOJIENaTh JIJIsl BCEX IPYTMX MOMEHTOB BPEMEHHU.

MHoroMepHbIE 3aKOHBI pacmlpeieICHUsT MOKHO OIIEHHWBATh 10 aHCAMOJIIO
peanm3anui aHajnoruyHo. Ho umcno peanuszanmil 1yl MX HAJCKHOU OLECHKHU
JOJDKHO OBITh CYIIECTBEHHO OOJbINEe, YeM JUIA OICHKA OJHOMEPHOTO
pacmpeneneHus 1, TeM 0oJiee, sl OIlEHKA MOMEHTOB.

CioxHee cuTyanusi, KOrja UMeeTcsl TOIbKO OJHA peanu3anusi. ToapKo i
SProJMYEcKOro mpouecca MO JOCTATOYHO JUIMHHOW pealv3aludd  MOXKHO
OLICHUTh HY)KHBIE XapaKTEPUCTUKHU, 3aMEHHMB YCpPEAHEHHE [0 aHCcamOIIto
YCPEIHEHUEM IO BpeMEHH, cM. 1m.4.1.3.
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4.2. bazoBble MOIeJIN CIIyYAHHBIX IPOIECCOB

CrnydaliHplii mpoliecc MOXHO 3a/laTh, ONPEAEIUB SBHO KOHEYHOMEPHbIE
3aKOHBI pacrpezeneHusi BeposiTHocTed. Tak BBoasATCS 0a30Bble  (caMmble
IPOCTHIE) MOJAENU TEOPUU CIyYaWHBIX MPOILECCOB. PaccMOTpUM HEKOTOpHIE U3
Hux [55].

1) OgauM W3 BaXHEHIIMX B TEOPUU CIyYaWHBIX MPOIECCOB SIBISETCS
HopManvHwblll (2ayccoéckuil) CIIyYalHBIM MPOIECC. DTO MPOIECC, i KOTOPOro
BCE KOHEYHOMEPHBIE 3aKOHBI PACTpEICIICHUsI SBISIOTCA HOPMadbHBIMHA. A
UMEHHO, 1-MEPHBIN 3aKOH paclpeaeseHus Npolecca UMeeT BUA:

pn(xbtl"”’xn’tn): - Xn _mn)T Vn_l '(Xn _mn)j (44)

lexp(_ L
(27)"V, 2

IS IF0OOTO 71, TII€ BBEIECHBI 0003HAYECHH

X1 m(t)) | K(t,t) Kt .. K(,t,)]
x = X, m, - m(t,) V- K(t,,t,)) K(t,.,t,) ... K(,.t,) 45
X, | | m(t,) | | K(,.t,) K(,.t,) .. K(,t,))

m(t) — MaTemMaTudeckoe oxxuganue npouecca, K(t,,t,) — aBTOKOppEISIUOHHAS

Vn‘ — OIIPEIENIUTENb MaTpulbl V,, .

7

¢ynkuus, 7 03Ha4aeT TPaHCIOHUPOBAHUE,

B nanHoM npumepe Bce KOHEUHOMEPHBIC pachpeiesieHrs U3BECTHBI (MPOIece
ompeJie]ieH TOJIHOCTBIO), €CIM  3aJlaHbl  MaTeMaTUYecKoe OXUJaHUEe U
KoppensuuonHas ¢GyHkmus. [lpu  r0OBIX  JTUHEHHBIX MPeoOpa3oBaHUAX
HOPMAJILHOT'O MPOIIECCa OH OCTAETCSl HOPMAJIbHBIM.

2) Ilpomecc ¢ uezasucumvimu npupawenusmu. Tak Ha3bIBACTCS MPOIECC,
Il KoToporo BenuuuHel &(t,w),¢(t,,0)—-5(t,w), ..., &(t,,0)=E&(t,,0)
(T.e. mpupalleHusi) SIBISIOTCS CTAaTUCTUYECKH HE3aBUCHUMBIMU ISl JFOOBIX 71,
ty,...rt,, TAKAX, 9TO N >1 W ¢, <t, <...<{,,.

3) Buneposckuii mpouecc. IT0 N-MEpHbI cloydallHBIM Mpolecc C
HE3aBUCUMBIMH IPUPALIEHUAMH, A KOTOPOIrO IpH JIIOOBIX f; <7, CIy4aiHbIi

BekTop &(7,,®)—E&(f,,®) pacmpenesneH 1Mo HOPMAJIbHOMY 3aKOHY C HYJIEBBIM
MAaTeMaTUYECKUM  OXUJAHUEM M  KOBAapHAallMOHHOW  MAaTpULEH BUJIA
(t, —t,)s°I,, tae I, — efMHMYHAS MaTPHIA TOPSAKA 7. DTO HECTAIMOHAPHBIH
IPOIIECC, B OJHOMEPHOM CJIy4ae €ro JUCIEPCHs PACTET JIMHEHNHO BO BPEMEHM
Kak o (1) =0 (ty) +s° - (t—1,).

BuHepoBckuil IpoLecc ONKMChIBAET, HAIpUMEP, OPOYHOBCKOE JABHKEHUE —

nepeMenieHne  OpOyHOBCKOM — YacTHIbI  IMOJ]  JACHCTBHEM  CIyYalHBIX
HE3aBUCHMBIX COYJAPEHUN C MOJIEKYJIAMHU OKPYKAIOIIEN CPEIbI.
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MoxHO TMOKa3aTh, YTO BHMHEPOBCKUH IMPOLECC SIBISETCS HOPMAIbHBIM
nporieccoM. BuHepoBckuii mporiecc ¢ s =1 Ha3bpIBaeTCs CTaHIAPTHBIM.

4) Maproeckuil nipouiecc (IEPBOTO MOPSAKA) — ITO CIyYalHBIN MpoIlece,
JUIS KOTOPOTO YCJOBHAas (YHKIMSA IUIOTHOCTH BEPOATHOCTEH HMMEEeT BU:
DXt [ X, ot e X)) = Py (X8, | X, 58,), RIS TOOBIX  M,ty,....t,,
t, <t,<..<t,. OTO BbIpaXKawT (pa3oi «Oyryliee 3aBUCUT OT MPOILIOrO

TOJILKO dYepe3 Hactosiee». JI1o00il KOHEUHOMEpHBIM 3aKOH paclpeaeaeHus
TaKOTO IMPOLECCa BBIPAKAECTCS YEPE3 €r0 OJHOMEPHBIM U IByXMEPHBIM 3aKOHBI.
Mo>HO 1TOKa3aTh, YTO BUHEPOBCKUHU IPOLIECC SABISAETCSI MAPKOBCKUM.

