MnaBa 2. [1Ba noaxoaa K MoAaesiIMpoBaHUIO U NMPOrHoO3

[Tpuctynas K CO3JaHUIO MOJIENHM, OYEHb BAXKHO ONPEIECIUTHCA C
npemeH3uAMU Ha ee npocHocmuyeckue 6o3modxcnocmu. ClenaHHbll BbIOOp
omnpezesnseT BUJ TpeOyeMoro MareMaTuyeckoro anmnapara. Eciu nperensuun Ha
TOYHBIM OJHO3HAUHBIM MPOTHO3 OYIyMMX COCTOSHUH 1O HayaJlbHOMY
OTCYTCTBYIOT, TPAJAULIMOHHO HCIOJIB3YIOT 8epOosimHOCmHbIN nooxo0. [lpu sTom
BCE WJIM YaCTh BEJIMYHMH, OMUCHIBAIOIINUX O0BEKT MOJCIUPOBAHUS, 00BAGIAIOMCA
cyuaiinbiMu, T.e. TPUHIMIHAIGHO HEMPEICKA3yeMBbIMH, CTOXACTUYECKHMH .
JInsi TakOro «IPUTOBOPa» MOTYT OBITH pa3fiMyHbIE OCHOBaHHUA (CM. 1. 2.2), HO
€CIM OH  «IOJNHMCaH», HCIOJIb3YETCs ammnapaT TEOpUH BEPOSTHOCTEH H
MaTeMaTH4ecKol crtatucTuku. [lpm 5TOM, Xapakrepusyss CBSI3b MEXKIY
HEKOTOPBIM YCJIOBHEM S U cOObITMEM A, TrOBOPAT JUIIb 00 ONpeAeIEHHOU
BEpOSITHOCTH P HacTyruieHus coObITUS A TpU HACTYIUIEHUU cOObITUS S — 00
ycioBHOM BepositHOCTH P(A|S).

AJbTEepHATUBHBIA BEPOATHOCTHOMY OUHAMUYECKUL TIOAXOJ OMHPAETCS Ha
KOHUENIUIO JIeTepMUHU3MA. /lemepmMunu3mM — y4eHHE O 3aKOHOMEPHOCTH U
MPUIMHHONW 00YCIIOBIICHHOCTH BCEX SIBJICHUM TPUPOLI B oOmmiecTBa. [Ipu Takom
MOJX0JI€ CUYUTACTCSA, YTO MPU KAXKIOM HACTYIUICHHUH COOBITHS S (TPUYHHBI)
00s13aTeNIbHO HACTymaeT coObiTue A (CTpOro OmnpeaeaeHHOe CIEACTBUE).
Haubonee spkuM «IpONOBEIHUKOM» JE€TEPMHHHU3MA CUUTAETCS W3BECTHBIN
¢paniy3ckuil actpoHoM, matreMatuk U pusuk Ilbep Cumon ne Jlamnac (1749-
1827). B cBOMX Hay4yHBIX BO33PEHHUSAX OH MPOSBHI TBEPJOCTb, YIAUBUTEIIBHYIO
IPH M3BECTHON €ro HeroC/IeN0BaTeIbHOCTH B KHTEHCKHX MPHBA3aHHOCTAX
[118, c.711]. Dro Jlammac 3asBun HamoneoHy, 4TO B CBO€W TEOpUU O
npoucxoxaeHnd COJMHEYHOW CHCTEMbl OH HE HYXXIAeTCsl B «THUIIOTE3E O
cymectBoBanun bora». OH Buaen B HeOeCHOM MexaHUKe oOpaserll
OKOHYATEIbHON (DOPMBI HAYYHOTO TMO3HAHUS M TIBITAJICS OOBSICHUTH BECh MHP, B
TOM 4Hclie (HU3HOIOTHUECKHE, TICHXUIECKHUE W COIMAJIbHBIC SBICHHS, C TOYKH
3pEHUs] MEXaHUCTUYECKOr0 JETePMUHU3MA.

MatemaTHuecKkyr0  peaju3aluio  JIETEPMHHHCTUYECKOro  MOJAXO0Ja
oOecnieuns anmnapar 0eCKOHEYHO MaliblX, nosiBuBLmniics B X VII Beke Onarogaps
ycwinsaM Herotona u JleiiOnuna. B apcenan uccienosaresneil Bomea MOIIHBIN

1 o o
CHoBO  «CTOXaCTHUYCCKUI MpoUCXoauT OT TIPCUCCKOro «yMCHOIIHUU YyTraabIBaThb,

MIPOHUIATENBHBIN», HO B HACTOSIIEE BPEMsI UCIOJIb3YETCA B HECKOJIBKO HHOM CMBICIIE — IS
0003HAaYECHHUST HEOTIPEIEIIEHHOCTH, CITy9aifHOCTH.

> Heckonbko CIOB O KOJOPMTHOH mmunoctd Jlammaca. IlocIeloBATENbHOCTH —€rO
MaTepUaIUCTUYECKOTO  MHPOBO33DEHHSI  PE3KO  KOHTPACTHPYET C  MOJUTUYECKOU
HEYCTOMYMBOCTBIO: TMPH BCAKOM TOJUTUYECKOM IEPEBOPOTE OH MEPEXOAWI Ha CTPOHY
nobenuBmux. CHauana Obl1 pecnyOiMKaHLieM, IHocie npuxojna K Biactu Hamomeona —
MHUHHUCTPOM BHYTPEHHHX JI€JI; 3aTeM ObL Ha3HAYeH WIEHOM U BUIlEe-IIpECeqaTelIeM CeHaTa,
npu Hamoneone momyumn tutyn rpada umnepuu, a B 1814 romy moman cBoi romoc 3a
Hu3noxenue Hanoseona; mocie pecraspaiuy bypOoHOB MOMyyns1 I3PCTBO M TUTYJ MapKu3a.
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UHCTPYMEHT ONUCAHMs TOBEACHHUS CHUCTEM BO BPEMEHH — OOBIKHOBEHHBIC
mudpdepenunansasie  ypaBHeHus (OY). Teopema o0 CymiecTBOBaHMUM U
€IMHCTBEHHOCTH MX PEIICHUS MPH 33JaHHBIX HA4YaJbHBIX YCIOBUSIX 00ECTIEUnIIO
muddepeHnaIbHbIM  YPaBHEHUSIM CTaTyC »dTaloHa Ui MaTeMaTUYeCKOTro
OMMCAaHUS SBJICHUA C TMO3ULIMK JOeTepMUHHU3MA («JIaHHOMY HACTOSIIIEMY
COOTBETCTBYET oaHO Oynayiiee!»). B Hacrosmee Bpems kpome OAY s
NOCTPOEHUSI NIE€TEPMUHUCTUYECKUX MOJEIEH HIMPOKO HMCHOJB3YIOT U JPyTHE
BUJbl MaTEeMaTHYECKOro ammapara (cM. IiaBy 3), Hampumep, pa3HOCTHBIE
YpPaBHEHHUS,  JUCKpPETHbIE  OTOOpakeHus,  HHTErpo-nuddepeHuaibublie
ypaBHeHus. Bce 3TH Mozjenn HE3aBUCHMMO OT KOHKPETHOI'O COJEpXKaHUs, J1axe
JAJIEKOTO0 OT MEXaHWKH (JUHAMHUKH), YacTO HAa3bIBAIOT OUHAMUYECKUMU.
Boo01ie, TepMuH «IMHAMHYECKU» B HACTOSIIEE BPEMs 4acTO MCIOJIb3YETCs B
CMBICIIE  «JICTEPMHHUPOBAHHBIN», a HE «CWJIOBOW» WIM «IOJBHKHBIN,
JTUHAMUYHBII. B 3TOM cMbIciie 0HO OyJeT UCIOIb30BaThCs Aajiee U HaMU.

2.1. OcHOBHBIC TNOHATHHA HW OCOOEHHOCTH JHHAMHYECKOIO
MO/Ie TMPOBAHUSA

2.1.1. Onpenenenne TMHAMUYECKON CUCTEMBI

WTak, B OCHOBE JI€TEPMUHHUPOBAHHOTO OMHUCAHUS JEXKUT MPEICTABICHUE O
TOM, YTO Bce OyIyllee MOBeJAeHHE OOBEKTa OJHO3HAYHO OMNPEIENSeTCs €ro
cocmosiHuem (X) B HayalbHBIA MOMEHT BpeMeHH. [IpaBuio, KOTOpPHIM
OJIHO3HAYHO OMPEAEIISAETCS IBOIOLUA 00OBEKTA U3 3TOTO COCTOSIHUS, Ha3bIBAIOT
onepamopom seomoyuw’.  Cocmosnuem (BEKTOPOM COCTOSHHS) HA3bIBAIOT
COBOKYITHOCTb [ BEJIMYUH: X = (X,,X,,...,X,), IJ1I€ D — pa3MepHOCTb OIUCAHMSL.

Bennuunsl X; ~ Ha3bIBAIOTCIA OUHAMUYECKUMU NnepemerHbIMU. Mgl  BBeNIM

MOHSITUE COCTOSIHHMSI Ha KOHEYHOMEpPHOM mpumepe (D — KOHEUHOE 4YHCIIO), HO
BO3MOXHbBI U 0OECKOHeYHOoMepHble MOJIENHN, HalpuMep, KOTJa COCTOSIHHE
MpeacTaBiIsieT  coOOM  MPOCTPAHCTBEHHOE  paclpeneleHHe  KaKou-i1u0o
BEJIUYUHBI, T.€. SBJISACTCS MPOU3BOJIBHON I1aJKOW (GyHKIIMEH MPOCTPAaHCTBEHHOM
KOOP/IMHATBL.

Onepamop s6ontoyuu @, NO3BOISAET MO HAYAJIbHOMY COCTOSHUIO X(Z,)

ONpEAENUTh COCTOSHUE O0BEKTa B JIIOOOHW MOCIENYIOUMHA MOMEHT BPEMEHH

3 «OrmepaTop — TO Ke, YTO OTOOPAKEHHE: 3aKOH, 0 KOTOPOMY SJIEMEHTY X HEKOTOPOTO
3aJJAHHOTO MHOXeCTBa X COIOCTAaBJIACTCS OJHO3HAYHO OMPEICICHHBIA JJIEMEHT ) APYroro
3aJaHHOr0 MHOXectBa Y. TepMuH yacto ymoTpeOisercs B (DyHKIMOHAJIBLHOM aHAIM3E H
JUHEHHOH anredpe, B 0COOCHHOCTH Il OTOOPaKCHUH BEKTOPHBIX MPOCTPAHCTB... [Ipumep:
omepatop audQepeHIUpOBaHUS COMOCTABISAET KaxXAoH AuddepeHunpyeMoir (GyHKIMH ee
npousBoAHyo» [118].

B aToM citydyae oHO TOXKe Ha3bIBAETCSl BEKTOPOM COCTOSTHHSA. TepMUH «BEKTOP)» MOHUMAETCS
B 0000IIIEHHOM CMBICTIE KaK 3JIEMEHT HEKOTOporo npocmpancmea [110], cM. HUXKe.
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ty+t: x(t,+t)=D,(x(¢,)). Marematuuecku OH MOXeT ObITh 3a4aH

YPaBHEHUSAMH, OTOOpaXKEHUSMH, MaTpULaMH, rpapamMu U JHOOBIMU JPYTrUMHU
cnocobamu (cM. TnaBy 3), oOecrneuuBarOUIUMU  BBITIOJHEHUE YCIIOBHS
O0OHO3HAYHOCMU TIPOTHO3A.

KitoueBbIM 111 AE€TEPMUHUCTHYECKOTO IMOJAXO0JA SBJISETCS TOHATHE
ounamuyeckotl cucmemslt (J1C), KOTOpBIM MMOIB30BaJICS enie B Hadaie 20-ro Beka
A. Tlyankape, HO cofepaHHe KOTOPOTO J0 CHUX IMOp A0 KOHIA HE YCTOSJIOCH.
Amnanu3 nuTepaTypsl MOKa3biBaeT, uto B TepMuH J[C 3ayacTyio BKJIaJbIBAaeTCS
Pa3IMYHBIA CMBICI, IOATOMY MOJE€3HO o0cyauTh ero mnoapodHee. CioBo
«CHCTEMa»’ HMCIIONB3YEeTCs OOBIYHO B TPAIMUIMOHHOM CMBICIIE — «COBOKYITHOCT
AJIEMEHTOB, HaXOJSIIMXCS B OTHOIIEHUSAX M CBA3SIX JPYr € JIPYyroMm, KOTOpas
oOpasyeTr ompeneneHHy MenoctHocTh» [168, ¢.610]. Pa3sHouTenus Oomblie
CBSI3aHbl C IMOHUMAaHHEM CMBIC/Ia CJIOBA «JMHAMUYECKHI» U TEeM, O KaKuX
AJIEMEHTaxX U CUCTeMaX UJAET pPeub — O pealbHbIX 00BEKTAX, O MATEMATUYECKUX
KOHCTPYKIHUAX, UM O TOM M JPYroM OJHOBpPEMEHHO. HekoTopbIMU aBTOpamu
9TO TOHATHE JaXe BBIBOJAUTCA 3a PAMKH JETEPMHHHU3MA U COYETAeTCS CO
ciydaiiHOCThIO. [N WiuttocTpauuu npuBeaeM (parMeHThl U3 KHUT W3BECTHBIX
CMELHANNCTOB [0 3TOMY BOIIPOCY.

«ITonsatne JIC BO3HUKIO Kak OO0OOIIEHHE TOHATUS MEXaHWYeCKON
CUCTEMbI,  JBW)KEHHE  KOTOpPOM  omuchiBaeTcss  auddepeHIHaTIbHbIMUA
ypaBHeHussMH Hprotona. B cBoeM ucropnueckoM pazsuruu nonsatue JIC, kak u
BCSIKOE JIpYroe MOHATHE, IMOCTENEHHO HW3MEHSUIOCh, HAOJHSSCh HOBBIM, Oolee
rIyOOKHUM cojiepkaHueM. ... B HacTosimee Bpems nonsitue J{C sBisieTcst Becbma
mmpokuM. OHO OXBaThIBA€T CHCTEMBbI JIIOOON TpUPONBL:  (U3HUECKOMH,
XUMHYECKOH, OMOJIOTUYECKON, IKOHOMUYECKOM W JIp., NPUUYEM He MOIbKO
demepmunuposannvie cucmemvl, 1o u cmoxacmuyeckue’. Onucanne JIC TaxKe
J0MycKaeT OoJblIoe pa3HOOOpa3sue: OHO MOKET OCYIIECTBISATHCS WM IPH
noMomy aupdepeHIuanbHbIX YpaBHEHUH, WJIM TaKUMU CpEACTBAMH, Kak
(¢yHKIUYU anreOpsl JOTUKHU, rpadbl, MApKOBCKUE 1IeNH U T.4.» [48, c. §].

«Tog AC MbI nOHUMAEM 1106Y10 cucmemy, Kakoi Obl HU OblIa ee IpHupo.a,
KOTOpass ~ MOXET [pUHUMATh  pPa3IUyHble  MaTeMaTH4YeCKHe  (OPMBI:
OOBIKHOBEHHBIX UM (epeHnaNbHbIX  ypaBHEHUN (aBTOHOMHBIX U
HEaBTOHOMHBIX), AU(PPEpEeHINATbHBIX yYPABHEHUNW B YAaCTHBIX HPOU3BOJHBIX,
OTOOpaXEHHI MPSAMOI UiTH TIocKocTy» [43].

B maparpade «YUrto Takoe muHammueckas cuctema?» KHUTH [115]
ormeuaercs: «BooOrmie roBops, B pa3HBIX KHHrax MOKHO HAWTH pa3IUYHBIC
TonkoBauusa TepmuHa J[C, Hanpumep Takue:

5 o
OT rpedeckoro «GLGTNLLOY — LIET0E, COCTABJIEHHOE U3 yacTel; coequHenue [168, c.610].
6
3nece U ganee B muTHpyeMmbix ompeneneHusx [IC KypcuBoM Mbl 0003HAuWIIM, Ha HAlll
B3IJISA[I, Y37I0BbIE MOMEHTHI.
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—93TO CHHOHHM TEPMHHA «CHCTE€Ma OOBIKHOBEHHBIX UG depeHIInaTbHBIX
ypasrennit» (OJY) dx/dt =f(x);

—9TO CHHOHMM TEpMHUHA «aBTOHOMHAas CHCTeMa OOBIKHOBEHHBIX
nuddepeHnaTbHbIX ypaBHeHHD dX/dt = g(x);

— 3TO MaTeMaTHYECKask MOJICTb HEKOTOPOH MEXaHUYECKON CHCTEMBI.