BaxHbpIM 4acTHBIM CIIy4yaeM SIBJIIETCS MApKOBCKMN MPOLECC C KOHEUHBIM
yucioM K BO3MOXHBIX cocTossHME. OO0o03Hauum  wux  S,...,5;. MW3-3a

JUCKPETHOCTH COCTOSIHMM, OH OIIMCBIBAETCS B TEPMHUHAX CAMMX BEPOSTHOCTEH, a
HE IJIOTHOCTEN Uux pacrpeneneHus. YcnoBHas BEPOATHOCTH
P{S(t+Ar)=S,|5(t)=S;} HasbiBaeTCss B OITOM ClIy4ac MEPEXOAHOU

BEPOATHOCTBIO, IOCKOJIBKY OINKCHIBAET MEPEXOJ U3 COCTOSHUS [ B COCTOSIHUE j.
A BenuuuHa A ;@)= lim P{E(t+A)=S,[S()=S5,} / At Ha3bIBAETCS
? At—+0

IJIOTHOCTBIO BEPOATHOCTH COOTBETCTBYIOILETO MEPEX0IA.

MapkoBcKkue MNpoIecchl 3aHUMAIOT 0CO00€ MECTO B TEOPUHU CIydalHBIX
MIPOLIECCOB, UM ITOCBAILIEHO MHOKECTBO UCCIIEOBaHUM.

5) Ilyacconogckum TIporieccoM ¢ rmapameTpom A > 0 Ha3bIBAIOT CKAJISPHBINA
ClIyyallHbII  mpolecc €  JUCKPETHBIMU  COCTOSIHMSIMH,  OOJaJaroniuii
cnenyromuMmu  cBorictBamu:  a) £(0,w)=0; 0) mpupameHus mporecca
He3aBUCHMBI, B) mnpu moObix 0<t¢ <¢, BemuumHa &(¢,,w)—SE(¢,®)
pacmpenenena mno 3akoHy Ilyaccona ¢ mapamerpom A(f, —t,), T.e. IO 3aKOHY

PlE(ty,0) - £ty 0) = k)= /Wz];’l)

k
exp(-A(t, —¢)), rme k — 1enoe
HeoTpHuIarenbHoe 4YHucio. [lyacCOHOBCKMIA TPOILECC YACTO HCIHOJB3YIOT B
MPIIOKECHUSX, HATIPIMEDP, B TEOPUH MACCOBOTO OOCITYKHUBAHHUSI.
6) benviil wiym. ITO CTAIMOHAPHBIN B IIMPOKOM CMBICIE (COTJIACHO OJTHOM
U3 TPAKTOBOK, cM. m.4.1.3) ciuyuyallHBIA TIpOIECC, 3HAYEHHUS KOTOPOTO B
pa3liuyHbIC MOMEHTBHI BpEMEHU HEKOPpEIUPOBAHbI, T.€. ero
aBTOKOBapualMOHHAs (yHKUMS UMeeT BUA: k(7) = const-o(r). Ero Ha3piBaroT
«0enbIM», TOTOMY YTO CHEKTP MOIIHOCTH 3TOI0 MpOIecca NPeACTaBIseT co00M
KOHCTaHTy, T.€. B HEM paBHONpPABHO INIPEJICTaBJICHbI BCE 4YacCTOTHIL. 3/1€Ch
MPOBEJIEHA aHAJIOTUSA C OEJIbIM CBETOM, B KOTOPOM MPEJCTABICHbI BCE YAaCTOThI
(Bce «uBeTa») BUAMMOM YacTu crekTpa. Jucnepcus 6enoro mryma OeCKOHEeuHa:
o: =k(0)=c0.
PacnipocTpaneHHOM MOJENBIO SBIIIETCS HOpManbHBIA Oenbiid irym (HBLL).
DTO CTallMOHAPHBIA MPOIIECC, HUMEIOIIUA HOPMaJbHBIA OJHOMEPHBIM 3aKOH
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pacnpeneseHus U KoppelsiuoHHY0 GyHKUUIo BUaa k(7) = const - 6(r). Ctporo

rOBOpsi, 3TO COYETaHHE TPEOOBAHUN MPOTUBOPEUMBO, MOCKOIBKY OEJBIA LIyM
uMeeT OECKOHEUYHYIO MAMCIEPCUI0, a HOpPMalbHBIA Cly4yallHBIA IpoLecc —

2
KOHCYHYIO OUCIICPCHUIO (75. Tem He MCHCC, HCCKOJIbKO IIPOTUBOPCUMNBOC

nonstue HBIII monesHo Ha mpakTUKE M MPU HMCCIECAOBAHUU CTOXACTUYECKUX
mudpdepeHInanbHbIX ypaBHEHUH, cM. Hwke 1.4.5. g mnpakruueckoi
HHTEpIpETAMU MOXHO cuutarh, YTo HBII — 310 mporecc, nmeronmuii 04eHb
OO0JIBIIYIO JUCIEPCUIO, & NHTEPBAJ BPEMEHH, HA KOTOPOM €ro KOppesLUOHHAS
GyHKIMSA cmagaeT MOYTH A0 HYJsS, OYeHb Mall 10 CPaBHEHHUIO C IPYTHMMHU
XapaKTepHbIMU MaclITa0aMu paccMaTpUBaEMON 3a/1auH.

7) Amnanor Oenoro myma B Cly4ae JUCKPETHOTO BpPEMEHU —
HOCJIEA0BATENbHOCTD HE3A8UCUMbBIX OOUHAKOBO PACHPEOeNeHHbIX CIyYalHbIX
BEJIMUYMH. DTOT MPOILECC TOXKE YacTO HA3bIBAIOT OenbiM mrymoM. Yaie Bcero
paccMaTpuBalOT HOPMAJIBHOE OJHOMEPHOE PACHPEIEICHUE, XOTS BO3MOKHO U

nroboe apyroe. B ciaydae AMCKPETHOrO BpPEMEHH JHCIEPCHS Ipolecca 052

KOHEYHAa, TaK YTO OH SBJISIETCS CTAlMOHAPHBIM B IIUPOKOM CMBICIE,
HE3aBUCUMO OT UCIIOJIb3yEMOTO ONPEIETIEHUS ITON CTALIMOHAPHOCTH.

benbiil myM — 3TO «cambIil HEMPEACKA3yEMbIi» MPOLECC, T.K. OTCYTCTBYET
3aBUCUMOCTh MEXK]y IOCJeI0BaTeIbHbBIMU 3HaueHUsIMU. [locienoBaTenbHOCTh
HE3aBUCUMBIX HOPMaJIbHO PAcCHpe/EICHHbIX BEJIMYMH HCIONb3YETCS Kak
0asoBast MoJelb NpPU KOHCTPYHPOBAHMM CTOXACTUYECKUX MOJENeH ¢
JUCKPETHBIM BPEMEHEM — CTOXACTUUYECKUX PA3HOCTHBIX YPAaBHEHUH, CM. II. 4.4.

8) ILlenb Mapkosa — 3TO MapKOBCKHI NPOLECC C JAUCKPETHBIMH
COCTOSIHUSIMU U C JUCKPETHBIM BPEMEHEM. JTa MPOCTasi MOJENb OYEHb LIUPOKO
UCIIOJIB3YyEeTCS Ha MpakTUKe. Ee TIIaBHbBIMM XapaKTepUCTUKAMHU  CIIyXkKaT
BEPOSITHOCTH TMEpPEX0Jla U3 OJHOIO0 COCTOSIHMS B apyroe. Jlins ananuza u
HarJIAIHOTO MPEACTABICHUSI TAKUX MOJENEN HCIONb3yeTcs amnmapar TEOpUHU

rpados.

4.3. YpaBHeHUs IBOJIIOIUYU pacnpe/iejieHis BEPOATHOCTEN

Bellie nepeduciieHsl dTaJOHHBIE CIIy4YalHbIE IIPOLIECCHI, MOIYYEHHBIE W3
oOumx cooOpaxenuil. Tak, HOPMaJIbHBIM CIydYallHBI HPOLECC MOXKHO
HOJIyYUTh, UCXO U3 COOOpaKEHUI O HAJIMYMM OOJIBIIOrO YHCIa HE3aBUCUMBbIX
¢dakrtopoB, Oenbli MmyM — U3 TOPEACTaBICHUH O  HE3aBUCUMOCTHU
MIOCJIEIOBATEIbHBIX 3HAYEHUM, MMyaCCOHOBCKUW MPOLECC — C HMCIOJb30BaHUEM
MPEATNONOXKEHUSI 0 peKuX coObITusX [55]. OO 3TUX Tpex mporeccax U3BECTHO
«BCE CYILIECTBEHHOE»: KOHEUHOMEPHBIE PaCIPENEIECHUs, MOMEHTHI U T.1.

Urto KacaeTcs MapKOBCKUX IMPOIIECCOB, TO B HUX 3aJI0KEHBI IPEJCTABICHUS
0 CBSI3M OYIyIIMX COCTOSHHUU C MPEeABIIyIIMMH. B 001meM cirydae MapKOBCKHI
npouecc HecTaloHapeH. Takum 00pa3oM, BOZHUKAET BOIPOC O TOM, Kak OyJer
MEHSTBCS BO BPEMEHM HayallbHOE paclpeiesieHue BEpPOSITHOCTEH — OyaeT M
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OHO CXOJHUTCS K KAKOMY-JIMOO CTAaIIHOHAPHOMY U KaKOBO OyJET 3TO MpeeIbHOE
pacnpenenenue? B onpeneneHinn MapKOBCKOTO TPOIIEcca 3TO HEMOCPEICTBEHHO
He chopmynupoBano. OIHAKO, OMMUPAsICh HA 3TO ONPEICICHNUE, MOKHO BBIBECTH
YPaBHEHHS DBOJIIOLMHU JUJII 3aKOHA pacupeiesieHus BeposiTHOocTen. s
mporecca ¢ KOHEYHBIM YHCIIOM COCTOSITHMM OHHU 3alHIIyTCS B BUAE CHCTEMBI
O0OBIKHOBEHHBIX JTH(GepeHITMANBHBIX ypaBHeHUH (YpaBHeHH KoMoroposa):

dpl/dt _(212 ++11K) 121 )'K,l pl
dpz/dl‘ _ /112 —(121 +ﬂz3 +...+12K) ﬂ'Kz ‘ D> , (46)
dpy /dt Ak Ak wo = (Agy ot 111(,1@1) Pk

rae p;(¢) — BEpOSTHOCTb COCTOSIHUSA S;, a A, ;(f) — IUNIOTHOCTH BEPOSTHOCTEH
nepexona. Ecmu Qynkumm 4, ;(f) 3amaHbl, TO, WHTETPUPYs YpaBHEHHUs

KonMoropoBa, MOXHO  MHpOCIE€IUTh 34  3BOJIOLMEN  paCIpENeIICHUs
BEPOATHOCTEH W3 JIOOOT0 HAYaJbHOTO pachpesesieHus. B mpocThIX YacTHBIX

ClIydasax, HallpuMep, IPHU TOCTOAHHBIX ﬂ“i j» pPEIICHUC MOKHO HaWTHU

aQHAJTUTHYECKH.

B cnyuae mnemeit MapkoBa 3ajaua HECKOJIBKO yIipoiaercs (Mo KpaitHei
Mepe, IS YUCICHHOTO HCCJIENOBAaHUS) — HBOJIOIMS BEKTOpPA BEPOATHOCTEH
OMMCHIBACTCSI PA3HOCTHBIM ypaBHeHHeM Topsaka K. Jlng HarasgHoro
NPEJCTaBICHNUS MApKOBCKUX MPOIECCOB C AUCKPETHBIMH COCTOSIHUSIMH YacTO
UCTOIB3YIOT rpadbl, HA KOTOPBIX KPYKKaMH YKa3bIBaIOT PAa3IMYHbIE COCTOSHUS,
a CTpeNKaMH — BO3MOXHBIE TIEPEXO0JIbI MEXTy COCTOSTHHUSIMH.

B cnyuae HenpepbIBHO3ZHAYHBIX MAPKOBCKUX MPOLIECCOB COCTOSHUE HYKHO
OMKCHIBATh YK€ HE BEKTOPOM BEPOSATHOCTEH, a (yHKUMEH IJIOTHOCTH
pacnpeneseHuss  BEpOsITHOCTEH. [IoaTomy  BMeCTO  OOBIKHOBEHHBIX
muddepeHInanbHbIX  ypaBHeHUM (4.6) i1 omMcaHus 3BOJIOLUMU  3aKOHA
pacnpesiesieHns: BEpOATHOCTEH MOJTy4Yal0T YPaBHEHHsI B YACTHBIX MPOU3BOIHBIX.
Oto o0000meHHoe ypaBHeHHE MapkoBa (Apyrue Ha3BaHUS — YpaBHEHHE
Konmoroposa — Uenmena, npsimoe ypaBHeHue KosmoropoBa) ajisi yCIIOBHOM
IUIOTHOCTH PacIipeleIeHusI:

op(x,t] xo,t) & (-1) &
or 00 :Z( k') P [Ck(x,t)p(x,t|x0,t0)], 4.7)
k=1 K!
rae  BEIMYHMHBL ¢ (x’t):AlimoE I(x'—x)kp(x',t+At|x,t)dx' —  3TO
f—>

K03 (PUIIEHTHI, CBS3aHHBIE C «BEPOSITHOCTSIMH W3MEHEHUS» COCTOSHUS X W
OIIPEICTISIONINE «TIAKOCTBY Pealn3aliii mporecca.