Mel’ OygeM MpPHACPKHBATHCS TOYKM 3PEHHS ..., COTIACHO KOTOPOI
nousatue JIC sBusercs 0600weHuem NOHAMUS — ABMOHOMHOU  CUCTIEMbl
ouggepernyuanbHblx  ypaeHenuli W BKJIIOYaeT B ce0S JBa OCHOBHBIX
KOMIIOHEeHTa: (pa3oBoe mpocTpaHcTBO P (MeTpuueckoe NpPOCTPaHCTBO HIIH
MHOTO00pa3ne) W OIHOMAPAMETPUUYECKYI0 HEMPEPhIBHYIO WM JHUCKPETHYIO

rpynny (momyrpynmy) ¢'(x) mma @(x,f) ero npeoGpasoBanuii. IlapameTp
TPYMIIHI ...  — 3TO BPEMsD».

Hpyroe, He MeHee (opmanuzoBaHHoe, onpezenenue: «/JC — ato ueTBepka
oovektoB (X,B,u,A), tnme X — TONOJOTHYECKOE TIPOCTPAHCTBO WU

MHOroo0pasmue, T.e. aOCTpaKkTHbII 0O0pa3 NPOCTPAHCTBA COCTOSHUNA, B —
HEKOTOpbIE MHTEPECHBIE MOJMHOXKECTBA B X, HaIpHUMeEp, 3aMKHYTbIE OpOUTHI
WIA HEenoJBWXHbIE TOYkH. OHU o0O0pa3yloT aireOpy B TOM CMBbICIE, YTO
COJIEp)KaT HE TOJBKO OTHENIbHBIE D3JEMEHThl, HO U HUX OObEIUHEHHE W
nepeceyeHusi. OHU HEOOXOAMMBI, YTOOBI BBECTH MeEpY, MOCKOJbKY camo X
MOJKET U HE OBITb U3MEPUMBIM. 4 — 3TO MEpa, HaNpUMep, 00bEM WJIM YacToTa
MOCEIICHHUS TpaeKTopuel Kakoi To oOmactu. JKemarenbHO, 4TOOBI OHAa ObLIa
OProgu4ecKor, €AUHCTBEHHOM W WHBAapUAHTHOW OTHOCUTEIBHO TIPYIIIBI
npeoOpaszoBanuii @,, koTopas u onpenenser 3Bomonnto. MiHorna no6asisoT u

TUIWYHYIO (B CMBICIIE MEPHI 4) HaualbHY!O0 Touky. Hanpumep, 1 oneparopa
O,,teZ: x,,,=D,(x,)=x,(1+x,) Touka x, =0 He sABIAETCA TUINUYHOU — OHA

HE MPUBOJUT K 3Bosrouumn» [ 112].

«ITox JIC ycnoBwiIMch MOHMMATh CHCTEMY JIFOOOH TpHUpoabl ((puU3ndIecKyto,
XUMHUYECKYI0, OHOJIOTMYECKYIO, COIMAIbHYI0, DJKOHOMHYECKYID U T.1.),
cocmosiHue Komopou usmensiemcs: (IUCKPETHO WM HEMPEPHIBHO) BO BPEMEHUY
[70,c.6].

«AbCTparupysich OT KOHKPETHOW (pu3nyeckod mpupojibl 00beKTa, 0 HEM
roBopsT kak o JC, ecinu moorcHo ykazams makou Habop eenuduH, Ha3bIBAEMbIX
JTUHAMUYECKUMH TEPEMEHHBIMU U XAPAKMEPUIVIOWUX COCMOAHUE CUCMEMbL,
YTO UX 3HAYUEHUSI 8 NOCIEOVIOWULL MOMEHM BPeMeHU NOJYUAIOMCA U3 UCXOOHO20
Habopa no onpeoeleHHoMy Npaury. DTO TPABWIO 3a/JaeT, KaK TOBOPST,
omepaTop 3BoJIoIMU cuctembl» [104, c. 7].

«JIC MOXHO mNpencTaBisATh KaK OOBEKT JHOO0OW MPUPOIbI, COCTOSHHE
KOTOPOTO HM3MEHSIETC BO BpPEMEHH B COOTBEICTBUU C  HEKOTOPBHIM
JTUHAMUYECKMM  3aKOHOM, TO  €CTb  Kak  pe3yjbTar  JICUCTBUS

t+1

! Astopsl — I'.I'. Manuneuxuii, A.b. [loranos.
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O0emepMUHUpO8anHo2o omneparopa 3Bodroiuu. Takum obpaszom, nonsrue [IC
SBISICTCS  CIEJACTBUEM  OMPEICICHHOW  WIeanu3alid, TpU  KOTOPOH
npeHeOperaroT BITUSTHAEM CITy4aiHbIX BO3MYIIICHUH, HEN30eKHO
OPUCYTCTBYIOMIMX B JII000# peanbHOU cucteme .... Kaxmnoit IC cooTBeTcTByeT
HEKOTOpasi MaTeMaTH4ecKasi MOJelb ... » [6, c. 1-2].

«JIC — cucrema, moBeJeHHE KOTOPOM 3aacTCs HEKOTOPhIM HabOpoM
npaBwi1 (anroputMoMm). JluHamuueckas cucteMa npedcmasisem coOOU Ul
MoOenb  Kaxkou-iubo  peanvhou  cucmemvl. Jlrobas peanpHas — cuctema
MoJABEPKEeHA (PIYKTyalusiM ¥ IOTOMY HE MOKET OBbITh TuHaMuueckoi» [107].

Hensim Hammelt kHUTK Hambosee OMU3KO MOCIEAHEE ONMpeaesieHne, KOTOpoe
HE BHOCHUT TPYJIHOCTEW B KiIacCU(HKAIIMIO BO3MOXKHBIX cuTyaruii. Tak, MHOTHE
peanbHbIC SIBJICHUS WM OOBEKTHI MOTYT OBITh JOCTAaTOYHO YCIICIIHO
pPacCMOTPEHBl W KaK CIy4alHble, U C IOMOIINBIO «JIETEPMUHUCTUIECKOTO»
MareMatuueckoro —ammapara. Mmmoctpauueid  curtyauuu, Korga — IpH
MOJIETUPOBAHUU OJHOTO M TOTO X€ OOBEKTa MPHU OMPEACIEHHBIX YCIOBUIX
XOpOIIM JUHAMUYECKUE MPEACTABICHUS, a MPU JAPYTHUX — MX HCIOJIb30BAHUE
OEeCCMBICIIEHHO, SIBJIETCS BCEM M3BECTHOE MOJ0paChIBaHWE MOHETHI (CM. 1I. 2.6).
[IpoTuBopeunii He  BO3HUKAET, eciau CBs3biBaTh Ha3Banue JIC ¢
JNETEPMUHUCTUYECKUMU MOJICTISIMUA, a MPUMEHHUTEIIbHO K PEaIbHbIM CHCTEMaM
BOCIIPUHUMATH €r0 KaK Hay4YHBIH KapToH.

WNrak, ™Mbl OyzeM Ha3piBaTh Jajie€ «IAHAMUYECKOW  CHCTEMOI»
MaAmemMamuyeckyio 380I0UYUOHHYI0 MOOeb, 05l 3a0aHUsL KOMOPOU He0OX00UMO.

1) onpedenums cocmosinue oovexma X;

2) 3adamv onepamop 2eomoyuu  D,, Komopwvui no3zeonan Ovl no
HA4anbHOMY COCMOSIHUIO OOHO3HAYHO onpeoessims byoywue
X(ty +1) =D, (x(¢)).

B orHomeHun peanpHBIX cucteM Oyjaem moHuMarh TepmuH JIC kak

COKpAIllCHHBI BapUAHT BBIPAXKECHUS «CUCTEMA, OMTMCAHUE KOTOPOH BO3MOXKHO U
11EJIeCO00Pa3HO C MTOMOIIIBIO0 TUHAMUYECKUX MOJICIICH.

2.1.2. Hectporuii npumep. [lepeMennbie 1 mapaMeTpbl

Paccmotpum ¢ nmosunuii JIC 00br4Hy0 ToManiHow Komky (puc.2.1). Ecaun
L€JIb MOJEJIMPOBAHMS — OITUCAHKE 3BOJIIOLUHU 3/I0POBbS )KUBOTHOI'O, B KAUECTBE
JUHAMUYECKAX IEPEMEHHBIX MOXHO MPEMIOKUTh €€ Mmaccy M =x;, poCT

H =X, ¥ TyCTOTy IIEPCTH — YHCIO «HIEPCTUHOK» HAa EIWHUILy ILIOHIAIH
N =x,. CoOBOKYyNHOCTb X =(X;,X,,X;) — BEKTOD COCTOSHHA; IIPH 3TOM

pasMmepHoOCcTh onucanuss D = 3. Mbl HE MOXKEM 3€Ch NIPEMIOKUTHh BBIPAKEHUE
JUIS OTiepaTopa HBOJIIOIMU, HO OYE€BH/IHO, YTO PA3BUTHE KOIIKU Oy/IET 3aBUCETH,
HampuMep, OT ee NUTaHus (a, — Macca UM B CyTOYHOM PallMOHE B KI/J€Hb) U

YCJIOBUHM CyHIECTBOBAHHUSA (@, — JUIMTEIBHOCTU MPOTYJIOK HA CBEKEM BO3IYXE B

‘IaC/I[eHB). B otrnuume ot ANHAMHWYCECKUX IICPEMCHHBIX, BCJIIMYHUHBI 4a;, d, U
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MoJ00HBIE WM, KOTOpPbIE MOTYT TOJJACPKUBATHCS TMOCTOSTHHBIMH — WJIH
L[EJICHAINPABIICHHO PEryJIMPOBAaThCS, Ha3bIBAIOT mapamerpamu. [lapamerpamu
TUHAMUYECKUX CHUCTEM SIBISIIOTCS KO3(PGHUIIMEHTHI B yPaBHEHUSX HBOJIIOIUU.
COBOKYIIHOCTh BCEX MapaMETPOB CHUCTEMbl TaKXXE Ha3bIBAIOT BEKTOPOM
napamerpoB. Hampumep, B cucrteme, onepaTop 3BOJIIOIMU KOTOPOMl 3amaeTcs
ypaBHEHHEM HEJTMHEHHOTO OCITMILIATOPA ¢ KyOHUeCKOW HeTMHEHHOCTBIO:

d’x/dt* + 28 dx/dt + o} (bx® — x) =0 2.1)

napamMeTpaMu SBJSIIOTCS  KOA(QQUIUEHTBl O,®,,b, T.e. BEKTOp IapaMeTpoB
a=(0,0,,b) Tpexmepen. Cama cucrema aAByxmepHa D = 2, T.K. A1 peLICHUS
ypasHenus (2.1) He0OX0AUMO 3a/1aTh HAYAIBHBIE 3HAYEHUS X U dx/dt .

Puc.2.1. Tlpumep ¢ omucaHueM HSBOJIOIUH COCTOSHUS 3/I0POBbsI KOIIKH: a) TIEPEMEHHBIC H
mapamMeTpel; 0) ¢a3oBoe MPOCTPAHCTBO C BBIICICHHOW (a30BOH TpaeKTOopued mpHu
(bUKCHPOBaHHOM 3HAYCHHWH MapameTpoB a' = (a,,a,); B) 3aBUCHMOCTH NPOCKIHMIl BEKTOpa
COCTOSIHUSI Ha pa3IM4yHbIe OCH ()a30BOTO MPOCTPAHCTBA OT BPEMEHH (BPEMEHHBIE peai3auu
x;(t)), cooTBercTByMole (Ha3oBOW TpaeKTOpUM Ha puc. O; T) KOMOMHMPOBAHHOE
NPOCTPAHCTBO MAPAMETPOB M COCTOSIHUI — 3aBUCHMOCTH YCTaHOBMBLIETOCS 32 JIOCTATOYHO
JUIMHHOE BpeMs 3HA4YeHUs X, OT 3HAYCHHUS NapaMmeTrpa a, Npu (pUKCHPOBAHHOM 3HAUYCHUU
@, =a; 1) NPOCTPAHCTBO IapaMeTpoB, 00JIACTh 2 COOTBETCTBYET HOPMAJbHBIM PEKHUMaM

CYIIECTBOBAHMS KOIIKH, 3aKpalieHbl O0JacTH IMapaMeTpoB, MPH KOTOPHIX JUTUTEIHLHOE
CYIIIECTBOBAHHE HEBO3MOXHO H3-3a Oeckopmuiibl (1) wam obxopcrBa (3). Touke a’ B
MIPOCTPAHCTBE APAMETPOB COOTBETCTBYET OIPEJICIICHHAs CTPYKTypa (ha30BOr0 MPOCTPAHCTBA

Paznenenue xapakTepu3ylOIIUX BEIWYMH HA MEPEMEHHbIE U MapaMeTpbl
JTUKTYeTCS  YCIOBUSAMM  3aJauyd  MojenupoBaHus. Ecmu  Obl  11e5bIO
MOJICIUPOBAHUS YHMOMSHYTOM KOIIKK OBbUIO OINHCAHHE €€ MEXaHHUYEeCKOTO
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nepeMelIeHNs] B MPOCTPAHCTBE (a HE 3/I0POBBS, KaK paHee) pa3yMHO ObLIO ObI
BBIOpaTh Jpyrue TnepeMeHHble. Hampumep, mepeMEeHHBIMH MOTYT OBITH
KOOPJAMHATBl €€ ILeHTpa Macc (X, =X, X, =y, X3=2z) H YINbl IOBOPOTa

IPOJIOJIBHON OCH OTHOCHTENBHO OCed KoopauHar (x, =a, xs=[, Xg=7), a

MaccCy JKMBOTHOIO M, €ro «IyHmHuCTOCTb» N M IeéOMETpUYECKHE pa3mepsl [,
KOTOPBIE HE U3MEHSTCS 3a BPEMS MPBDKKA, HO CYIIIECTBEHHO BJIMSIOT HA MOJIET —
B KauecTBe mapameTpoB (a, =M ,a, = N,a;=H ). OOpatute BHUMaHHE, UYTO

BCJIIMYUHDBI, IIpU O,HHOP'I oejm MOJCIHUPOBAHHA CIIYXUBIINC JUHAMHUYCCKUMU
NEPEMCHHBIMU, IIPU HPYFOﬁ — CTaJIK UTpaTh pOJib MMAPpaMCTPOB.

2.1.3. ®a3oBoe npocTtpaHcTBO. KOHCEpBaTUBHBIE M JIUCCUITATUBHBIC
CUCTEMBI. ATTPaKTOPbI, MyJIbTUCTAOMIIBHOCTh, OACCEUHBI MPUTSIKEHUS

Cy11ecTBeHHBIM JJOCTOMHCTBOM JMHAMHYECKOTO MOJEIUPOBAHUS SBIISETCS
BO3MOXKHOCTh HATJISIIHOTO MPEACTABICHUS MHPOPMAIMU, OCOOCHHO B CIyyasix
MaJiol pa3MepHOCTH cucTeMbl D M Malloro yucia mapamerpoB. [[ms aTtoro
HCTIONB3YIOT  (DOPMANBHBIE — NPOCMPAHCMEA":  NPOCMPAHCIMEO  COCMOAHUIL
(pazoeoe npocmpancmeo), npocmpaHcmeo napamempos WM PA3TUIHBIE WX
2ubpuonvle eapuanmsi. B 3THX ciaydyasx Ha OCSIX KOOpAMHAT (hpOpMallbHOTO
MPOCTPAHCTBA OTKJIAABIBAIOTCS, COOTBETCTBEHHO, WJIM 3HAYEHUS! JUHAMUYECKUX
NEePEMEHHBIX, WM 3HAYEHUS] MapamMeTpoB, WU MO OAHUM — MapaMeTphl, a Mo
JIPYTUM — TIEpEMEHHBIEC.