B BaXHOM dYacTHOM ciyd4ae Ougp@ys3uonHo2o Mapkoscko2o npoyecca
(¢, =0 mpu 1r060M k > 2) ypaBHEHHUE yIPOIIAETCS] U IPUBOAUTCS K BULY:
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o P 1 0*
p(a);’t) = _a(cl (x,1) p(x, t))+ 28)62(62 (x,0) p(x, t))’ (4.8)

I7le ¢; Ha3bIBAIOT KO3(PUIMEHTOM CHOCa, a ¢, — KO3 puieHroM auddys3uu.

VYpaHenue (4.8) HazpBaroT Takke ypaBHeHHMeM @Dokkepa — I[lmanka. Oto
ypaBHEHHE TMapabOJIMYEecKOro THUIA, TaKOW K€ BHJ HMEIOT YypaBHEHHS
mipdy3un U TEIIONPOBOJHOCTH B MareMmarudeckoi ¢usuke. OTtcroga u
Ha3BaHUsA KOdPPUIMEHTOB ypaBHeHUs. O CBs3M KOIPPUIIMEHTOB CHOCA H
middy3un B ypaBHeHHH Dokkepa — [lnanka ¢ mapameTpaMu CTOXacCTHYECKUX
muddepeHINaTbHbIX YpaBHEHUH, 3aalolUX HCXOIHBIA MPOIECC, CM. HUKE
m.4.5.

4.4. Ilpouecchl aBTOPErpecCHu — CKOJIb3SIIIEr0 CPeTHEro

CrnydailiHplii mpolecc MOXKHO 3aJaTh C TOMOIIBIO CTOXaCTHUYECKUX
ypaBHeHuil. [lpu 3ToM OH ompenensercs Kak peIIeHHE CTOXaCTHYECKOTo
YpPaBHEHHUA, T.€. NpPU €ro MOJCTAHOBKE B YpaBHEHHE OHO oOOpamiaercs B
TOXKJECTBO. 3JI€Ch MBI PACCMOTPUM CTOXaCTHUYECKHE PA3HOCTHBIE YpPaBHEHMUS,
ONpeAeIsAIoNMe CIy4YalHBId MPOIECC «aBTOPETPECCHMM —  CKOJIB3SILErO
cpennero» [45], KOTOpHI sIBISETCS OJHOM W3 HambOoiee MOIMyJIIPHBIX
KOHCTPYKIIHIA IPU MOJIEIIMPOBAHUH 10 HAOIIOJAeMbIM BPEMEHHBIM PSiIaM.

Jlunetinsiii puromp. B kadecTBe 6a30BOM MOJEIH TP OMMCAHUM CIOKHBIX
pEabHBIX TMPOIIECCOB YacTO MPUHUMAIOT HOPMaNbHBIN Oenbiid mym &(f). s
MPOCTOTHl BBIKJIAZOK OyJeM MmojaraTb, 4TO OH HMMEET HYyJEBOE CpelHee U

2 o
AUCIICPCHUIO O'g. HpI/I aHaJIn3¢ pCaAJIbHOIO CHUI'Halla C€ro CBOUCTBA MOT'YT

OPOTUBOPEUYUTh THUIIOTE€3€ O TOM, 4YTO 3TO — HOPMAJbHBIM Oenblii HIyMm
(Hampumep, OLIEHKH 3HAYEHUH aBTOKOPPEIANUOHHOW (GYHKIUMU O(7) MOTyT

OBITh CYIIECTBEHHO OTJIWYHBI OT HYJs ISl HEHYJEBBIX 7). B 3ToM ciydae
HOJIE3HBIM JJI1 MHOTHX IIPAKTHYECKUX CUTYALUN OKa3aJICs CIELyOUINi MOaX0/.
PaccMoTpuM  HOpMasibHBI ~ Oenblif  1IyM, MpPeoOpa3OBAHHBIN  JUHEUHbIM
Gunompom. B obmiem ciryyae 3To mpeoOpa3oBaHKe OMPEAEIICTCS BIPAKECHUEM

x, =¢, +Zw§ (4.9)

UtoObl mucriepcus mporiecca X, Obuta  KoHedyHa (YTOOBI  OH  OBLT

n

o0
CTallMOHAPHBIM), Beca y, IOJDKHBI YIOBJICTBOPSTH YCIOBHIO Zl//f < const .
i=l
JIuneitnoe nmpeoOpazoBanue (4.9) coxpaHseT HOPMAILHOCTh MPOIECCa U BHOCUT
HEHYJIEBBIC aBTOKOPPEISIIIUN ©(7) TIPU HEHYJIEBBIX C/IBUTaAX.

Ilpoyeccvr  cronvsaweco  cpeoneco.  Pazymeercd, Ha  NpaKTHKE
UCIIOJIb30BaTh MOJICNIb ¢ OECKOHEYHBIM KOJMYECTBOM BECOB HE MPE/ICTABIISACTCS
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BO3MOXHBIM. OpjHaKo, Kak MpaBWUJO, MPU OINHWCAHUHU CBOWMCTB pPEAIbHBIX
IPOLECCOB PAa3yMHO IPEANOJIOKUTh, YTO 3HAYEHUs |/; OBICTPO yOBIBAIOT C

pocToM HoMepa [ (lajgekoe IMpouuioe ciado BIMAET Ha HACTOsIIEE) U
OTPaHUYUTHCS MOJIEeTbIO (4.9) ¢ KOHEUHBIM YUCIIOM BecoB ¢. [lomyunm mporiecc
CKOJIB34IIer0 cpeaHero mnopsijaka g (oboznauaercs CC(qg) wiu MA(g), ot
anrymiickoro «Moving Average» — CKOJB3SIIEe CpeaHee), KOTOPhIN 3a1aeTcs
Pa3HOCTHBIM ypaBHEHUEM

q
xn = an - Zeiggn—i (410)
i=l

u nmeert g+1 mapamerpos —Beca 6, 6,, ..., 6, u 0-62 .

Ilpoyeccovt asmopezpeccuu. 3ameTuM TeNepb, 4TO o0IIee BeIpaxeHue (4.9)
MO>KHO SKBUBAJICHTHO MEPENUCaTh B BUJIE:

'xn :§n+zﬂ-ixnfi’ (411)
i=1

rie Beca 7z; BbIpakarorcsi depe3 ;. IlogpoOnee, nepexon ot (4.9) x (4.11)
MOXXHO OCYIIECTBUTH CIEAYIOMUM 00pa3oM: HYXHO IIOCJIEI0BATEIHHO
UCKJIIOYaTh U3 BbIpaxeHus (4.9) senuuunsl &, , &, , U T.4. [l 3TOrO CHavasna

n—-1»>

BBIDA3MM 3HAY€HHWE IOymMa &, 4Yepe3 X, ; M Ipeaplaylue 3HaueHus & C
o]

nomoupo popmyist &, | =x, - > w,E, . [logcTaBUM 3TO BBIpaXCHHE B
i=1

dopmyny (4.9), uckiarouuB U3 Hee, TakUM oOpasoM, &, . [lamee aHaIoOrMyHO
uckmounM &, ,, u T.40. llpomecc (4.11) Taxke conepKHUT OECKOHEYHOE
KOJIMYECTBO napameTpos 7;. Ho yacTo umeer mecto ObIcTpoe yObIBaHHE BECOB
7; >0 npu i — . T.e. nanekoe mpouuioe ci1abo BIUSIET HAa HACTOsAIIEE, HO

yKe B TEPMHUHAX 3aBUCUMOCTH TEKYIIETO 3HAUYCHHUS MpOIecca OT MPeIbIIyIUX
3HAQUYEHU caMoro mporecca. Torjga JOCTaTOYHO OTPAHUYUTHCS KOHEYHBIM
yucioM crnaraemMbix B (4.11). B pe3ynpTaTre npUXOAUM K MpOLECCY
aBTroperpeccuu mopsika p (o6o3Havaercs AP(p) i AR(p), oT aHTIUHCKOTO

«AutoRegressive» — aBTOPErpeCcCHOHHBIN), KOTOPBIM 3a7aeTcs Pa3sHOCTHBIM
ypaBHEHHEM
p
X, =&, + 2 hx, ;- (4.12)
i=1
OTa KOHCTPYKUHS COACPXKUT p+l mapamerpoB — Beca @, ¢, ..., ¢, W

AUCIICPCHUIO (o2 § , 1110)5 (S 3Ha4YCHUA BECOB JOJIXKHBI YAOBJICTBOPATH

oTpesiesIeHHbIM COOTHOLIEHUAM [45], 4To0bI npotiecc OblT cTallmoHapHBIM. Tak,
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B ciydyae p =1 aucnepcus nporecca (4.12) BeipaxkaeTcs 4epe3 JUCIIEPCUI0 052

KaK o, :0'§ / (1-¢%) ¥ 1ns CTAaMOHAPHOCTH HEOGXOIMMO \¢1\<1. Tepmun

«aBTOperpeccus» TMOSIBWICA HW3-3a TOTO, 4To cymma B (4.12) ompenenser
perpeccuro TEKYIEro 3HAaueHWs Ipolecca X, Ha MPEeAbliyIlde 3HauYeHUs

caMoro e mpoliecca — OTCIoja «aBToy. O TepMUHE «perpeccus» cM. 1m.7.2.
IIpoyeccvr asmopezpeccuu — ckonvzaujeco cpeonezo. bonee 3phekTUBHYIO
JUTsI OTIMCaHUS IIMPOKOTO KJIacca MPOIECCOB KOHCTPYKITUIO, MOYKHO TOJIYYHUTh,
o6bemuuuB (4.10) m (4.12). llenecooOpa3HOCTh TAaKOTO OOBEIUHEHUS BMECTO
KCTIONIb30BaHUSI TOJBKO OJHOTO W3 mpenactaBieHuid (4.10) win (4.12) BbI3BaHa
CIEeNyIOMMMH  00cTosiTeNlbcTBaMu.  [IpeanonokuM, d9TO  HAOIIOIaeMBIHA
BPEMEHHOM Pl T'€HEpUpyeTcs MpoueccoM aBroperpeccuu mnopsaka 1. Ecmoum
MOMBITATHCSI OMHUCATh €ro MPOLIECCOM CKOJB3AIIEr0 CPEeAHEro, TO MoTpedyeTcs
Mmozienb (4.10) ¢ GecKkOHEUHbIM YHCIOM MapaMeTpoB 6, (1o KpaifHeil mepe, C

oueHb OousbiuM). [lpu MomenupoBaHMU TO SKCHEPUMEHTAIBHBIM JAHHBIM
OLICHKM 3HAY€HUI OOJBIIOr0 4YHWCiIa MNapaMeTpOB MEHEE HAJIeKHBI, U 3TO
00s13aTeNIbHO MPHUBENET K CYLIECTBEHHOMY CHMXEHHMIO KadecTBa mojenu. U
0o0paTHO, eClM psAJl TEHEPUPYETCs MPOLIECCOM CKONB3AUIEr0 CPEIHEro Mopsiika
1, To mns ero omucaHus MOoTpeOoBaics Obl MPOLECC AaBTOPErPECCUU OYEHb
BBICOKOTO Topsiaka. Ilosromy pa3ymMHO OOBEIMHUTH B MOJEITH BBIPAKCHUS
(4.10) u (4.12), 9T0OBI MOXHO OBLIO PKOHOMHUYHO (TIpH TOMOIIX HEOOJIBIIOTO
YHuClIa TapaMeTpPoB) OmucaTh HaOomaeMblid mporece W Buaa (4.10), u Buma
(4.12), u cmemanueiii. [lomydaem mporecc aBTOPETPECCHM U CKOJIB3AIIETO
cpenHero nopsaka (p, g) (o6o3navaercs APCC(p, g) umu ARMA(p, q)):

p q
xn = én +z¢ixn7i _zgié:nfi . (413)
i=1 i=1

OH 3aBucut ot p+g+1 napameTpos.

Ilpoyeccvr  asémopecpeccuu —  NPOUHMESPUPOBAHHO20  CKOAb3AULE20
cpeoneeo. CranmoHapHbii mporiecc (4.13) He MoxkeT OBITH aJIeKBATHOM
MOJIETIBIO Il ONMMCAaHUs HECTAllMOHAPHBIX IMPOLIECCOB C JETEPMUHUPOBAHHBIM
TPEHIOM WM CTOXAaCTUYECKHUM TPEHIOM (HepezyiapHule 4epeloBaHUs
UHTEPBAJIOB, Ha KOTOPBHIX TMPOIECC CIEAYET TMOYTH JAETePMUHHUPOBAHHON
3aBUcUMOCTH). OpHako MJis HEKOTOpPOro Kiacca TpPEeHJAOB (a MMEHHO,
MOJIMHOMUAJIbHBIX) aJIeKBaTHOM MOJENbIO  SIBJISIETCSl MPOLIECC, KOHEYHAs
pasHoCcTh KoToporo siBisiercst cranuoHapHbiM APCC-npoueccom. Koneunas

pa3HOCTh Hopsiika d ompenernsercs Kak y, =V7x,, rue Vx, =x,—-x,, —

0o
mepBas  pasHoctb  (amamor muddepeHimposanms), a VY  osHauaer
nociea0BaTenbHOe NpuMeHeHue d pa3 omeparopa V. Takum oOpazom,
[OJly4aeM IpOLIECC AaBTOPETPECCHM M MPOMHTETPHUPOBAHHOIO CKOJIB3SILIErO
cpenHero nopsaka (p, d, g) (o6o3navaercs APIICC(p, d, q) win ARIMA(p, d,
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q) ot anrnuiickoro — «AutoRegressive Integrated Moving Average»), KOTOpbIit
OTIPENIENSIETCS] PAa3HOCTHBIMH yPaBHEHHUSIMH

p q
yn = gn +,U+ ¢iyn7i - eignfﬂ
29~ 2, @14)

vd‘xn = yl’l'