CoctosiHUI0O X(f) B HEKOTOpbIH MOMEHT ¢ B (Pa30BOM HPOCTPAHCTBE
COOTBETCTBYET TOYKa C KOOpAUHATAMU X, (f),X,(),x;(t) — uzobpadxcarowas
mouxa (oHa wu300pakaeT MTHOBEHHOE cocTosHHME). B mpoiiecce 3BoOIMN
n3o0paxaroasi To4ka C TEYEHHEM BpPEMEHH, CMEIIAeTcs BIOJb HEKOTOPOM
TMHUU —  azoeoti mpaexkmopuu. COBOKYIMHOCTh XapaKTEePHBIX (Ha30BBIX

¥ «IIpocTpanHcTBO — JOrHYCCKH MbicInMas (popma (MM CTPYKTypa), CIy)Kaiias Cpeioil, B
KOTOPOM OCyIIECTBIIAIOTCS Apyrue (GopMbl WM KOHCTpyKuuH. Hampumep, B anemeHTapHON
Fe€OMETpUM  IUJIOCKOCTh MM TPOCTPAHCTBO CIyXaT CpEeloi, B KOTOPOH CTpOSATCA
pa3HooOpa3Hble ¢Gurypsl. .... B coBpemenHoil marematuke II. ompenensitoT MHOXECTBO
KaKUX-TH0O OOBEKTOB, KOTOpbIE HA3bIBAIOT TOYKAMH.... OTHOLICHUS MEXAYy TOYKaMH
OTIPENIENAIOT «reoMeTpuioy. [IpuMepaMu NPOCTPAHCTB MOTYT CIYXUTh: 1) MeTpudeckue
MPOCTPAHCTBA..., 2) «IPOCTPAHCTBA COOBITHI»..., 3) dazoBwle mnpocrpancTBa. PazoBoe
MPOCTPAHCTBO (U3NYECKON CHCTEMBI — COBOKYIMHOCTh BCEX €€ COCTOSIHHH, KOTOpBIC
paccMaTpUBArOTCS, KaK TOYKH 3TOTO MpocTpancTsa...» [118]. IIpocTpaHcTBO MOXKET OBITH
TOMOJOTHYECKUM (€CIi B HEM OIpPEAETICHO HEKOJIWYECTBEHHOE TOHATHE «OJIM30CTHY),
MeTpu4YecKuM (OJIM30CTh OIpEneisieTcss «METPUKO») U T.4. Bribop ompexnensieTcss ypoBHeM
KoMQOpTa, KOTOPHIA MBI KellaeM WMETh NPH MOJEIUPOBAaHHM. Tak, MPH HCIOIb30BAaHUH
nud@epeHInalbHBIX  YpaBHEHUM B KauecTBe MOJENM HaM HEOOXOAMMO  «IJaJKoe
MHOTooOpasue» (cM. 1m.10.1.1.2). [lnsg onpenenenus nmpeneinbHOTro moBeaeHus Tpaekropuii JIC
HE00X0UMO, YTOOBI TPOCTPAHCTBO OBIIO «IOJTHBIM», T.€. KaXKAas IpeaeibHas TOYKa
CXOJIAIIEHCS MOCIeI0BATENbHOCTH MPUHAIEKAIa OBl 3TOMY K€ IIPOCTPAHCTBY .
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TPAeKTOPUI HAa3BIBAIOT (hazoebim nopmpemom cuctembl. [Ipu ompeneneHHoM
HaBbIKe MO (ha30BOMY IMOPTPETy MOXKHO MHOTOE CKa3aTh O BO3MOXHBIX
JBYDKEHUSIX CUCTEMBI. Tak, B IpUMEpe ¢ KOIIKOW W3 MPEIbIIYyIIero mnaparpada
dazoBoe mpoctpaHcTBO TpexmepHo (D =3) (puc.2.1,6), B HEM mnpuBeaCHA
€IMHCTBEHHAsT  TPAeKTOpHWsS, COOTBETCTBYIOMIas  KOHKPETHOMY  BBIOODY
HauyanbHOro coctosiHusl (mpu ¢ =0). OHa MO3BOJIAET CKa3aTh, YTO YKUBOTHOE
BHAUaje XOPOILIO Pa3BUBAIOCH, JOCTUTHYB OTJIMYHON (OPMBI K MOMEHTY £ =1, a
3aTeM K MOMEHTY { =2 TOXYJeJO U NOJUHSIO. 3aMEeTUM, 4TO B caMoil (pa3oBoii
TpaekTopuu (KpuBOoH B (ha30BOM NPOCTpaHCTBE) HH(POpPMAIHSI O MOMEHTE
BPEMEHH, KOT/Ia TOYKA OKa3bIBAETCS B TOM WJIM MHOM €€ MECTE, OTCyTCTBYET.
O6byHO Ha (a3oBOM TMOPTpeTe OTpakaloT Hauboyee XapaKTepHbIE
TPAaeKTOPUU M OOBEKTHI. [JI WILTFOCTpaIMK PacCMOTPHUM JJIEMEHTHI (ha30BOTO
noptpera cuctemsbl (2.1), KoTopass MOJETUPYET, B YaCTHOCTH, KOJIcOaHHS B
MOTEHIIUATHHON SIME C JBYMS MUHUMYMamH TMPH HAIAYUN TPEHHS, TOJ00HO
MOKa3aHHOMY Ha puc.2.2,a MAapHKy, KaTaloIeMycs B JIBYXBSIMHOM Mpoduie.
Jluanu Ha ¢$a30BOM MIOCKOCTU (x,dx/ dt) (puc.2.2,0) — ¢ha3oBble TPaeKTOpUH,

BeIXOAAIME M3 ToueK 1 m 2. OHM HE MOTYT MepeceKaThcs, T.K. MOCIeTHEe
O03Hadajgo Obl HapylIeHWE MpaBWiIa ITUHAMUYECKOTO OMHCAHHUS — Yy OIHOTO
HacTosiero oaHo oynyuiee! CuTyanuu, MOXoXue Ha MepeceueHusi, BO3MOXKHBI
B 0COObIX TOUKAX — MOYKAX PABHOBeECUsl, B KOTOPBIX COCTOSTHUE AMHAMUYECKOM
CHUCTEMBI OCTA€TCSi HEM3MEHHBIM CKOJIb YTOJHO J0Jro. Takux TOYeK Ha
noptpere Tpu: O,A,A,.

Puc.2.2. Illapuk B aBOiHOW siMke (a); ero (a3oBBI MOPTPET W BPEMEHHBIC peaTN3aIiH
konebaHuil (6); OacceliHbl MNpPUTSKEHHMS AaTTPAKTOpoB (To4eK paBHoBecus A, A,),
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COCYIIECTBYIOINX B (ha30BOM MPOCTPAHCTBE (B); OAcCEHHBI MPUTSHKEHHS HEABTOHOMHOU
CHCTEMBI IIPU 3HAYCHUSAX MapaMmeTpoB, KOraa B ()a30BOM MPOCTPAHCTBE COCYIIECTBYIOT JIBa
Xa0THYECKHUX aTTpakTopa (T)

IlepBasg COOTBETCTBYET NOJIOXKEHUIO INMOKOSLIETOCS IIAPUKAa HA BEPIIMHE
ropku (puc.2.2,a), a BTOpble — B JIEBOM U MPaBOM sIMKaX. bBOJIBIIMHCTBO APYTUX
ToueK (ha30BOTO MPOCTPAHCTBA COOTBETCTBYIOT COCTOSIHUSIM, B KOTOPBIX
n300paxaroniye TOYKU B CIAEAYIOIIUNA MOMEHT He ocTaroTcs. VX NBHKEHUIO B
($a30BOM MPOCTPAHCTBE COOTBETCTBYET TOT WJIM MHOW BHI (Pa30BOM TpacKTOpUU
U 3aBUCHUMOCTH JUHAMUYECKUX IMEPEMEHHBIX OT BpeMeHu x,(f), puc.2.2,0.

OOpaTuTe BHUMaHHUE, YTO B THITMYHOW (Pa30BOM TPACKTOPUU MOKHO BBIJICIHTH
HAYAJIBHBINA yYaCTOK (nepexoomsili npoyecc) U 00Jiee MO3THUN dTall ABUKCHUH,
KOTOPBIE OTJIMYAIOTCS OOJIBIIEH CTEIIEHBIO MOBTOPSIEMOCTH — YCMAHOBUBLIUECS
osuoicenusi. Y CTAaHOBHBIIUMCSI JIBFDKEHHSI, KOTOPhIE MEHEE pa3HOOOpa3HbI, YeM
MEPEXOHBIC TPOIECcChl, B ()a30BOM MPOCTPAHCTBE JUCCHIIATHBHBIX CHCTEM
COOTBETCTBYIOT OOBEKTHI, Ha3BaHHBIC ammpakmopamu — OT aHTIUHCKOTO
«attracty — TpUTATHBATH, NMPUBJICKaTh. B paccmarpuBaeMoM TpUMEpEe 3TO —
COCTOSIHUSI YCTOMYMBOIO paBHOBECUS — TOYKM paBHOBecuss A;,A,. Onu

NEHUCTBUTENBHO KaK Obl MPUTATMBAIOT K ce0€ TPAaeKTOPUM U3 OINpPEAETICHHBIX
obnacrelr (azoBoro nmpocrtpanctsa. Ilpu crapre u3 pasHbeix Touek (1 u 2 Ha
puc.2.2,0) (a3oBble TPAeKTOPUM MOTYT MONACTb HAa PA3NIUYHBIE ATTPAKTOPBI.
MHosecTBa ToueK B ()a30BOM MPOCTPAHCTBE, U3 KOTOPBIX CUCTEMA MOMAJaeT Ha
ATTPAKTOP, HA3BIBACTCH GACCENHOM RpUMsANCeHUs JAHHOTO aTTpakTopa. Ecim
aTTpakTop B (Pa30BOM MPOCTPAHCTBE €IUHCTBEHHBIN, €ro O0ACCEHHOM SIBIISETCA
Bce (azoBoe mpocTpaHcTBO. [Ipu HaMMUMK HECKOJIBKUX aTTPAKTOPOB TOBOPST,
YTO MMEET MECTO Myabmucmabuiviocms. [Ipn 3ToM OacceitHbsl AenaT ¢a3oBoe
MPOCTPAHCTBO MEXIy COOOM, Kak, HalpuMep, YKa3aHO IITPUXOBKOW Ha
puc.2.2,B,r.

ATTpakTOppl MOTYT CYUIECTBOBATh B MPOCTPAHCTBE COCTOSIHUM TOJBKO
ouccunamueuvlx — OuHamuyeckux  cucmem. Tak  Ha3bIBAlOT  CHCTEMBI,

? Crporoe onpezeneHue arTpakTopa — NPeIMEeT MHOTUX JUCKYCCHM B Hay4HOH JIUTEpaType.
Jlo cux mop Takoro oOLIENpU3HAHHOTO onpenaeneHus HeT. [IpuBeneM oHO U3 MOMYJISIPHBIX,
KOTOpO€ JaeTcsi B HecKoibko maroB [115, ¢.76-77]. «... MHOXeCTBO A Ha3bIBaeTcs ...
uneapuanmuvim, ecmu ©,A = A . Oxpecmnocmvio muoxcecmeéa A Ha3bIBACTCSA OMKpbIMoe

MHOkecTBO U, BKJIIOUAIONICE 3aMblKaHue MHOXECTBa A, T.e. A BMECTe CO BCEMH CBOMMH
npeAeIbHBIME TOYKAMH, B TOM WYHCJIE TPAaHUYHBIMH. ... 3aMKHYTOC WHBapUAHTHOE
MHOXECTBO A Ha3bIBACTCS NPUMSACUBAIOWUM MHONCECMEOM, €CIIN IS HEro CYyIIECTBYET
okpectHocTh U, Takas uto mna Bcex xe U, @, (x) > A mnpu ¢t —oo. Haubonsmee U,

YZIOBJIETBOPSIIOILEE 3TOMY OIPENCIICHUIO, HA3BIBACTCS o0nacmvio npumsadxcenus A.
ATTpakTOpOM A Ha3bIBae€TCs NMPUTATMBAIOLIEE MHOXKECTBO, COJEpIKalllee BCIOAY IUIOTHYIO
TpaekTopHio». MOXHO nepegopMyIUpoBaTh 3TO OIpeneneHre Ipy0o: aTrTpakrop —
HauMEHbILIEE MHOKECTBO, K KOTOPOMY CTpeMATcs ouTH Bce TpaekTopuu JC u3 HekoTopoii
o0acTu HEHYJIEBOTO 0O0beMa.
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oOnamaronme CBOWCTBOM CKaTUsi (pa3oBOro 00beMa, KOTOPOE HILIIOCTPUPYET
puc.2.3. Ha HeM mNpeacTaBlIeHO MHOXECTBO HayalbHBIX TOYEK, 3aHMMAIOLIEE
oosem V' (0), cTapTyss M3 KOTOPOro, CUCTEMa 4epe3 BpeMs ! OKa3blBaeTcs B

TOYKaX, O0Opa3yrommx MHOXKecTBO obObema V(). Cucrema Ha3bIBaeTCs

JVCCUITATUBHOM, €CIM C TEYCHHEeM BpeMeHH (a30BbIii 00BEM YMEHBIIACTCS
V(t)<V(0). B ogHomMepHOM ciydae mepod (a3zoBoro odbema V sBusiercs

JUIMHA, B JBYXMEPHOM — ILIOIIAJb, B MHOroMepHOM (D >3) — runepoobeM. B
KOHIIE KOHIIOB, M300pakaloline TOYKH W3 CTapTOBOro o0beMa MOMaJaloT Ha
aTTpakTopsl, 00BeM KoTopeix paBeH 0. IIpencraBieHHoe omnpesencHue
JVCCUTIATUBHON CHUCTEMBI sIBISieTCS Ooyiee IMIUPOKUM, YEeM OIpeeIeHUe
JVCCUTIATUBHON CHUCTEMBI, HCHOJb3yeMoe B (u3mKe, Tle 9TO — CUCTEMa C
TpeHHEeM, B KOTOpOW MexaHuyeckas (Oosee ymopsaoueHHas)) dHEepPrus
NIEPEXOJUT B DHEPTHIO XaOTHUYECKOTO JBMXKEHUSI MOJIEKYI. B kouncepsamusHbix
cucteMax (B (U3HMKE 3TO — CHCTEMBbI 0€3 TPeHHS) HaYaIbHBIA (pa30BBIH 00BEM
COXpaHseTCs, JUIIb U3MEHSIs cBoo Qopmy (puc.2.3,0), ciemoBareiabHO,
«TIPUTATUBATEIN» OTCYTCTBYIOT.

a) Ls 9) Ay
F{0)

Puc.2.3. Wnmroctpanuss HEKOTOPHIX BapuaHTOB Jnedopmamuu  (Ga3oBoro odObema: a)
JIMCCUTIATUBHAS CUCTEMa, 0) KOHCepBaTUBHAs cucTeMa. JIMHUN — (a30BbIe TPACKTOPUH

[TepeunciuMm HEKOTOpHIE BO3MOXKHBIC BHJBI ATTPAKTOPOB B (Ha3oBOM
MPOCTPAHCTBE U YKAXKEM XapaKTep YCTAaHOBUBILIUXCS JIBUKEHUMN, KOTOPHIM OHHU
cooTBeTCTBYIOT (puc.2.4). KpomMe cocTossHUN paBHOBECHsS, MPEACTABIIEMbBIX
TouKamMu (puc.2.4,a), aTTPAKTOP MOXKET MPEICTABIATH COOOM:
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Puc.2.4. Tlpumepbl XapakTepHBIX MHOXECTB B (a30BOM MPOCTPAHCTBE CHCTEM C
HENpPEpPBIBHBIM  BpEMEHEM W BpPEMEHHBIX pealu3aluil JIBUKEHUH, KOTOPbIM OHH
COOTBETCTBYIOT

® Yuk1 — 3aMKHYTYIO KpUBYIO B ()a30BOM INPOCTPAHCTBE, 00pa3 IBUKEHHUS,
noBTopsitoierocs ¢ nepuojaom 7 (puc.2.4,0);

® mop — «OECKOHEYHO TOHKYIO HUTKY, HaMaThIBalOIIytocsl Ha OyOiauK», oopas
KBa3UIIEPHOANYECKUX JBIDKEHUH (C IBYMsI XapaKTepHBIMHU MepuogamMu 1, u

T,, HaxoIAUIMMHCS B HPPALMOHAIBHOM COOTHOLIEHHH), puc.2.4,B. Top

MOJKET UMETh TPH U 00Jee U3MEPEHUIl — MPECTaBIATh CI0XKHOE JABIKEHHE
C Tpems, 4YeThIpbMS M T.I. HEKPAaTHBIMH 4YacTOTAMU CHHYCOHMJIATbHBIX
KOMIIOHEHT;

e (pakTaibHO YCTPOEHHOE MHOXECTBO, COCPEIOTOYEHHOE B OrPAHUYCHHOU
obnmactu (a3o0BOro MPOCTPAHCTBA, 00pa3 XaOTUUECKUX KoJieOaHUU —
cmpannwiii ammpaxmop (puc.2.4,r)."