[TocTostHHBIM YieH 4 ONpeAeNseT HaIWYue JICTEPMHUHHUPOBAHHOTO TPEHA.
YroObl BbIpa3uTh 3HauUeHUs mpouecca x, depes 3HaueHus APCC-mpouecca y, ,

HY’KHO HCIIOJIb30BaTh OINEpaTOp CYMMHUPOBAaHMS (aHAJIOT WHTETPUPOBAHUS),
obpatHbelii  omepatopy V. DOTuM  OOBsACHSETCS  HaJIWYUE  CJIOBa
«TPOMHTErPUPOBAHHBIIN B HA3BAHUHU IPOIIECCa.

APCC- u APIICC-npoueccel 6onee nomyBeka (1920-1970-e rr.) Obum
OCHOBHBIM aMmapaToM Jjisl MOJCIIMPOBAHUS U MPOTHO3a CIIOKHBIX MTPOIIECCOB HA
npaktuke. OHM IIUPOKO HCHOJB30BAINUCH [UJISl PEIICHUS 3aJad yIpaBJICHUS
TEXHUYECKUMHU TiporieccamMu [45, 4.2]. Pa3BuBanuCh M UX BCEBO3MOKHBIC
Moaudukammu, B vacTHOCTH, ce3oHHble APIICC-momenu,  KoTopble
onpenenstorcs  kak  APIICC-mponeccel  juist  CE30HHOM — Pa3HOCTH
V.x, =x,—x,  BAIA

P Q
yn = égn + (Diyn—is - ®i§n—is’
2Ok @15

D . _
Vs 'xn _yn’

rne &, — mpouecc APIICC(p,d,q). Ilpouecc (4.15) Ha3piBaeTcs CE30HHBIM
APIICC-npornteccom nopsinka (P, D,Q)x(p,d,q). Takue Mmoaenu yMECTHBI s
OTHMCaHUsI TMPOIIECCOB C CE30HHBIMH TPEHIaMH (XapaKTePHBIMH MacIITabamu
nopsiaKa s).

Tonpko B mocneaHHE [BAa JAECATUIETHS C Pa3BUTUEM BBIYMCIUTEIBHON
TeXHUKU U HenuHerHol nuHamuku APIICC-monenn Bce OoJblie «OTCTYHAKOT»
B KOHKYPEHILIMU C HEIMHEHHBIMU MOJEISIMU (CM. TaBel 8-11), XOTsS BO MHOTUX
OTpacIIsIX 3HAHUSI OCTAIOTCS OCHOBHBIM MHCTPYMEHTOM.

4.5. Croxactuueckue audepeHuuaJIbHbIE YPABHEHUSA U 0eJiblil
HIyM

Jnsa  onmcaHus ciayd4aMHbBIX IPOLECCOB B  HENPEPHIBHOM BpPEMEHU
WCITONB3YIOTCS  cToXacThudeckue auddepennuanpabie  ypaBHenus (CHY).
Haubonee n3BecTHO ypaBHEHHE TIEPBOTO MOPSAIKA (TaK Ha3bIBAEMOE YpaBHEHHE
JlanxeBeHa):

dx(t)/dt = F(x,t) + G(x,1)-£(1), (4.16)
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rne F, G — rnaakue ¢Qynkuuu, &(f) — HOPManbHBIA Oedblii IIyM C
ABTOKOBapUANMOHHOMN QyHKIMEH k(7) = O(7).

Beenenne mnonstus CJIY coBcemM HE TpHUBHAIBHO, TOCKOJIBKY OHO
BKJIFOYAET B ce0sl MOHATHE MPOU3BOIHOM ciydaiiHoro mporecca dx(t)/dt. Kak
ee moHnnmath? Hambomnee mpocToit myTh ObLUT OBl CIEAYIONIMM: CUUTATh, YTO BCE
peayiM3aliMi Tpolecca X HEnpephlBHO auddepeHuupyeMbl, U ONPEAeTuTh
NPOM3BOJIHYIO KaK CIy4YailHyl0 BEIMYHHY, 3HaU€HHE KOTOPOW €CTh OOBIYHAS
Mpou3BoJHas peain3auuu x. Ho 3T0 BO3MOXKHO TOJIBKO JUIsl IPOLECCOB &(f) C
HETNPEPHIBHBIMU peATM3alMAMUA — IS KaXIO0W OTAENbHON peanuzauuu &(f)
ypaBHeHnue (4.16) npencrasmsuio 0b1 coboit OJ1Y. Ho, Hanpumep, Oenblii mrym
HE OTHOCHUTCS K TAKUM TIPOIIECCaM, a XOPOIIO OMKUCHIBAET MHOTHE MPAKTHUECKUE
CUTyalliu (CEepPHUI0 HE3aBHCHUMBIX TOJNYKOB) W IO3BOJISIET YMPOCTUTH MHOTHE
BBIKJIQTKA. J[1s1 BO3MOXKHOCTH aHanm3a ypaBHEeHHs (4.16) ¢ mpomeccamu (1)
TaKOro THUIA MMOHATHE MPOM3BOAHON ciydaiiHOro mpouecca dx(z)/dt B Touke ¢
0000IMIIH. [TpousBogHas €CTh ciryJaitHas BEJIMYMHA
dx(t) . x(t+At)—x(¢)
—=lim.

dt At—0 At
CMBICJIE, CM., HarpuMmep, [S35].
[Tporecc x B (4.16) MoxkeT ObITH ¥ BEKTOPHBIM. Tornaa u 6enbiii mym (1) —

, TAC MPCACT MMOHUMACTCA B CPCAHCKBAAPATHUIHOM

MHOTOMEPHBIN MPOILIECC.