Peamuzyembie B JIC BapuaHThl yCTAaHOBUBLIMXCS JIBWKEHUH U
COOTBETCTBYIOIIME WM aTTpakTopbl orpanudensl pasmepHocthio [IC. Tak B
($a30BOM TPOCTPAHCTBE CHCTEM C HEMPEPHIBHBIM BPEMEHEM (C OMEepaTopamH,
NPEJCTaBICHHBIMA U PepeHInaIbHbIMI  ypaBHEeHUsIMH) Tipu D =1 moryT
CYILIECTBOBATh JIMIIb COCTOSHUS paBHOBECHs, Tpu D = 2 — TOUYKU paBHOBECHUS U
LIUKJIBI, IpU D > 3 — BCE NEPEUNCICHHBIE PAHEE IPENEIBbHBIE MHOXKECTBA. OJTH
CBEJCHMSI MOTYT IOMOYb ONPEIEIUTHCA C BHIOOPOM pa3MEpPHOCTH MOJETH Ha
MPaKTHKE. Oo6HnapyxeHnue, HanpuMep, Xa0TUYECKUX Kosie0aHuit
CBUICTENBCTBYET O TOM, YTO JJS MOJEIUPOBAaHUS OOBEKTa C IMOMOIIBIO
HENMHEHHBIX  nudepeHanbHbIX  YpaBHEHUH  TEpPBOTO  MOpSIKA  UX
noTpedyercsi He MEHee TPEX.

Heckonpko apyras cuTyanus ¢ aTTpakKTOpaMHy CKJIAJIbIBA€TCS B CHCTEMax C
JMCKPETHBIM BpeMeHeM. Bua artpakropa B ux (a3oBOM MPOCTPAHCTBE MOKHO

10
«CTpaHHBIe» 03HAYaeT «OTIUYHBIE OT TeX, KOTOpbIe ObLIM U3BECTHBI paHeey. O030p BUI0B
Xa0THYECKHUX aTTPAKTOPOB MOKHO HalTH B [5].
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NpECTaBUTh, pa3pe3aB JIeBble KAPTUHKKM Ha puc.2.4 IIIOCKOCTHIO (CeYeHHe
[Tyankape). Touka 1 0JHOOOOPOTHBIN UK AAYT B pa3pese oAHy TOuky. bomee
CJIOKHBIE IMKJIBI — HECKOJBKO TOYEK. TpaekTopus Ha TOpe TOYKAMH MPOKOJa
CEKyIIeH TIOCKOCTH «HAPHUCYET» 3aMKHYTYIO KPHBYIO, KOTOpasi B JUCKPETHOM
cucTeMe TpeAcTaBiasieT B (Aa3oBOM MPOCTPAHCTBE KBA3HIEPHOAMUYECKOE
NBIDKEHUE. XaOTHYECKHH aTTpakTop OyJeT NpPEeNCTaBIATh COOOW CI0XKHO
CTPYKTYPHpPOBaHHBIA (4acTo, CcaMONoOJOOHbIN) HAOOp Touek. XaoTUYECKOE
JBUKEHHE MOXKET MPOMCXOJUTH B (PA30BOM IMPOCTPAHCTBE JNAXKE OOHOMEPHbLIX
HeoOpaTUMbIX OTOOPaKEHUH.

2.1.4. XapaKkTepUCTUKHU ATTPAKTOPOB

2.14.1. TI'eomerpumuyeckue xapakrepucTuku. Kpome BusyanabHO
(UKCUpYEeMBbIX pa3auuuid MOPTPEeThl B (a30BOM MPOCTPAHCTBE OOJIAJAIOT
HaO0OPOM KOJIMYEeCTBEHHBIX Mep. Hanbomnee momyasipHBIMU Cpeid HUX SIBIISIOTCSA
pasMepHOCTU. llenodncineHnyo mononocuyeckyro pasmeprocms D, MOXKHO

ONPEIEIUTh 10 UHAYKTUBHOMY NpuHLUIY [144]: ajid TOYKM yCTaHaBIMBAETCS
pasMepHocTh D, =0; MHOXECTBO, KOTOpPOE MOXET OBITh pa3leleH0 Ha

HETepeceKaroIuecs: YacTd IOJMHOXKECTBOM  pa3MepHocTd D;, uMeer
pasmepHocTs Dy +1. B coOTBETCTBMM € ITHUMM IpaBUJIaMM TIJIaJKasl JIMHUS
UMEET TOIOJOIMUYECKYI0 pasMepHocTh D, =1, noBepxHoCcTh — D, =2, 00beM —
D; =3. CoOTBETCTBEHHO, TOYKa pABHOBECHs, LUKI M TOpP HMEIOT

Tononoruueckue pasmepHoctu 0, 1 m 2, mogpobuee cm. [115, c.208-209].
CtpykTypa  CTpaHHBIX  aTTPaKTOPOB  KA4ye€CTBEHHO  OTJIMYAeTCs  OT
NEPEeYNCIIEHHBIX MHOXeCTB. OHU (pakTalbHbl (CaMOMOA00HBI), YTO TpeOyeT
BBEJICHUS OoJiee CIIOKHBIX Mep — @paxkmanvhbix pasmeprHocmeti. Hambonee
npocTasi U3 HUX — eMKOCmb — OLEHUBAET TOJIBKO TEOMETPUIO aTTPaKTOpa.
BBoasites u 0b6obwennvie pazmeprocmu, yYUTHIBAIOIIME MOCEIIAEMOCTh €ro
MMOJAMHOKECTB M300paxkaromiel Toukod. Jlamee MBI OTpaHUYMINCH JIUIIH
KOpPOTKOM uH(popMauuend o (QpakTaIbHBIX Mepax M M WUIIOCTpalUu
pasmectwiini  Ha caite [347] y4yeOHO-IEMOHCTPALMOHHYIO MPOrpaMmy,
pazpaborannyo T.B. JlukaneBbim. [lns OGonee moIpoOHOro 3HAKOMCTBA C
(paKkTaJIbHBIMK MEpaMU U METOJUKAMH MX BBIYHUCICHHS] PEKOMEHIYEM JIEKLIUU
11-13 w3 xauru [104], koropast noctynHa Ha caite [340], 1 yka3aHHbIE B HUX
CCBUJIKH.

Jliia ornipeneneHusi EMKOCTH MPeIeIbHOE MHOXKECTBO B D-MepHOM (ha30BOM
MPOCTPAHCTBE TIOKPBIBAeTCsI D-MEpHBIMHU KyOamu (T.€. OTpe3KaMu, KBaJpaTamH,
TpeXMEpHBIMU KyOaMu W T.A.), co cropoHoil & IlycTte HeoOxomumoe st
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1
HOKPBITUSL  MUHUMATbHOEe 4YUCIO (HemycThlX) KyOoB ecTb N(g&). EMKOCThIO
MHO’KECTBa Ha3bIBaeTCs MPeae

D, =—lim " V()

2.2
=0 Ineg ( )

€ClIi OH CyIIecTByeT. BmecTo KyOOB MOXHO HCIOJIb30BaTh D-MEpHBIE IIAPHI
WIn MHOXecTBa npyroi ¢opmser [115, c.210; 104, c. 170-171]. Ha puc.2.5
NPUBEJICHBl COOTBETCTBYIOIIME WILTIOCTPAIIMM M PACCMOTPEH KIACCHYECKUU
npuMep ¢pakTaabHOro MHOXecTBa KaHTopa, mosmyuaromerocss U3 €IMHUYHOTO
OTpe3Ka MoCcIeI0BaTeIbHBIM yIaIeHUEM CpeHel ero Tpetu. B cooTBeTcTBHHM C

N
(2.2) D, =—lim 12 _In2
>0 n(1/3)"  In3
MHOXECTB HMMEET JAPOOHYI0 PpPa3MEpPHOCTb, M WX MOXHO «YJIOKHUTH» B
MPOCTPAHCTBO, Pa3MEPHOCTH KOTOPOTO paBHA (pPaKTaTbHOW Pa3MEPHOCTH,
JIOTIOJTHEHHOM 10 1enou BenuunHbl. Tak, KaHTOpOBO MHOXKECTBO YyKe HE
KOHEYHBII HA0Op TOYEK, HO €IlI€ U HE JTUHUS.

~ 0.63. BoJBUIMHCTBO U3BECTHBIX (PPAKTAIBHBIX

1]
V0 v=diyeo | ¥
=] + 4 + 1
=S 0 143 253 1
C’ZF_:u N=iig! 1'21. g‘f
_ —_ — 132 2
_ 2
Qﬁz W==5le o I I
S ,_,,-DF ) .._1.-'34 24
N=C¢g lﬂ_m 7

Puc.2.5. Unmroctparus onpeeneHus eMKocTH (a) u MHOxecTBO KanTopa (0)

Bonee ToHkas xapakTepucTHKa — pazmeprHocms Xaycoopgha — o0o0OIaeT
€MKOCTh Ha ClIy4ail MOKpBITHS >JIEMEHTaMH MPOU3BOJIBHON (HOpMBI U pa3zmepa.
OO06e BenMMUMHBI YAaCTO COBIIAJAIOT, HO He Bcerda [104, c. 173; 115, c. 209-211].
Touynast 4ucieHHass oOLEHKa XaycAophoBOl pa3MEpPHOCTH, Kak MPaBUIIO,
HEeBO3MOkHa [112].

O0o06uieHHbIe pasMepHOCTH PeHbr D, «yYHUTHIBAIOT» YaCTOTY MOCCLICHHUS

n3o0paXkaronieil TOYKoN ToW WM WHOM obyiactu arTpakrtopa [115, c. 211-214;
12

104, c. 176-190]. Ilycte aTrTpakTop pa3douT -~ Ha N HEMyCThIX KyOOB (sl4eeK)

pasmepa & OO003HAUMM JIOJTI0 BPEMEHH, MPOBOJAMMOTO HU300paKAIOIIEH TOYKON

B siueiike HOMeEp i, uepe3 p,. DTO HOPMUPOBAHHAsI INIOTHOCTb TOYEK B sUCHKE —

i HOKpBITI/ICM MHO’>KECTBAa A Ha3bIBACTCS CEMEHCTBO IIOAMHOXECCTB {Ai}’ TaKuX, 4TO HX

00beIMHEHUE COAEPKUT A.
12
Pa3GueHue — 5T0 OKPHITHE HEMEPeceKaIOUIMMICS TIOIMHOXKECTBAMHU {A, |.
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13 14
OICHKA BCPOATHOCTHU €C ITOCCUICHHA. Torna

N(e)

. In 3} pf

D = lim—=—— | 2.3
T g-1s>0 Ing 2:3)

Breigenstor cnenuanbHbie BUABI 0000IIEHHONW pa3mepHocTH: npu ¢ =0
3TO — OMUCAHHAs BbIIIE EMKOCTh, IIPU ¢ =1 — nH(OpMaMoOHHast pa3MEepPHOCTH (B
CMBbICJIE mpenena mpu g — 1), npu g=2 — KOPPEISLHUOHHAS Pa3MEPHOCTb.
[Tocnenusst XapakTepu3yeT acUMIITOTHYECKOE IIOBEACHHE nap TOYEK Ha
atTpakTope. JleHCTBUTENbHO, BEIMYUHBI p; MOKHO MHTEPHPETHPOBATh Kak
BEPOSTHOCTh HAWTH JIBE M300pakarolue TOYKU BHYTPH i-ro KyOa pasmepa &.
Kak pa3 »Ty BenumuuHy Jierde Bcero oueHuTh. I[IpsiMoe wucnosib3oBaHue
onpenaesieHuss (2.3) MPUBOIUT K BBIUYMCIWUTEIBbHBIM TPYIHOCTSIM mipu D >3.
[TosTOMy pa3BUTHI pa3IMyYHbIE YHCIIEHHBIE METOJAbl OLUEHKH Pa3MEPHOCTEU IO
(parMeHTy  AMCKpETU30BaHHOM BO  BpeMeHHM  (a3oBOM  TpaeKkToOpuu
x(?,),x(t,),....,x(¢,). ODHUM U3 caMbIX U3BECTHBIX SBJSIETCA aJrOPUTM

I'paccOeprepa — [Ipokauumna 115 OLEHKH KOPPEISLUOHHON pa3zMepHocTy [234].
OH onupaercs Ha pacyeT TaK HAa3bIBAEMOr0 KOPPESAILMOHHOTO HHTErpaia

2 N N
C(e) = N(N_D;j;l@(g ~x(t) - x(t))
(0(s)=0,5s<0, O(s)=1,5s>0),

MO>KHO UCIOJIB30BaTh U JII0OYI0 Npyryto). HerpyaHo yBUIETH, UTO 3TO — OLIEHKA
BEPOSITHOCTH TOTO, YTO JIBE TOUKH, MPOU3BOJIbHO BhIOpaHHbIE HA aTTPAKTOPE B
COOTBETCTBUM C €r0 BEPOATHOCTHOM MEpPOH, OKaXyTCi Ha PacCTOSHHM,

), rie ® — dynknous Xepucaiina

H — HOpMa BEKTOpa (HanmpuMep, €BKIUA0Ba, HO

menbireM & Ilpu & —0 umeer mecro C(g)~ Ae™, xak cnemyer u3 (2.4).

B 9310 CTPOTO MPUMEHUMO JIs1 ATTPAKTOPOB, 00JIAAAIOIINX IPTOANYECKON Mepoi. [112].
4 JlomonHUTENBHBIA MaTeMaTHUCCKHIT komMmeHTapuii [112]. Ilpeanonoxum, 4ro p; B
KaKIOM (HEIyCTOM) JJIEMEHTE pa30MeHHs MOJYMHACTCS TTOKa3aTeIbHOMY 3aKOHY: p; o £%.

Ecmu MBI mMeeM [eo ¢ TOYKaMu Ha OTpe3Ke, TO & =1 COOTBETCTBYET PaBHOMEPHOMY
pacnpenenenuto Ttouek. OpHako, s 00NacTel, rie TOYEK Majlo, MOXET BO3HUKHYTH
curyams, korga « < 1. B atom ciydae oTHOweHHe p;/& — o npu & — 0, MOTOMY Takoe

pacripesiesieHle Ha3bIBAIOT cuHeyAaApHbiM (A1 KBaJpaTa, CHHIYJISIpHBIE pacrpeieneHus OyayT
HUMETh 00JIaCTU ¢ MoKazaTeneM « < 2). UToObl OLIeHUTh MOBEACHUE TUIOTHOCTH B Pa3IMYHBIX

y4acTKaxX HOCHUTEIS, TIOICYUTHIBAIOT (hYHKYUIO paszduenus Zi p, rne mapametp ¢ € (—o0,)
HIO3BOJISIET «IIOJICTPANBATh» OLEHKY IOl YYaCTKH C pa3HOM INIOTHOCTBIO BeposiTHOCTEH. Ecnu

GbyHKIMS pa3OMeHHs 3aBHCUT OT &£ IO CTENEHHOMY 3aKOHY, TO BBOZIST ompenenenue (2.3) u
TOBOPAT O Myrbmuppakmaionom pacnpedenrehuu. Ecmu D, TPUHUMAET pasIvvHbIC

3HAYEHUS B 3aBUCUMOCTH OT ¢, TO aTTPAKTOp Ha3bIBatOT MysbTH(]pakTanom [104, c. 182].
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Torga KOppesLMOHHYIO pa3sMEpHOCTb D), MOMKHO OIIEHHTh KaK HaKJIOH
rpadpuka InC(Ing) npu manom & Ha mpakTthke 4mMciao Todek Tpaekropuu N

OTrpaHUYEHO, MTO3TOMY pa3Mep SUYEHKU & HENb3s CAENATh CKOJb YTOJHO MAaJIbIM.
[IpyueM ans HaEeKHOW OLIGHKH Pa3MEpPHOCTH TpeOyeTcs TeM OoJiblIee YHCIIO
TOYEK, 4YeM OoJblie pa3sMepHOCcTh. CyIIeCTBYIOT pa3lIMyHble MHEHHS O
HEOOXOMMOM YHCIIE TOYEK, MOJYyUYCHHBIC MPHU PA3ITUUYHBIX MPEINOIOKEHUSIX
[88, 220, 221], cM. moapobHOCTH Takxke B [104, 115].

JIst  1IeNOYUCIICHHOM OIIGHKH Pa3MEpPHOCTH HAOJIFOaeMOro JABUKCHUS
CBEpXY HCHOJIB3yIOTCa M apyrue wiaen. OnauH U3 Haubojee MOMYyJISIPHBIX —
Memoo JI0JAHCHBIX OIU3KUX cocedetl [258] — OCHOBaH Ha IIPOBEPKE TOTO CBOWMCTBA,
910 (ha3oBasi TPACKTOPHS, BOCCTAHOBJIICHHAs B TPOCTPAHCTBE IOCTATOYHOMN
pa3MEpPHOCTU HE JIOJDKHA UMETh camonepeceueHuid. OH mpuUMEHsieTcs s
BOCCTAHOBJEHHMsS  (Da30BOM  TpPAaeKTOpUM 1O BPEMEHHOM  pealn3alyu
€MHCTBEHHOU nepeMeHHou (cM. 11.10.1.2.2).

Jpyroii W3BECTHBIH METON — Memoo 2naguvix KomnoHenm [199] —
3aKJIIOYAETCS B BBIZICNICHUM B (Pa30BOM TIPOCTPAHCTBE HAIpaBJICHUM, BIOJb
KOTOPBIX, B OCHOBHOM, pPa3BHUBACTCS ABUKCHUE H300paKaroOIIe TOUYKH, Ha
OCHOBE aHAJIU3a KOPPESAIUNA MEXKTYy KOMIIOHEHTAMU BEKTOpPa COCTOSIHHS (CM.
n.10.1.2.3).

2.1.4.2. Ilunamuyeckue xapakrepucTuku. Haunbonee nomymisipHbIMH U3
JUHAMUAYECKUX XAapaKTEPUCTUK SBISIFOTCS TaK Ha3bIBAEMBIE JIANYHOBCKUE
MOKa3aTeld, KOTOPhIE XapaKTEPU3YIOT CKOPOCTh pa3OeraHvs WM CONMKCHHUS
W3HAYaJbHO OYEHb ONM3KUX (Da30BBIX TpaeKTopuidl. Masoe OTKIOHEHHUE
n300pakaroniel TOUKU OT HEKOTOPOM TPAaeKTOPHM Ha aTTpPakTope, T.e. Majoe
BO3MYLICHHUE &,, 10 TE€X IIOP, I0KA OHO HE JOCTUIJIO 3HAYUTENIbHBIX BEJIMYUH,

SBOJIIOIMOHUPYET NPUOIMKEHHO MO OKCIOHCHIMAILHOMY 3aKOHY —BHJA
g(At):goe/w (puc.2.6,a). B pesyapraTe D-mepHas cdepa MHOXKECTBA
HaYalbHBIX BO3MYIUCHHH  Yepe3 HEKOTOpOoe BpeMsi TpaHCHOPMHDYETCS B
saricons. He aBast cucteMe yBENMYMBATh BO3MYIICHHS (IBOIOLHOHUPOBAT
0 IITPUXOBOMY YYACTKy TPAEKTOPHU Ha pHUC.2.6,a) OTpaHUYEHHEM OTpPE3Ka
BpEMEHH HAOJIONEHUS 7, MOYKHO BBIYMCIUTH MOKA3aTENN JKCIOHEHTHI uepe3
OTHOIIEHUS JUIMH TIOJNYOCEH DJUIMICA BO3MYIIEHUH K HAYAIBLHOMY PagHyCy:
A, =(1/7)In(g, /&,). VcpenHeHHsle TO BceMy AaTTPaKTOpy 3HAUEHHS OTHX

KOA(D(PUITMEHTOB HA3BIBAIOT noKazamenamu Jlanynoséa, Mbl HUX 0003HAYUM
AL A,,...;,A . OHN XapakTepu3ylOT yCTOMYMBOCTh JBMKEHHS HAa aTTPaKTOpE B

JUHEHHOM NPUOIIKEHUH. YTIOPAJOYCHHBIN 10 YOBIBaHUIO HAOOp 3HAYEHUH A,

Ha3bIBAIOT CIIEKTPOM JIAIIyHOBCKHMX IOKa3aresied, a MOCJeN0BaTeIbHas 3alKCh
ux 3HakoB (+, — wm 0) — cuenamypou cnexmpa. Ecin Bce mnokazarenu
OTpULIATENIbHBI, T.€. CUTHaTypa HMEET BHJ <—, —,...,—>, TO aTTPaKTOPOM
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ABIIIETCSl TOYKa paBHOBecHs. CUTrHaTypa MpeneabHOro HAKIIA — <O, — ees —> , JUISL
JBYMEPHOIO TOpa — <0, 0,—,..., —>. B cnekTpe IAMyHOBCKHMX ITOKa3aTesen

Xa0THYECKOTO0 aTTpakTopa 00s3aTeIbHO MPUCYTCTBYET XOTS Obl  OJUH
MOJIOKUTENBHBIN  TTOKa3aTelb, HaMpUMED, <+, 0, —,...,—>, OIPEEIIAOLINN

TUTINYHOE «pa30eraHue) U3HA4aJIbHO OJIM3KUX TPACKTOPHIA.

Puc.2.6. WnmocTpanuss uaew BBIUMCICHUS JISAMyHOBCKHX IOKaszarened (a). DBOMIONUS
OKPY’KHOCTH C LIEHTPOM X, NOA JAeHCTBUEM JIMHEIHOH (0) U HeNMHEIHOH cucTeMsl (B)

Onumem Tenepp HEKOTOpbIE MaTeMaTHUYECKHE AeTanu Oosee MoapoOHO.
JUis 3TOro OrpaHW4YMMCsl CHayaja JMHEHHOW CUCTEeMOW OOBIKHOBEHHBIX
g depeHInaTbHbIX YPaBHEHUH C IEPEMEHHBIMU KO3 (PPUITUCHTAMH:

de(t)/dt = A(t)e(t), (2.4)

rie €€ R” u A — marpuna nopsaxa D. O6o3naunm £(¢,) = €,. Torma penienue
ypaBHeHus (2.4) B MOMEHT BpeMeHH £, + Af MOKHO HalTH 110 (opMmyIie

e(t, +At)=M(¢,,At)-¢,, (2.5)

rne M(z,,At) — marpuna nopsaka D, 3aBucdlas OT HadyalbHOI'O MOMEHTa
BPEMEHH U UHTEpBasia Af, KOTOpasi UMEET BUI:
t,+At

M(t,,Ar) =exp| [A(t)dl'|, (2.6)

f

TJIe SKCIIOHEHTa C MaTPHUIIeH B TIOKa3aTelie MOHUMAETCS B CMBICIIE (hOPMATTLHOTO
pasnoxkeHuss B creneHHOW psan. s wumoctparuu  monoxkum D=1 u
A(t)=a=const, Torna de(t)/dt = ae(t) u pemenue (2.5) u (2.6) npuHEMaeT

at

3HaKOMBIH BUI &(f, + Af)=¢,e” . Takum oOpa3oM, B cilydae IOCTOSHHBIX
KOA(DPUITMEHTOB BO3MYIIEHUE H3MEHSETCS IO JKCIIOHEHIMAIbHOMY 3aKOHY.
Ecin xoad¢unmentsl HE TOCTOSHHBI, TO CHUTyallds HECKOJIbKO MEHSETCS.

Hanpumep, 11st A(f) = a + beost nonmyunm e(t, + At) = gje® e ">
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Urto06bl 0xapakTepu30BaTh HapacTaHue (MU yObIBaHHE) € B MHOTOMEPHOM
cllydae, Hy’KHO pPacCMOTPETh IBOJIIOLUIO Cepbl HAYATIBHBIX YCIOBUI C LEHTPOM
B HyJIE U PaJliyCcoM HSOH [Tockonbky cucTema nuHeHa, cgepa mpeodpasyercs B

AJUIATICOU]] C TEM K€ LEHTPOM. BenmunHa u opreHTalus Moyocei UIUICOnIa
3aBUCIAT OT Matpullbl M, a 3Ha4yuT, U OT BEIWYMHBI UHTepBaia Af. B
3aBHCHMOCTH OT OPUEHTALIMHM HAYAJIILHOTO BEKTOpa €, MOLYJIb € MEHSETCS IO0-

pazHomy. /[l omnucaHus 3TOM CHUTyallMM WCIHOJNb3yE€M TaK Ha3bIBaeMoe

T
cuHeynapuoe pasnodcenue Matpuisl M. 910 paznoxenue suga M =U-X.V ",
rne U u V — opToroHanpHble MaTpHUIlbl, KOTOPHIE yJAOOHO 3amucaTh B BHUJE
HaOOpOB  BEKTOPOB U=[u1 u, ...uD], \% =[Vl v, ...VD]. Ecm M

HEBBIPOXKJIEHA, TO  BEKTOPbl U, U,,..,U; (MX Ha3bBalOT JIEBBIMHU
CUHTYJISIPHBIMHM BEKTOpamMu MaTpuibl M) UMEIOT €IMHUYHYIO JJIMHY U B3aUMHO

OPTOTOHATTBHEI, T.€. 00Pa3ylOT OPTOHOPMHUPOBAHHKIH Gasuc mpocTpancTsa R”.
To xe camoe OTHOCUTCA K BEKTOPaM V,,V,,..,V, (IpaBbIM CHHIYJIIPHBIM

BEeKTOpaM). Marpuna X2 1auaroHaipHa; 4ucia Oy,..,0, Ha €€ JUaroHajIu

OOBIYHO pacCMOjaraloT B TMOPSJAKE YOBIBAaHUS U HA3bIBAIOT CUHRYIAPHLIMU
yucnamu Marpunbl M. JlelictBue marpuuel M Ha BEKTOp €£,, HMMEIOIIUN

HalpaBJICHUE OIHOTO W3 IPaBbIX CUHIYJIAPHBIX BEKTOPOB V,;, U3MEHSET €ro
IUIMHY B O; pa3 U NEPEeBOAUT €ro B BEKTOpP, UMEIOLIUI HalpaBIeHUE JIEBOTO
CHHTYJIIPHOTO BEKTOpa ¢ HOMepoM i: &(f, +Af) = UiHsoH“i (puc.2.6,0). Takum
o0pasoM, eciii XOTs ObI OJTHO M3 CHHTYJIAPHBIX uncesl M 1mo Moaysto Oosbime 1,
TO JJI1 HEKOTOPHIX HANpaBlICHWI HAYadbHOE BO3MYIIEHHWE BO3pacTaeT (Ha

puc.2.6,6 0OTHO CHHTYJISIpHOE 4ucio Oonblne 1, a ppyroe — MeHblie). beicTpee
BCETO OHO BO3pAacTaeT Ui HalpaBleHUs V,. BeTHMuuHbI, MMOKa3bIBAIOIIUE, BO

CKOJIBKO pa3 MCHACTCA BCIMYMHA BO3MYIICHUA, HA3BIBAIOT JOKAN1bHbIMU
JIAITYHOBCKHUMM ITIOKA3aTCIISIMU

1
A(t,,At)=—Ino.. 2.7
(15, A1) VR (2.7)

OHU ONHUCHIBAIOT CpeOHUll 3a KOHeuHoe 8peMs IKCIOHCHIUATbHBIA pOCT
Bo3mymieHut. CormacHo  ompeaeneHuto (2.7) s COOTBETCTBYIOIIMX
HAIpaBJICHUI HayaJdbHOTO BO3MYIICHUS HMMEET MECTO CTPOTrO€ PaBEHCTBO

Hg(to + At)H = HSOH . efli(to,At)At

OCCKOHEYHOCTU U TPHU OMNPEJCICHHBIX YCIOBUSX, HAJOKEHHBIX Ha MaTPUILy
15
A, CyIIECTBYIOT KOHEUHBIE TTPEIEIIbI

. A.M. JIanyHOB mokazai, 4To IIpU CTpeMJieHnHn Af K

to+At

15 Cymectryer 4mcmno L, Takoe 4To N ,”Au (t"\dt" < L nns moObix A4 u At [104, c. 140].

fo
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A, = limllnw, i=1.2,...D, (2.8)
Moe AL gy

€ BCIMYHUHBI A U ectb JANYHOBCKUE nokasameiu. OHu TIOKa3BIBAIOT

l
aghghexmuemnyro ckopocTh HapacTanus (yObIBaHUs1) Bo3MyIieHHI. Kakoe nMeHHO
u3 D 3HayeHuil HabmomaeTcs Uil JAHHOIO HA4yajlbHOI'O BO3MYILEHMS g,

3aBUCUT OT C€ro HalpaBJICHHA. I[JI?I noumu 106020 HampaBJICHUA g

BO3MYIIICHHE U3MEHSETCS CO CKOPOCTHIO, OTIPECIIIEMOI CTapIIUM MTOKa3aTeIeM
A,. Ecim A, monoxwureneH, To OH U omnpenenser 3(QpQPeKTUBHYIO CKOPOCTb

HapacTaHus Bo3myIeHuil. Ciie1oBaTeIbHO, OH MOXKET OBITh CBS3aH C MPEIEIOM
MPEACKa3yeMOCTU CUCTEMBI (2.4) B CUTYyallUd, KOTJla cCaMO ypaBHEHUE MU3BECTHO
TOYHO, a HAYaJIbHOE YCIIOBHE W3BECTHO C HEKOTOPOM IMOrPEIIHOCTHIO.
AHQJIOTUYHBI aHAIU3 MOXKHO TPOBECTH JUISl JIMHEWHBIX Pa3HOCTHBIX
YPaBHEHUN.

Jluneapuzosannas  Ounamuka u  JANYHOBCKUe  nokaszamenu.  Jis
HEIIMHEWHBIX CHUCTEM aHalIu3 Ha YCTOMYUMBOCTh MPOBOAST C MOMOIIBIO
VCCIICIOBAHNs  JIMHEAPU30BAHHOM CcuUCTeMbl ypaBHeHuM. Ilycts 3amaHa
HEJIMHEHHAs CUCTEMa:

dx/dt = f(x). (2.9)

PaccmorpuM oaHy W3 ee TpaekTopuil X(f) € HaYaJdbHBIM YCIIOBUEM
x(#,) = X, ¥ UCCIEeLyEM IIOBEJCHUE TPACKTOPUH, CTAPTYIOLIEH O4eHb OIHU3KO OT
Hee B TO4ke X(f;))=X,+¢&,. DynemM HasplBaThb TpaeKkTopuio c X(f,)=X,

ONOPHOM. DBOJIIOIMS OYE€Hb MAJIBIX BO3MYIIEHUN, KOTOPHIE OCTAIOTCA MaJbIMU
HAa BCEM MHTEpPBAJIE pPACCMOTPEHUS, OIPEAENIETCS JIMHEApU30BaHHOM B
OKPECTHOCTH OMOPHOM TPACKTOPUU CUCTEMOM:

de _ 0 f(x(xo,t))g

: 2.10
dt X, 0 (2.10)

of (x(x,,7))
0X, .

JIiist Hero MOXKHO 3amucarh perieHue B Buge (2.5), rae matpumna M oToOpaxaet
0ECKOHEUHO Malylo c(epy HadajabHBIX YCIOBHM C LEHTPOM X, B DJUIAIICOU] C

OT10 ypaBHeHHE coBnajaaer c¢ (2.4), eciau Moyuoxuth A(f) =

HeHTpoMm Xx(¢, + At), cMm. puc.2.6,6. Crporo roBops, €ciu BO3MYIICHUE He

0ECKOHEYHO Majo, a KOHEUHO, 00pa3oM cdepbl OyIeT He IIUIUMIICOU, a IPYroe
MHOXeCTBO. JIMHeapu3oBaHHAs JWHAMHUKA JIUMIIb OPUOIMIKEHHO OyJeT
OIKCHIBATh HBOJIIOLIMIO 3TUX KOHEUHBIX BO3MYLIEHHH, cM. puc.2.6,B. [liig moboit
OTIOPHOM  TPAGKTOPHUH CYIIECTBYET HAOOp JIAMYHOBCKUX IIOKa3aTemeH,
XapaKTEPU3YIOIIUX JIMHEAPU30BAaHHYIO JUHAMUKY B €€ OKPECTHOCTH.
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B 1968 r. Ocenenen mokasay, 4ro s JrO0Or0 THIUYHOIO X, Ha

paccMaTpuBaeMOM aTTPAKTOpPE HAOOp JIAMYHOBCKUX IOKa3aTesled OAMH M TOT
kKe. OTO  YTBEp)KIEHHE COCTAaBISET COAEpPXKAHME TaK  HAa3bIBAEMOU
MYJIbTUIUIMKATUBHOM 3PTOJIMYECKON TEOPEMBI, CM., Harpumep, [115, c. 224-227;
157].