Mo>kHO MokKa3arth, 4To mnpoiiecc x B (4.16) — MapkoBckuii. [[j1s1 HEr0 MOYKHO
3anmcaTth ypaBHeHue ®okkepa — Ilmanka, rae koadduimenT cHoca ectb F, a
ko3dduupent mddysun — G-,

PaccmotpuM yacTHbIi ciydait (4.16): F' =0, G =const, T.e. ypaBHEHUE

dx(t)/dt = E(1). (4.17)

Pemienue ero popManbHO MOKHO 3alHMCaTh B BUC
t
x(6)—x(ty) = [ £t (4.18)
fy

CroxacTH4ecKuid HMHTErpal TakKe OIpeeNsieTcsl ¢ MOMOIIbI0 Tpejaena B
CpelHeKBagpaTUYHOM. [Ipudem CymIecTBYIOT JBE Haubojee TMOMyISIPHBIX
dbopmbl: uaTerpan Mto (mHTErpan BBOAUTCS aHAJIOTUYHO OOBIYHOMY MHTETPATY
Pumana — ¢ momomipto (GopMysbl JIEBBIX MPSMOYTOJIBHUKOB) W HHTETpai
CrpaTroHOoBM4Ya (CHMMETPHU30BaHHBIN). BBomuTcs Takke ©  0000MIEHHBIN
CTOXaCTHYECKUNA WHTErpaj, YacTHBIMH CIIy4as M KOTOPOTO SBIIIOTCS 00a
ynoMsiHyTeIX [55]. Ho mst (4.18), T.e. ipu G = const, 00€ GOpMBI COBIIATAOT.
MoxHo mnokasatb, uTo mporecc (4.17) — BunepoBckuil. Ero mgucnepcus

JUHEHHO 3aBUCUT OT BpPEMEHM M paBHA O'f (t)= oﬁ (t,)+ G*-(t- ty).
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Jlucriepcusi ero NpupalleHuii Ha WHTepBane Af paBHa G -Af. DTo XOpOMIO
coriacyercss ¢ pe3yibTaTaMyd HaONIOAECHUS 3a JABM)KEHHEM OpOYyHOBCKHUX
YaCTHUL: JUIsl HUX CPEIHUM KBAJpaT CMEIICHHS TOXKE PACTET IPONOPLMOHAIBHO
BPEMEHU.

Ipumep uz eeogpusuxu. Ypasaenue (4.17) Mo3BoSET NOTYUYUTh U3BECTHBIN
smnupuyeckuil 3akoH ['yrenOepra — PuxTepa moBTOpseMOCTH 3eMJIETPSICEHUN B
3aBUCHUMOCTH OT MX MHTEHCUBHOCTH [62]. IIycTh X — BeIM4YMHA MEXaHUUYECKOTO
HanpsDKEeHUs (MPOTIOPIMOHANTBHAS JAedopMaIisiM) Ha TaHHOM y9acTKe 3eMHOMN
Kopel. [Ipenmnosiokum, 4TO CO BPEMEHEM OHAa MOXKET HAKaIUIMBaThCA H3-3a
Pa3IMYHBIX CITyYalHBIX (DAKTOPOB (TOYKOB M T.I1.) — Oenoro myma. B cpentem,

ee kBajpaT (T.e. AUCIepcHus) pacTer Kak G’ -(t - to) (4.17), HaunHas ¢ KaKoro-

TO HYJIEBOTO MOMEHTa BPEMEHHM, KOTJa HaIpsDKEHHE Maylo. 3eMIIETPSICEHHS
BO3HUKAIOT, KOrJa cHUcTeMa HalOupaer (aKKymMyJupyeT) B  TEUYCHHE
OIIPENIETICHHOT0 BPEMEHHM 3arac ynpyroi 3HEpruu U 3aTeM cOpachIBaeT ee TeM
WIH UHBIM criocoboM. Ecim cOpoc mpoMCcXOAHT MO JOCTUKEHHH HEKOTOPOTO
(¢uKCHpOBaHHOTO TOpora E, TO BpeMs, HEOOXOJUMOEe, YTOOBl HAOpaTh TaKyIO
SHEPIUI0 PaBHO

_E
=

Hanee, u3 ypaBHenus (4.19) MOXHO MOJMY4YUTh, YTO YACTOTA MOSIBICHUS

r (4.19)

. . 2
3eMJIETPSACEHMI ¢ SHeprueil He MeHblue E ecTh BenmuuumHa ~1/7~G /E, T.C.

4yacToTa MOsBICHHUsI 00paTHO MpomnopuuoHanbHa sHepruu. K momobHomy Buy
cBoAUTCS U 3akoH ['yreHOepra — Puxrtepa mpu HEKOTOPBIX MPEANOIOKEHUSX.
AHaNOTHYHBIE 3aKOHBI OOBSCHSIOT TIOABJICHWE IYHAMH, OIMOJ3HEH W T.II
coObITHH, osIpoOHEe cM. B [62].

Ilpumep u3z monexynapuon  ¢usuxu. Ecam  TpennonoxuTth, UTO
HE3aBUCUMBIE TOJYKM MEHSIIOT CKAa4YKOM HE CMEUIEHUWE YacTULbl X, Kak B
ypaBHeHun (4.17), a ee ckopocTh (T.e. Oeiblii IIyM NpECTaBiseT CcoOO0i
NEMCTBYIOIINE HA YAaCTHULy CUJIbI), TO oayuuM C/IY BToporo mopsiaka

2
d>x(0)/dt” = E@), (4.20)
KOTOpPO€ TO3BOJISIET IMOJYYUTh AHAIWTUYECKH 3aKOH Pudapacona — OOyxoBa,
KOTOPBIH IIACUT, YTO CPEAHHUM KBaapaT cMelleHus: (OpOyHOBCKUX) YACTHIL MPU

3
OIIPSACIICHHBIX YCIOBUAX pPAacTET CO BpPEMCECHEM Kak (t—to) . OTOT 3aKoH

BBITMIOJIHSETCS HA TOBEPXHOCTH OKeaHa (OoTHOcuTelbHas auddysus) B
HEKOTOPBIX MHTEpBaIax MacImTados [62].

Yucnennoe unmezpuposanue C/{V. Bpllie MBI pacCMOTpPEIN NPUMEPHI,
JONyCKAMOINE AHAIATUYECKOE pEIIeHWe, HO IpH HeIuHEHHbIX [ nmmn G
MPUXOJUTCS TOJIB30BATHCS YUCICHHBIMM METOAAMM, KOoTopble B ciaydae CIAY
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cymecTBeHHO otnudatorcss ot ciaydas OJIY. Ilycte 0OOBEKT oOmuchIBaeTCS
ypaBHeHueM (4.16) ¢ G = const (1151 MPOCTOTHI WILTIOCTPALIANA):

dx/dt = F(x(1)) + £(). (4.21)

[Ipu ¢ukcupoBanHoM HauanpbHOM ycioBum x(¢) CIY ompenensor He

€AUHCTBEHHYI0 OyAYIIyl0 TPAEeKTOPUIO CHUCTEMbI, a IIeJIbId aHCcaMOJIb
BO3MOKHBIX TpaekTopui. OJHO3HAYHO OMpeaenstoTcss (yHKIUEH F TOIbKO
YCJIOBHBIE IUIOTHOCTH  pacHpeicsieHusi BEpOSITHOCTEU p(x(t-l—At)‘x(t)).