Wtak, JAMyHOBCKHE TOKA3aTE€NM XapaKTEPHU3YIOT SBOJIOLUIO MalbIX
(HaCTONMBKO ~ MalbIX, 9YTOOBI [UIsI WX ONHCaHWs Obula  MPUMEHHMA
JuHeapu3oBaHHas ~ cuctema  (2.10))  Bo3MyImIeHMA  HE  TOJIBKO  Ha
WUHIMBHUIyaIbHOM OIOPHOW TpaekTopuu, HO W Ha BceMm arrpakrope J[C.
Crapimnii J0yHOBCKHM MOKa3aTeiab OLEHUBAET 3(P(PEKTUBHYIO CKOPOCTh pOCTa
OECKOHEYHO MaJIbIX BO3MYILIEHUH.

2.1.5. IIpoctpanctBo mapameTpoB. budypkamuu. KomOuHupoBaHHbIE
IPOCTPAHCTBa, O ypKAITMOHHBIC TUArPAMMBbI

[Ipy w3MeHEHHWM mapaMeTpoB aTTPAaKTOpbl B (PAa30BOM MPOCTPAHCTBE
SBOJIIOLIMOHUPYIOT  (1eOPMHUPYIOTCS, MEHSIOT CBOM pa3Mephl), U MpHU
HEKOTOPHIX 3HAYCHUSAX TAapaMEeTPOB TEPSIIOT YCTOWYMBOCTh. B pesynbrate
NPOMCXOIUT KadyeCTBEHHOEC HM3MEHEHHWE BO3MOXKHBIX JIBUKCHHUH B CHCTEME,
u3MeHeHue (ha3oBOro MopTpera (HampuMep, M3MEHEHHE YHcia aTTPaKTOPOB B
¢$a30BOM TIPOCTPAHCTBE) — CHUTyallWs, IMOJYYHBINAs Ha3BaHUE Oughyprayuu
[42, 114]. Cnenyer moauyepkHyThb, YTO IUIaBHas JAepopManusi arTpakropa
CONMPOBOXKAAIOIIME €€ U3MEHEHUus (OopMbl KOJIeOaHW HE CUMTAITCA
Ka4eCTBEHHBIM H3MEHEHHEM. VICronb3ysi reoMeTpUyYEecKHe Ipe/CTaBICHHE B
npocmpancmee napamempos, KOTJa Ha OCAX KOOPAMHAT OTKJIAAbIBAIOTCS
3HAYECHUsl IMapaMeTpoOB, MOXXHO HATJSIHO MPEICTaBUTH BCIO COBOKYITHOCTb
BUJIOB YCTaHOBUBIIMXCS JBM)KEHUI U MEPEXOJ0B MEXKIY HHMH, BOZMOKHBIC B
paccmaTpruBaeMoil JMHAMHYECKOH CHCTeMe. OTO JeJaeTcs C IOMOIIbIO
HEKOTOPBIX METOAMYECKUX TPUEMOB.

OCHOBHOI NIPHEM COCTOHUT B BBIJICIEHMM MHOKECTB TOYEK, Pa3eIISIOINX
0o0acTH € Ka4yeCTBEHHO pAa3lIUYHBIM TOBEACHUEM — OU@YpPKAYUOHHBIX
MHOXECTB. B HarmsggHoM mnpuMmepe ¢ KOUIKOW MPOCTPAHCTBOM IapamMeTpOB
ABJISIETCS TUIOCKOCTh a,,4, (puc.2.1,1), a AMHUU rpaHul] o0nacTeil ¢ pa3nuyHon

HITPUXOBKOM  SIBIAIOTCA  OM(PYpPKAMOHHBIMU: 00JacTb 2  COOTBETCTBYET
3I0pOBBIO, MOJHOIICHHOMY CYLIECTBOBaHHIO, a B obmactsax 1 m 3 ckopo
CYLIECTBOBAaHME  3aKAHYMBAETCS TPArM4ecKd U3-3a  OECKOPMHMIBI WM
00XOpCTBa. 3HAYMUTEIBHO CJIOXHEE YCTPOEHBI MPOCTPAHCTBA MApPaMETPOB,
MpeACTaBICHHbIC, HampuMmep, Ha puc.3.6, 3.7, 3.11, 3.19. budypkanronnsie
MHOK€CTBA — 3/IECh 3TO JIMHUU —JEJIAT BCIO MJIOCKOCTh MAapaMeTPOB Ha 00JIaCTH
CYILIECTBOBaHMS PAa3IMYHBIX aTTPAKTOPOB B (pasoBoM mpoctpaHcTBe. OOpaTuTe

16
[TepBoHavyanbHO €I0BO OM(ypKAIUS MCIONB30BAIOCH JUIsi 0003HAYCHHS Pa3BOCHUS MTyTH
HBOJIIOLIMH, HO B HACTOSIIIIEE BPEMsI TaK CTAJIM HA3bIBATh JIF000E KAYECTBEHHOE H3MEHEHHUE.
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BHUMAaHHE Ha WCIOJL30BaHHBIA TIpU TmocTtpoeHuu puc.3.6, 3.11, 3.19 cnoco6
clenaTh HArjsIHOM CHUTYalUI0 MYJIbTHUCTAOMJIBHOCTH (HAJTUYME HECKOJIbKUX
BApHAHTOB JBW)KECHUMN, aTTPAKTOPOB B (Pa30BOM MPOCTPAHCTBE) HA TUIOCKOCTH
IByX mapameTpoB. O0iacTh 3HAYEHUH MapamMeTpoB, MPH KOTOPHIX CYIIECTBYET
KaXAbIM M3 BO3MOXHBIX KOJEOATENbHBIX PEXUMOB, H300pakaeTcsi Ha
OTJENBPHOM JIUCTE€, TaK YTO HAJIWYME MHOTOJMCTHOCTH TPU HEKOTOPBIX
3HAYEHUSAX [apaMeTPOB O03HAYaeT CYLIECTBOBAaHHE MYJIbTUCTAOMIBHOCTH.
Hanpumep, Ha puc.3.6 B oOnactu nepeceueHus: nuctoB A u B, umeer mecrto
OMCTaOMIBHOCTh — CYILECTBOBAHHME JBYX aTTPAaKTOpOB. TpeTuil muct B obiacTu
OUCTAOMIBPHOCTH TPUHAAJICKUT HEYCTOMYMBOMY LHUKIY. MynbTUCTAaOMIBHOCTD
Ha puc.3.19 Taxke UMeeT MECTO TPU 3HAUCHUSIX MTapaMeTPOB, B3SATHIX B 00JIaCTH
NepeCceyYeHHs JINCTOB, HA KOTOPBIX CYIIECTBYIOT Pa3IMYHBIE MOJIbI UCCIIETYEMOM
CUCTEMBI.

B 3akmioueHne OTMETHM HEKOTOPHIE BO3MOXHOCTH, BO3HUKAIOUIME IPH
WCTIOJb30BAHUU KOMOUHUPOBaHHbIX npocmpancme. Hanpumep, mo ocu abeuucc
MOXXHO OTJIOXHTh 3HAa4€HHE TMapaMmeTpa, a MO OCH OpIMHAT — 3HAYCHUS
JUHAMHAYECKOM MEPEMEHHOM B yCTaHOBUBILEMCs pexxume. [loctpoeHHas Takum
obpazoMm OudypkaiyoHHas auarpamMma Il KBQJPaTUYHOTO OTOOPaKEHHs
(puc.3.8,1) MMUPOKO HCIOJB3YETCS s JEMOHCTPAllMM YHHUBEPCAIbHBIX
3aKOHOMEPHOCTEN 1Moa00us (CKEHIMHra) Mpu MEepexoe K Xaocy uepe3 Kackaj
yABOGHMH mepuona. B oToOpaxeHHMM JUCCHIMATUBHOTO  HEJIWHEHHOTO
OCLMJUIATOpA Takas JuarpaMma XOpOIIO HIITIOCTPUPYET SBJICHUS pE30HaHCa,
rUcTepe3nca, OMCTaOMIBHOCTH, TOCIIEI0BATEbHOCTh Oudypkanuii (puc.3.10,
BHU3Y).

Haxonern, ciemyer oOpaTuTh BHUMaHHE Ha CYIIECTBEHHBIE BO3MOXKHOCTHU
npezacTaBieHus HHpopMauu B $a3zoBbIX U MapaMETPUIECKUX MPOCTPAHCTBAX C
MOMOIIBIO I[BETa. Tak 4acTo MPEACTABISAIOT OACCEWHbI MPUTSHKEHUS PA3INYHBIX
aTTPAaKTOPOB, 0OJIACTH CYILIECTBOBAHUS U SBOJIIOLMH KOJIEOATENbHBIX PEXUMOB
(puc.2.2u 3.11).

CkazanHoe B JaHHOM maparpade sBIsIeTCS JUIIb KPaTKUM BBEICHUEM B
pealn3amio TUHAMUYECKOro Moaxonaa. TeM, KTO XOdeT MOJy4YuTh TiyOokoe
MPEJCTaBICHNE 110 MpodiieMe, ClieAyeT 0OpaTUThCS K KIACCHYECKUM TPYIaM I10
Ka4eCTBCHHOU Teopuu AuQdepeHIInaIbHbIX YpaBHEHNH, 0TOOPaKCHHUH, TCOPUH
KoJeOaHu, HeMMHENHON TMHAMUKe, CM., Hanpumep, [4, 13, 14, 24, 48, 175].

2.2. OcHOBaHUA 1JI51 00BSABJIEHUS NMPOLECCOB COAYYANHBIMHU

Hcnonp30BaHue BEPOSITHOCTHOIO MOJIX0/1a OOBIYHO CBSI3aHO C MPU3HAHUEM
HEKOTOPOW BEIWYMHBI «ClIydanHOW». Ho 4TO Takoe «cilyyanHas BEIMYHMHA» U
YeM OHA OTJIMYAETCs OT «Hecihy4yanHon»? B Hacrosiiee BpeMs CyIIECTBYET
HECKOJIBKO TOYEK 3pEHHs Ha  CIy4allHOCTb, IO3BOJISIOLIMX  BBECTH
KOJIM4eCTBEHHbIE MEPbl. OHM B OCHOBHOM COIJIACYIOTCSI APYT € JPYTrOM, HO HE
BCErJa, U MOTYT MPUBOJUTH AK€ K IPOTHUBOIOJIOKHBIM pe3yJibTaraMm IpHU
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OIICHKE CIIyYalHOCTH WJIM HE CIy4YalHOCTHM Ha TMpakThke. PaccMoTpum
npo0seMy B COOTBETCTBHH CO CXEMOM, HMCIOJIB30BAHHOW B OYCHB TMOJIE3HBIX
crarbsx [96, 97].

2.2.1. TeopeTUKO-MHOKECTBEHHBIN MOAX0]T

TeopeTuKO-MHOKECTBEHHBIN TIOJXO0M, JIEKAIINA B OCHOBE COBPEMEHHOM
Teopun BeposATHocTel [60,145], cCBsA3BIBa€T TMOHATHE CIYYaWHOCTH C
BO3MOXXHOCTBIO 3aJaTh I JAHHOW BEJIIMYMHBI 3aKOH PacCIpelescHUs
BepossTHOCTEW. OIleHKa OTCYTCTBHS WIH TPUCYTCTBHS 3aKOHOMEPHOCTH
XapaKTepU3yeTcsl BO3MOKHBIM pa30pocoM 3HAUEHU BEIUMUMHBI:
® JIETEPMUHUPOBAHHBIM BEJIMYMHAM COOTBETCTBYET IUIOTHOCThH PACIIpENEIICHUs

BEPOATHOCTEN B BUJIE O-(DyHKLUY;
® HENPEACKA3yeMOCTb 3HAYCHMsI CIIyYalWHOW  BEJIWYUHBI  ONPEEIACTCS

«IIAPUHOIN», «Pa3Ma3aHHOCTbIOY» PACIIPEIEIICHHUS.

2.2.1.1. Cay4aiiHble cOOBITHS M BEPOATHOCTH. [Ipy onmcaHuu MHOTMX
SIBJIGHUM HCCJEI0BATeNIb YaCTO CTAJIKUBACTCSI C HEBO3MOMXHOCTHIO OJIHO3HAYHO
npeacKa3aTb XOJA COOBITUH, Jake €eClIM BCE YCIOBHUS, KOTOPBIE MOXHO
KOHTPOJIMPOBATh, MOJJCPKUBAIOTCA «OAMHAKOBBIMI» . JlJig MccieaoBaHus
TaKUX SBJICHUA BBEJIM TOHATHS CIy4alHOTO COOBITUSA U BEPOSITHOCTH,
KOTOPBIMH OTIEPUPYET TEOPHsI BEPOSITHOCTEH. B TeOpuu 3TH MOHATHS ABISIOTCS
HEOINpPEAEIUMBIMHU, 33/1aF0TCSI AKCHOMATHYECKH TOJIBKO HEKOTOPBIE MX CBOMCTBA,
a CBS3b MX C IPAKTUKOM W HAIVIsIIHAs MHTEpIpeTranus — 3ajada TeX, KTO
HCIIOJIb3YET 3TOT aImapar. 34eCb Mbl HAIIOMHUM 3TH OCHOBHBIE ITOHSTHS, HO HE
CTPOTro, a Ha UHTYUTUBHOM YpPOBHE.

Cobvimuem Ha3bIBAIOT HMCXOJI ucnvimauus. PaccMOTpUM KJIACCHUUYECKUI
npuMmep — nojadpacbiBaHMe MOHEThl (cMm. Takke 1. 2.6). Ilycte onHa
no0packIBaeTCsl TOJBKO OIWH pa3. Torma wucnbiTaHMeM OyneT 3TOT
€IMHCTBEHHBIN OpocoK. B pe3ynbraTe ucnbpITaHUS MOTYT PEAIM30BaTHCS TOJIBKO
J1Ba COOBITHS — BbITIAieHHe opia (cobbiTHe A) mtn peku (cobsitie B).' A n B
— coOBITHS, B3aUMHO UCKITIOUaromue aApyr apyra. CoObITHe, KOTOPOE COCTOUT B
TOM, 4TO peanusyercs oo A, muoo B, Ha3bIBaIOT 0OBedunenuem coObITUH A 1
B u ob6o3nauvator A UB. B gaHHOM ciyyae OHO 00s3aT€lbHO MPOU3OUIET B
pe3yibTare J1I000ro UcHbITaHus. Takoe COOBITHE HAa3bIBAIOT 0OCHOBEPHbIM W
FOBOPAT, YTO €r0 BEPOSATHOCTH pPAaBHA CAUHULE: P{AUB}zl. [Tockonbky
o0benuHeHue A u B — noctoBepHOe coObITHE, TO TOBOPSAT, UTO A U B 00pasyror
HOJIHYIO rpymniy coObITuil. M3 cooOpaxeHuil CUMMETpUH CIIEYeT, YTO €CIH
BEILIECTBO MOHETHI pPacHpeelieH0 PaBHOMEPHO M OHA HMEET MPaBUIbHYIO

7 MBI MOCTaBHIIM CITOBO «OAMHAKOBBIMI» B KABBIUKH, YTOOBI OI4EPKHYTh €I0 YCIOBHOCTS,
MOJIENTBHOCTb. PeaabHO MOKHO TOBOPUTH 00 OMHAKOBOCTH JIMIIb B TOW CTENEHHU, KOTOpas
JIOITYCKAETCsl YCIOBUAMU HAOIIOACHUS WM U3MEPEHHUS.

'8 TeopeTHuecKH MBICTHUMBIM CTydaeM, KOT1a MOHETa BCTAHET «Ha peGpo», IIpeHeOperaem.
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dbopmy, TO cobbiTHs A M B paBHOBEpOSTHBI (IIAHCHI HA BBHIMAJCHHUE OpJia W
peuiku paBHbI). PaBHOBEpPOSITHBIE B3aUMHO MCKJIIOYAIOLIUME JApyr Jpyra
coOBITHA, OOpasylolue TOJHYI TPYIIy, Ha3bIBAIOT  21eMEeHMAaAPHLIMU.
BeposiTHOCT, 00beIMHEHHS] B3aMMHO HCKIIIOYAIONIUMX JAPYT JApyra CoOBITHI
paBHa CyMMe UX BeposATHOCTEeH. B paccMarpuBaemoM mpumepe coObitust A 1 B
00pa3y1oT MOJIHYIO TPYIITY, TOITOMY P{A U B} = P{A}+ P{B} =1. Orcrona u u3
YCJIOBUSI PaBHOBEPOSITHOCTU TMOJIYy4YaeM, YTO WHIAMBUIYaJbHbIE BEPOSTHOCTH
P{A}=P{B}=1/2.

He Bcerma ynaercss BBIIENWTH 3JI€MEHTapHBbIE COOBITHA. B HEKOTOpBIX
ClIydasiX  TIOMOTAalT TEOMETpPHUYECKHe COOOpakeHHs  (TeOMETPUIECKOE
ompezenieHue BeposATHOCTH). [IycTh HCITBITaHWE COCTOUT B TOM, YTO B 007acTh A
IJIOCKOCTH  CITy4aiiHO Opocaercs Touka. B oOmacte A TouYka MOmMajeT
JIOCTOBEPHO, M BCE YYACTKH A «paBHONpPaBHbI». Touka MOXET IONACTh B
obnacte B — A, a MOXKET U He momnactb. BeposITHOCTb TOro, 4TO TOYKA MOMAJET
B 00nacTh B ompenensercs uepes ortHomenue miomaneid B u A: u(B)/u(A),

rae p o3HauvaeT (j1eberoBy) Mmepy MHOXKecTBa. B nmaHHOM mpumepe — 3TO
IJI01ab, HO (POPMYITy MOXKHO HCIIONB30BaTh 0€3 U3MEHEHHH NIl «OpocaHwms
TOYKH» B TMPOCTPAHCTBO JIFOOOW pa3sMEPHOCTU. DTO OIPEACIICHUE MOXKHO
CBSI3aTh C BBIJCIICHHEM 3JIEMEHTAPHBIX COOBITHH, €CITM Ha3BaTh UMHU TIOTIA/IaHMUS
TOYKH B MaJlble KBaJpaThl, MOKPHIBAIOMNE A, U YCTPEMHTh JUIMHY CTOPOH
KBA/PATOB K HYITO."

HambGonee mpuBBIYHBIM I8 (U3UKOB  SIBISIETCS  CTAaTUCTHYECKOE
onpeneneHue BeposTHOCTU. Eciu B pesynpTaTe N HE3aBUCUMBIX HCIBITAaHUI

cobbiTe A peanusoBanock M pas, To oTHoIEHME M /N Ha3bIBalOT 4acTOTOM
nmosiBJieHUss coObITuss A. Ecnu mnpu  yBeIWYEHWM 4YHCIA HWCIBITAaHUH 10
OeCKOHEYHOCTH 4Yactota M/N CTpeMUTCs K HEKOTOPOMY MpENETy, TO 3TOT
npeaesl U Ha3bIBalOT BEPOSATHOCTHIO COOBITHS A. DTO Hambosee HarJsIHBII
(pu3nyeckuii) CMBICT TOHSATUS BEPOSTHOCTU. 3aMETHUM TakKKe, UYTO CBOMCTBO
CTaOWJIM3allMd  YacTOT TMOSBJICHUS COOBITUH HA3bIBAIOT CTATUCTHUYECKOM

' Crefryer 3aMeTHTh, 4TO IS FEOMETPHYCCKHX BEPOATHOCTEH BAaXKHO YETKO OIPEIETHTh, 4TO
TMOHUMAETCSl TOJ «CIy4YalHOVW» TOYKOM, MPSAMON WM IJIOCKOCThIO. Hampumep, omeHum
BEpPOSITHOCTh TOI'0, UTO «CiydaiHas» XOpJa MpPEeBbIAET AJUHY CTOPOHBI INPABHIIBHOIO
TPEyTOJIbHHUKA, BIIMCAHHOTO B €IMHUYHYIO OKPYKHOCTb. XOp/ay MOXKHO BBIOPATh «CITydaitHO»
pasHbpIMu criocoOamu. [lepBblii BapuaHT: COBMECTHM Hadallo XOPABI C OJHOW W3 BEPIINH
TPEyTOJIbHUKA, OCTABHB BTOPOW KOHEI CBOOOMHBIM. Jlosi OIarompHusTHBIX MCXOMOB, KOTIa
JUTMHA XOPJbI MPEBBICUT JUIMHY CTOPOHBI, coctapisieT 1/3. Ipyroii Bapuant: Oynem BbIOUpaTh
CIIy4ailHO TOYKY — CEpEeIMHY «CIly4allHOW» XOpAsl B Kpyre. Xopla IJMHHEE CTOPOHBI
TPEeyrojbHUKA, KOTJa €€ CeperHa JISKHUT BHYTPH Kpyra BIIMCAHHOTO B TPEYTOJNbHUK. Pannyc
3TOr0 Kpyra paBeH IIOJOBHHE pajuyca OINUCAHHOM OKPY>KHOCTH M, CIEIOBATEIbHO, HO0JIS
OJaronpusATHBIX MCXOJOB, KOTOpas OLEHMBAETCS KaK OTHOILEHHE IUIOINAAEH ABYX KpYrosB,
paBHa 1/4. Mbl mOIy4Yuiau JBa pPa3HBIX OTBETA, B 3aBHCUMOCTH OT BBIOOpa IMOHATHUS
«CITyYaitHOW» XOPIbI.
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YCTOMYMBOCTHIO. AmNMNapar TEOPUH BEPOSITHOCTEM MPUTOJIEH I OMHCAHUS
SIBJICHUH, yJOBJIETBOPAIOIIMNX YCIOBUIO CTATUCTUYECKON YCTOMYUBOCTH.

2.2.1.2. CayuaiiHble BeJMYMHBI W HMX Xapakrepuctuku. CiyyaiiHoil
BEJIMUMHOM Ha3bIBaeTCsl 4yUCiIOBas (yHKUUS &, ONpENeNeHHas Ha MHOXKECTBE
ciyyallHbIX cOObITHH. B ciiydae ¢ MOHETON 3HAuYeHUs CIIy4yalHOW BEJIMYUHBI
MOXHO ompeaenuts kak & =1 (Beman open) m £=0 (Bblana permika).
BepositHOCTB TOTO, UTO & =1, €CTh BEPOSITHOCTD BBINAJICHUS OpJIa.

JInst TOJIHOM  XapakTEPUCTHUKH CIy4allHOM BEIMYMHBI CIEAYET 3a1aTh
BEPOSITHOCTH, C KOTOPBIMA OHA IPUHUMAET CBOM 3HadeHus. Hanpumep, MOXKHO
HCIIOJIB30BaTh TAaK Ha3bIBACMYIO (@yHkyuio pacnpeoenenus F. (x)=P{& <x}.

Ecmm & menpeppiBHO3HAUHA W (DYHKIUS pacnpeneneHus auddepeHupyema, To

MOXXHO BBECTH (PYHKUUIO HIOMHOCMU  pacnpeoesenusi 8eposmHocmell
p:(x) =dF.(x) /dx: BEPOSTHOCTH MONaAaHus & B OECKOHEYHO MaJblii OTPE30K

[x,x+dx] paBHa p.(x)dx. [anee st onpeneNeHHOCTH OyaeM TIOBOPUTH O

CIly9aifHBIX BETMYMHAX, JJIS1 KOTOPHIX MOXKHO BBECTH IUIOTHOCTH BEPOSTHOCTH.
[lepeuncnum HEKOTOpBIE YACTO BCTPEUAIOLIMECS 3aKOHBI PacCIIpeleIICHHS.
HopmanbHslii (TaycCOBCKHUIT) 3aKOH:

(-a)
pe(x)= (1/J27r02 ) e 2, (2.11)

rle @ ¥ O° — HapaMeTphl. JTO OJHO M3 Hambolee YacTo HCIONb3YeMbIX B
TEOPHH BEPOSITHOCTEN pacnpeneneHuil. [[pudrna ero monyaspHOCTH B TOM, YTO
OHO MIMEET MHOTHE IMOJIE3HBIE TEOPETUYECKIE CBOMCTBA U JOMYCKAET MOTyUeHHE
psla aHaJWTUYCCKHX pe3ysbTaToB. Kpome TOro, Ha NpakTUKE BEIUYWHBI,
KOTOPBIC SIBIISTIOTCSI PE3yJITaTOM JICHCTBUSI MHOTOYHCIICHHBIX (PaKTOPOB, YaCTO
pacrpeeieHbl IPUMEPHO 10 HOPMAIILHOMY 3aKOHY. JTO UMEET TEOPETUIECKOE
00OCHOBaHHE — IECHTPAIBHYIO IMPEICIBHYI0 TEOpEMy,” KOTOpas YTBEpPXKJIacT,
9TO CcymMMma OOJIBIIIOTO YHCIa OJMHAKOBO PACIPEACICHHBIX HE3aBUCHUMBIX
CIIyJaHBIX BEJIMYUH pacIpe/ie]icHa aCHMITOTUICCKH HOPMAJIILHO, T.€. 3aKOH €€
pacmpeesieHUs: CTPEeMUTCSI K HOPMaJTbHOMY TIPH YBEIMYCHUH YHCIIa ClIaraeMbIX.
DKCNOHEHITMAIBHBIN 3aK0H (pactipeaenenue Jlamnaca):
(1/a)exp(-x/a),x >0,

pé(x): 0. <0, (2.12)

PaBHOMeEpHOE pacnipeniesieHue Ha oTpeske [a,b]:

%% MHorue aBTOpbI MUIIYT ¢ HPOHHEH O YACTOM HCIIOIb30BAHAM HOPMAIBHOTO 3aKOHA IS
ONMCaHUA [aHHBIX M CChUIKaX Ha LEHTPAIbHYIO IPEIEIBHYI0 TEOPEMY: «... HHKEHEPHI
IyMarT, yT0 npuMeHUMOCTh LIIT Ha mpakTuke — 3TO CTPOro IOKa3aHHOE YTBEPKICHUE, A
MaTEMAaTHKH T0JIATAI0T, YTO 3TO IKCIEPUMEHTAIbHBIN (DAKT...», cM., Hapumep, [289].
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1/(b—a),a<x<b,

2.13
0, x<a,x>b. ( )

Pe (x) =

CnyvaitHyro BenmuunHy ¢ 4YacTO  XapaKTePU3YIOT MOMEHTaMH €€
pacnpenenenus. HaganbHpIM MOMEHTOM MOPSIZIKA 72 HA3bIBAETCS BEIMYNHA

Mkﬂs?ﬂﬂﬂﬂ. (2.14)

Uepes M Oynem o0003HauaTh MaTEMaTHYECKOE OXHUIAAHUE BEITUUUHBI,
CTOsIIed B KBaJpaTHBIX CKOOKax. MOMEHT TMepBOro TmopsakKa ecTb
MaTeMaTHYecKoe oKuaaHue caMoil BenmnuuHbl & Ero ¢usnueckuii cMbici —
cpelHee 3HAuYeHHEe MO OECKOHEYHO OONbIIOMY MHOXKECTBY HE3aBHCHUMBIX
ucnblTaHui. L{eHTpanbHble MOMEHTBI ONPEEISIIOTCS KaK MOMEHTBI OTKJIIOHEHUS

& OT cpeHero:

Mg -mlg) = [Ge- M ploya. 2.15)

—0o0
LlenTpanpHBlii MOMEHT BTOPOTO TOpSAKAa HA3BIBAETCS Oucnepcuel. ITO
HamOoJIee 4acTo MCIoJib3yeMas Mepa pa3Opoca 3Ha4deHHH, 0003HAaYNM ee 0'52.
BennunHy O, Ha3hIBalOT CPEIHEKBAAPATUYHBIM (CTAHIAPTHBIM) OTKIOHEHUEM

& lleHTpanbHBIE MOMEHT TPETHETrO TMOpsAKa Ha3bIBAIOT AaCUMMETPHUEH,
YEeTBEpTOro — 3kcueccoM. s HopManabHOro 3akoHa (2.11) acummerpust paBHa

4
0, a skcuecc paeH 30, . Eciy CyliecTBYIOT BCe HayalbHbIe MOMEHTHI & (TIpH

n=12,..) W OHM H3BECTHB, TO IO WX 3HAYECHUSIM OJHO3HAYHO

BOCCTaHaBNIuBaeTcss  QyHKuuss  pacnpeneneHus.  [lapameTrpbl  3akoHa
pacmpeneneHus CBSi3aHbl C €ro MomeHTamMu. Hampumep, majis HOpMajabHOTO

3akoHa (2.11) M [f]za " (T; =0’; I PKCIIOHEHIMAIBHOTO 3aKoHa (2.12)
M[cf]z au M[(fz]:az, JUTsI paBHOMEPHOTO 3akoHa (2.13) M[cf]: (a+b)/2 u
ol =(b-a) /12.

Jlnst ABYyX CiyyaHBIX BeMYUH & U &, PacCMaTPUBAIOTCS UX COBMECTHBIE

XapaKkTePUCTUKU. DTHU JIBE€ BEJIMUMHBI MOXHO pacCMaTpvBaTh KaK KOMIIOHEHTBI
IBYMEPHOTO cayuauinoco eekmopa &. BBoaurcs CcoBMecCTHas IUIOTHOCTb
pacmpeziesieHust BEpOATHOCTEN  py (X;,X,): BEPOATHOCTH TOIO, YTO 3HAYCHHS

BEJINYMH MONAAYT 0OHO8peMeHHO (B Pe3ysbTaTe OJHOTO HCIBITAHUS) B Majble
otpesku [x,,x, +dx,| u [x,,x, +dx,| pasua P (x;,x,)dx,dx,. Bpomures

yCJIOBHad INIOTHOCTH PACHpCACIICHHA OZ[HOﬁ BCJIMYUHBI TIIpU YCIOBHH, 4YTO

* *
Apyrasa nNpuHHUMacT (1)I/IKCI/Ip0BaHHOC 3HAYCHUC X , HAIIPpUMCD, pfl (xl‘xz =X )
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Bennuunsl & w &, Ha3pBalOT (CTAaTUCTHYECKH) HE3A8UCUMBIMU, €CIH
P:(x1,%,) = pg (%) pg, (x,). B mociepseM ciydae yCIOBHOE pPaclpeIelIeHHe
KaXJI0W U3 BEJIMYHH &, U &, COBMAIAET C ee Oe3yCIOBHBIM pacIpeeIeHUEM.

CnyuaiiHass ~ BeJIMuYMHA,  3aBUCALIAs  OT  BpeMEHM  (Hampumep,
IOCJIEI0BATENbHOCTh 3HAUEHUHN &), HA3bIBACTCA CAVYAUHLIM HPOYECCOM, CM.
ryaBy 4.

2.2.1.3. IlonsiTHe cTaTHCTHYeCKON omeHkW. Ha mnpakTuke Mbl He
pacrojaraeM, Kak MpaBUJIO, W3BECTHBIM 3aKOHOM pacIHpeiesieHus, a JIOJKHBI
oyeHums» MaTeMaTHIECKOE OKUIaHNEe HAOI0JaeMOl BEJIMYUHBI WIIH TTApaMeTPhI
€e pachpefiesieHus] Mo pe3yibTaTaM HCHBITAaHWM. DTO 3ajJada MaTeMaTH4eCKOM
cratuctuku [145, 87, 51, 81] — oOpaTHast 3aauye TE€OpUU BEPOSTHOCTEH, TIe
ONPENEIAOT CBOMCTBA CIy4YalHOM BEJIWYMHBI MO 3aJaHHOMY 3aKOHY
pacnipenenenus. HaGop 3HaueHuil, KOTOpbIE MpUHSIIA CIy4YaiiHasl BEIUYUHA & B

o .21
pe3ynbprare N ucnblTaHui 0003HAUYUM {xl yeees Xy } , OH Ha3bIBAETCA 8bI00PKOLL.

BennunHa, 3HadeHWEe ~ KOTOPOH 4]
NOJNyYeHO B pe3yabrare 00paboOTKM 2 ey 0, v, mfiopEal
JIAHHBIX X0y ) Ha3bIBACTCS 52 T SRR e @003
dyHKIMEH BBIOOPKH. Oyenkou 4 -
HEKOTOpOro MapaMmeTpa pacipeieneHus 0 20 40 &0 B0 100
BEIMYMHBl &  HA3bIBAIOT  (DYHKIMIO NE ! N
BBIOODKH,  3HAYEHUS  KOTOPOH B 53 e a '::h:,.‘.:_-,.:f-+l -",.:‘ 4 =-0150
HEKOTOPOM CMBICIIE OJIM3KHU K P ALY -.-"_'_x' :
HUCTUHHOMY 3HAYECHUIO 3TOTO 4 :
napamerpa.”> Byaem 0603HAYaTh OLEHKH 0 20 40 60 &0 100
«KPBIIIEYKON» CBEPXY: A M T.IL !

IIycts BBIOOpKA {xl yers Xy } N . setbopxa 100

fre . w7 S
. -hb.\. ..:n.”...‘ "'1.\-:- oa — DD52
LI - .