AHaTUTHYECKU TOJYYUTh (POPMYJIIBI I YCIOBHBIX pacIpeiesieHuid B Ciydyae
HEJIMHEMHOW F HENb3s, HO MOKHO 3TO CHEIATh YUCICHHO ITyTEM IOJIYYEHUS
ancamOms peanm3anuii CIY, iMHATHpYST IIIyMOBBIE BO3JCHCTBUS HA WHTEPBAJC
OT ¢ 10 t+Af ¢ TIOMOILBIO TeHepaTopa MCEBAOCTYHYAMHBIX YUCET U YUCIEHHO
nHTerpupys CY mo maram.

Yucnennoe unterpupoBanue CJIY npencrasisier coboil ropa3no Ooiee
CIOXKHYIO 3aJa4uy, 4YeM 4YucileHHoe uHTerpupoBanue OJ[Y, eme u noromy, 4ro
0oJiee CIOKHBIM TMOHSATHUEM SIBJISIETCS MHTErpall OT ciydaiHoro mponecca &(1).

Haubonee npoctoit moaxoa — UCIONIBb30BaHUE METOJ1a Dijiepa ¢ MajbIM IIarom
UHTErpupoBanus h. PasHocTHas cxema Diinepa 3/1eCh TaKoBa:

x(t+h)=F(x(t))-h+¢,(t)-~/h, (4.22)
rae &,(t),&,(t+h),&,(t+2h),... — He3aBUCUMBIE HOPMAJIBHO PACIpPEICICHHbIE

BEJIMUMHBI C HYJIEBBIM CPEHUM M jucriepcueii G°. OTMETHM XapaKTepHBIH BHI
CIIy4allHOT'O CJIaraéMoro C 3aBUCUMOCTBIO MHTEHCHBHOCTHU OT IlIara BUAA Jh
Dtoro Het npu uHTerpupoBannu O/lY, rae Bkiaa mpaBoil 4aCTU ypaBHEHUS B
Pa3HOCTHYIO (DOpPMYJy COCTaBIISIET BEIMYMHY TOpSAKA /1 MpU Maibix /. DTO
umeer mecto it CIAY wu3-3a uHTerpupoBaHus Oenoro myma &(f): B

Pa3HOCTHYIO  CXeMy  BXOJWUT  clly4aiiHas  J00aBka C  JIHCIEPCUCH,
NPOIMOPIMOHAILHON BpeMeHH. Ilpu ouyeHb MajoMm Imare / JOMHHHPYET
CIIy4alHOE BO3JCHCTBUE.

Jlanee mnpu  (QUKCUPOBAHHOM IIare WHTETPUPOBAHUS /A  MOXKHO
Cr€HepUpOoBaTh aHcaMOnb peanusauuil myma &,(t),&,(t+ h),&,(t +2h),... n,

noJe3ysAch Qopmyioi (4.22), paccuuTarh s KOKIOW peanu3aliyl 3HAYCHHE
x(t+At) B KOHIe HMHTepBaja UHTerpupoBaHus. [lo momydyenHomy Habopy
3Ha4Y€HUH Xx(f 4+ Af) MOXHO IOCTPOUTH TMCTOIPaMMy, KOTOpas M €CTh OLICHKa
YCJIOBHOT'O BEPOSITHOCTHOI'O pacipeicsieHus p(x(t+At)‘x(t)). [Ipu n3meHeHun
miara /s mody4yeHHasl OlleHKa OyJeT MEHAThCA U MPHOIMKAThCS K UCTUHHOMY
pacmpeieneHdo  Toibkko B mpeaene h—0, kak u B ciaydae OJY
NpUOIIKEHHOE PEIIeHre CTPEeMUTCS K UCTUHHOMY mipu 4 — 0. IlpakTuuecku
e IIar Hy»HO BBIOMpPATh HACTOJIBKO MaibIM, YTOOBI NpHU €ro AajbHeHIIem
YMEHBIIEHNN NTOJyYEHHOE MPUOIMKEHHOE PACIIPEIETICHUE YKE MAJIO MEHSAJIOCH.
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B kauecTBe mnpumepa pacCMOTPUM MHTETPUPOBAHHE CTOXACTUUYECKUX
ypaBHeHUH ocuysuisitopa Ban nep Ioos:

dx, /dt = x,,
dx, [dt = (1= x7)x, = x, + E(D),
rne u=3. Haiinem ycrnoBHble pacnpexnenenus p(x,(¢+ At)\x(t)) JUISL  TBYX

HauanbHbIX ycnmoBuid  x(¢) =(-0.0935,-4.284) u x(¢)=(1.021,-0.9375)

(3HaueHMsI, B3SATHIE MPOM3BOJILHO M3 BPEMEHHOW pealH3alliyd CUCTEMBI) IPH
At =0.5, uto cootBercTByeT mpumepHo 1/18 xapakrepnoro mepuomaa [327].
[Tonyyum uwucienHsie oneHku npu h, paBubix 0.1, 0.01, 0.001 u 0.0001
(puc.4.2). Ouenka nepBoro pacnpenenenus crabunusupyercs npu 7 = 0.001, a
Broporo — npu 2 =0.01. B moboMm ciydae mis XOpomero mpUOIMKCHHS
YCIOBHOTO DACIPEC/ICHUs] IIar WHTEIPUPOBAHUS JIOJDKEH OBITH JOCTATOYHO
Man — He OoJiee, MPUMEPHO, OJHOUW THICSYHOU OT XapaKTepHOro nepuoja. s
CXOAWMOCTH YHCIEHHOTO METOAa pemieHus cooTBercTBytomero OJY, T.e.
ypaBHeHus (4.23) 6e3 wyma, ¢ BBICOKOMH TOUHOCTHIO XBaTwiio Obl 1rara 0.01.

BosMoxxHo m mcrmonbp3oBanne MeToqoB PyHre — KyTTel Ooiiee BBICOKOTO
NOpsJIKa TOYHOCTH, HO (hopMyJTel oTiIM4aroTcs ot ciyyas OY [132].

(4.23)

6 h=n0l,

4 it 1 \u=noo01 | F e 001 e |
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Ponmnay (o001 h=n_nnym.
[N B h=000011 | \
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Puc.4.2. IlnotHocTH pacnpenenenust p(x, (¢ +At)‘x(t)) JUISL Pa3HBIX IaroB MHTETPUPOBAHUS
(0.1, 0.01, 0.001, 0.0001). a) mpu x(¢)=(-0.0935,-4.284), 0) x(¢)=(1.021,-0.9375).
Crnea — cxoauMocTh focTuraercs Tonbko npu mare 0.001, a cnpasa — yxe mpu 0.01
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