2 -
TNONy4€Ha B PE3YJIBTATE HE3AGUCUMBIX o~ i
ucnbiTanuii.  I[lycte  maTtemaTuueckoe 2o '
oxunanne & paBHO . 3HAUCHHE

" . .

4
0 20 40 &0 80 100

HEHM3BECTHO, M3BECTHO TOJIBKO, YTO OHO i T
MPUHAJICKUT HEKOTOPOMY MHOXKECTBY o AR

. |
A. Hy)KHO MOJIYYUTh OLICHKY 4, KOTOopas o AR
Obl1a OBl KaKk MOKHO Oyke K a (Iist 032 5 032
JIF000r0 MCTHHHOTO 3HA4YeHUs a U3 A). . 57 BhiGopkn oBvema 100 u3

JIrobast  omeHka — 9TO  CiyYanHas HOPMAJIBLHOTO 3aKOHA C  HYJIEBBIM

BCJIIMYMHA, IIOCKOJIBKY OHa ABJICTCHA CPEIHUM M E€IUHUYHOU JHCTIEpPCUEH.
3HaueHus] OUEHKW  CpEeJHero st
Pa3IMYHBIX BBEIOOPOK. Onenka
pacnpefiesieHusl  BEPOATHOCTEH  3TOH
orieHkH, nonydeHHas mo 100 BeiGopkam
(TeopeTHyeckM — 3TO HOPMABHBII
3aKOH C  HYJIEBbBIM  CPEOIHUM U

21 .
Bri6opka siBiisieTcst N-MEpHBIM CITy4aiHBIM BEKT!
Teopernuecku 00y U3MepUMy0 (QyHKIH
3HAYEHHMs OL[CHKU HE OJM3KH K HICTHHHOMY 3HAu€HI
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GyHKIMeN caydalHbIX BeIn4uH 4 = f(X,,...,x, ). [lo o1HOI BbIOOpKE MOIYyUYHM

OIHO 3HA4Ye€HHWE d, a MO JPYyrol — Jpyroe, T.. @ XapaKTepU3yeTcs CBOEH
IJIOTHOCTBIO  pacnipenenenus p, (4) (cm. puc.2.7), KOTOpas ONpenensieTcs

3aKOHOM pacmpeeNneHust p.(X) W BbIOPaHHBIM CIIOCOOOM pacuera 4@, T.e.

bynkmmeir f. PasHBIM [ COOTBETCTBYIOT OIIGHKHM C pPa3HBIMH 3aKOHAMH
pacnpeeseHus U BEpOATHOCTHBIMU CBOWCTBAMU.

2.2.1.4. Cmemenue n gucnepcusi oueHok. Hanbosnee BaxHBIM CBOWCTBOM
OLICHKHM sBisieTcs OJM30CTh €€ 3HAueHuH @ K MCTUHHOMY 3HAY€HUIO
OLICHMBAEMON BEIWYHHBI d. OTy OJM30CTh MOXHO XapaKTepH30BaTh IIO-
pasHomy. Hawmbomnee ya00HBIM ¥ IIMPOKO MPUMEHSEMBIM  CIIOCOOOM
OTIPEICTICHUSI NOZPEUIHOCIU OYeHKU SIBISIETCS CPEAHMNA KBaapaT pPa3HOCTH
MEXIy a U a:

M[(a—a)z]s T(d—a)zpf(d)d&. (2.16)

—00

HeprI[HO II0Ka3aThb, 4YTO HOFpGH_IHOCTB paBHa CyMMe ABYX cJiIaraCMabIXx.
M[(a—a)’1=(M[a]-a) +o?. (2.17)

Paznocte M [a]—a Ha3bIBACTCS CMeljeHueM WM CUCTEMATU4YeCKOW OHMIMOKOM.
Takum oOpa3oMm, KBagpaT MOTPEIIHOCTH OLIEHKM paBeH CyMMe KBajpara
CMEIIECHUS U JUCTIEPCUM OIICHKH. «XOpoIIei» OIeHKON OyneT Ta, AJisi KOTOPOM
Malbl U cMenieHne, U aucnepeus. Ho nmpu ¢pukcupoBaHHOM 00BeMe BBIOOPKH
TpeOOBaHMSI MUHUMU3ALMM JUCHEPCHUM U  CMELIEHUs, KakK MpPaBUIIO,
IPOTUBOpEYAT IPYT APYry, U NPUXOAUTCS MCKAaTh KOMIIPOMHMCC MEXIYy HUMMU.
KonkperHas (opMa 3TOro KOMIIPOMHUCCA OIpeneNsieTcsl crneun(ukon 3agauu,
HanpuMep, MOKHO MUHUMU3HPOBATh BeIMYuHY (2.17).

Onenka, cMelleHHe KOTOPOM paBHO HyJo, T.e. M [a]:a IUIsL JII000r0
a € A, Ha3bIBaeTCcsl Hecmeujennou. Ilpu ycpeqHeHUM 3HAUYEHUM TakoW OLEHKU
[0 Pa3IMYHBIM BBIOOPKaM IOIYYUTCS BEIMUYMHA, Oojee Onu3Kas K MICTUHHOMY
3HA4YEHUIO @, T.K. CIydaiHble OIINOKYN B3aUMHO KOMIIEHCUPYIOTCH.

HecMmernieHHBIX OLIEHOK BETUYMHBI @ (C pa3IUYHbIMU QYHKIUSAMU f) MOKHO
«mpuaymMarb» MHOro. OHM pasznuyarorcs 1o gucnepcuu. MoXKHO MOKa3aTh, YTO
HECMEIIICHHAasl OLEHKAa ¢ MHHUMAaJIbHOW IUCHEpCHEN €AUHCTBEHHA, T.€. €CIHU

MHWHHMAJIBHO BO3MOKHOC 3HAYCHUC JUCIICPCHU €CTh 0'2 TO TOJBKO JJIA OI[HOﬁ

min

OIIEHKU OHO JIOCTUTaeTcsI B TOYHOCTU. HecMenleHHas OoeHKa ¢ MUHUMAJILHOMI
9 2
JTUCIiepcueit o

s>  SBIETCA  IPHUBICKATEIbHBIM  BAPUAHTOM,  XOTS

MUHUMAJIbHBIN KBaJipaT MOTpemHOCTU (2.17) MOXET JOoCTUraThCs AN APYTroi

OLICHKH — HECKOJIBKO CMEIEHHOW, HO 3aTO C MEHBILIEW TUCIIEPCUEN.
HecmemenHol OIIEHKOW MaTEMaTHYECKOTO OXKUJAHUS TIO BBIOOpPKE W3

HC3aBUCHUMBbIX 3HAUCHU U SABJIACTCA TakK Ha3bIBACMOC amnupudecKkoe
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(8v160pounoe) cpennee, OygemM 0003HAYATh €r0 YIJIIOBBIMA CKOOKAaMU M HHYKHUM
WUHIEKCOM NV: <x> y + DTO TIIPOCTO apU(PMETHYECKOE CpeHee:

<§>N :f(xlﬂ-"axN):;]é:xi- (2.18)

[Ipr HOpMaTLHOM 3aKOHE — 3TO OLEHKAa ¢ MUHUMAJIBHOM Aucnepcuen. s
CUMMETPUYHOTO pacmpeneneHuss & HO ¢ OONBIIUM AIKCIECCOM W TPOYHMH
OTKJIOHEHHSIMH OT HOPMAJIBHOCTH, MEHBIIYIO JHCIIEPCHI0 HMMEET OIICHKa,
paccuuThIBacMas KaKk 6bl6opounas meduana.” OHa Gonee ycToiumMBa H IO
OTHOIICHUIO K BapHalusM 3akoHa pacnpeneieHus £ CBOWCTBO YCTOMYHUBOCTH
10 OTHOIICHHWIO K TEM WIA WHBIM BO3MYIICHUSM 4YacTO Ha3bIBAIOT
pobacmHocmyelo.  JInst  pacdera BBIOOPOYHON MEIUAHBI  yHOPSAOYUBAIOT
3HAYECHHUs B BHIOOPKE 10 Bo3pacTanuio: x; <x, <..<x, . Torma npu HeueTHOM

N BpIOOpOYHAS MeauaHa €CTh Xi(ys1y2 » @ TIPH HETHOM (x"zv/z X )/ 2

Bribopounoe cpennee (2.18) — oIlleHKa, HecMelleHHAas TMpu JTHOOOM
pactipenenennd &, a BBIOOpOYHAs MeIuaHa CMeEIeHa Il HECHMMETPUYHBIX
3aKOHOB pacIpeIeICHUsI.

Ouenkoil HayaapbHOrO MOMeHTa M[E"] MOXKET CIIy)KHUTh IMIUPUYCCKUH
(BBIOOPOYHBIIT) MOMEHT TTOPSAKA 71:

N

<§">N =;];x;’. (2.19)

[Ipn ouneHMBaHMM LEHTPAIBHBIX MOMEHTOB CUTYyallds HECKOJIBKO OTINYAETCH,
T.K. HEM3BECTHO 3HaueHHe M[E], KOTOpoe BXOJMT B ompeaesieHne. Tak, OIeHKY

JUCTIEPCUU MOYKHO MOJIYYUTh KaK dMIUpuieckyio (66100poyHyIo) Oucnepcuio:

N

2 2
6l=—3(x - F. (2.20)
NS
Ho ona Heckonbko cmerieHa u3-3a 3amMeHbl M[E] Ha SMIUpUYECKOE CpeHee.
Mo:kHO MOKa3aTh, YTO HECMEIIEHHOM OLIEHKOU OyJeT

o :NI_I: (e, -1&) . 2.21)

2.2.1.5. CocTosITeJIbHOCTh OLEHOK. BakHO mpociennuTb, Kak MEHSIOTCS
CBOMCTBa OIIEHKH TPH YBEJIMUeHUH oO0beMa BeiOOpkH N. B obmiem cirydae mpu

23 .
Menunanoit pacrtipesiesieHusi HA3bIBAETCA TAKOE YHCIO b, KOTOPOE JEIUT OCh X HA JIBE
PaBHOBEPOATHBIX 00macTu: P{&<bj=P{E>hj=1/2. JlIA CAMMETPUYHOIO paCHpENEIECHHUS

MEaHaHa COBIIagacT ¢ MAaTCMaTUYCCKHUM OXKHJJaHUCM.
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9TOM MEHSETCS 3aKOH pacIpe/ieNIeHUs OLICHKH, CJIeI0BATEILHO, MOTYT MEHSITHCS
ee cMmenleHue u aucrnepcus. Kak nmpaBuio, 3HaueHUs OLIEHKH, OoJiee OJIM3KHUE K
UCTUHHOMY, MOXHO TIOJIYYUTh TpH JocTatodHo 6onbmux N. Ecou nmpu N — oo
CMellleHue oreHku M [d]— a cTtpemMutcs K Hymo (s moboro a u3 A), To oHa
HA3BIBACTCA acuMnmomuyecku HecmeweHHou. Ecmm 4 cxomuTcs K a 1O
BEPOSITHOCTH (T.€. BEPOSITHOCTH TOTO, UYTO 3HAYEHUE OLEHKH OTIMYACTCS OT
VCTUHHOTO Ha BEJIMYMHY OOJIBIIYIO & CTPEMHTCS K HYJIO JJisi JHO0Or0 CKOJIb

yroJgHo Majioro &: Ve>0 P«ﬂa -a >g} — 0), TO TOBOpSAT, YTO OILICHKA
N—w

aBngercst cocmosimenviou. COCTOSTENBHOCTh SIBISIETCS OY€Hb  Ba)KHBIM
CBOMCTBOM OIICHOK, TapaHTUPYIOIIMM HMX BBICOKOE KayeCTBO MpPU OOJBIIUX
o0beMax  BBIOODKH. Omnupuyeckue  MomeHThl  (2.19)  sBmstoTcs
COCTOSITEJIbHBIMH OLICHKAMH TEOPETHUYECKUX HadyaJbHBIX MOMEHTOB [ 145, 93].

2.2.1.6. MeToa cTaTUCTHYECKUX MOMEHTOB. PaccMoTpuM Tenepsb 3a1auy
OLICHMBAaHUS  TApamMeTpoOB  pacopeliesieHus,  KOrjJa  HU3BeCTHa  €ro
¢yHKUMOHANBHAS hopMa p.(x,¢), TAC €=(Cy,...,Cp) — BEKTOP HapamMeTpos,

NPYHUMAIONINH 3HAUYeHMs Ha MHOXecTBe A C R”. OOHMM W3 BO3MOXHBIX
MOJIXOJIOB SIBIISIETCS Memoo cmamucmuyeckux momenmos. OH COCTOUT B
cienytonieM. IlepBbie P TEOPETHUECKUX HAYAJIbHBIX MOMEHTOB BBIPAXKAIOT KaK
(yHKIUM MapaMeTpoB, CM. IPUMEPHI ISl HOPMaJIbHOTO, SKCIIOHEHIIMAJIBHOTO U
PABHOMEPHOTO PACHPEEICHUM, T NEPBBIE Ba MOMEHTA BBIPAXKAINCH YEPE3
napaMeTpsl ¢ IOMOIIbIO NPOCThIX PyHKIMM. [TonydaroT cucremy

M[‘f]:gl(clr'wcp),

M[fz]:gz(cl,...,cl,), (2.22)

b

M[fp]:gp(cl,...,cp).

[TonctaBnsst B (2.22) >MIOUPUYECKHME MOMEHTHI BMECTO TEOPETHUECKHX,
MOJIy4aloT CUCTEMY YpaBHEHUH /Jis TapaMeTpoB

<§>N =g1(¢15e5Cp),
(&) = 2(Cpscy),

<‘§P>N =8gp(C5sCp),

pelIeHne KOTOpPOu C,...,Cp W HAa3bIBAIOT OLIEHKAMH, IIOJYyYEHHBIMH METOJIOM

(2.23)

CTaTUCTHUYECKUX MOMEHTOB. Takue OICHKMN MOTr'yT MMCTb HC CaMBbIC JIy4IINC
CBOMCTBA IIpru  MaJIbIX o0BbeMax BI)I60pKI/I, HO MABIAKOTCA ACHUMIITOTHUYCCKH
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HECMEIIEHHBIMU M COCTOSTENbHBIMH [93], Tak 4YTo Tpm OOJBIINX OO0BEMax
BBIOOPKH BIIOJTHE MOTYT MCITOJIb30BaThCS.

2.2.1.7. Merog MakKcHMAJbHOTO mnpasBaononodusi. B OosblivHCTBE
ClydacB OIICHKM C HAWIyYIIUMH CBOHCTBAMH OOECIEYHMBAECT METOJ
MakcumaibHOro npasaonoaoous (MMII). OH cocTout B crenytomieM. Beibopka
€CTb CIy4YaWHbIM BEKTOp pasmMepHocTH N: X =(X;,..,Xy), KOTOPBIH
XapaKTepU3yeTCs HEKOTOPOW IUIOTHOCTBIO PpACHpENeICHHs, 3aBUCAIICH OT
3HAYeHUS BEKTOpa mapameTpoB ¢. OO003HAYUM OTYy YCIOBHYIO IIIOTHOCTb
Py (x\c). [lonGepem Takue 3HAYEHUS TMAapaMETPOB ¢ =&, TPH KOTOPBIX
IUIOTHOCTh BEPOSITHOCTH TOSIBIICHUS uUMerouelicsi BBIOOPKM MaKCHUMaJIbHA, T.C.
KOT/Ia €€ TOSIBJICHUE €CTh HanboJiee MpaBIoNo00HOE COOBITHE. ITH 3HAUYCHHUS
¢ ¥ Ha3bIBAIOTCS OLIEHKaMU MaKCHUMaJIbHOTO npasononoous (MII-ouenkamn).

Oynkius L(c) = py (x\c), rae X — (PUKCUPOBAHHBIA BEKTOp (MMEroUIascs
BBIOOpKA) HA3BIBACTCS (hyHKyuUel npasoonooodus. 3aMeTUM, 4YTO €€ HEeJb3s
TPAKTOBATh KaK MNIOTHOCTh BEPOSITHOCTEH I 3HAYCHUH IMapaMeTpOB €, T.K. OTH
MapaMeTpsl 10 MOCTAHOBKE 33J1a4M SBJSIOTCS (PUKCHPOBAHHBIMHU YUCJIAMHU, a HE
CIly4aiHbIMU BeqU4YMHaMU. [103TOMy M ObUI BBEACH CICHHMAIbHBIA TEPMUH —
bynkumst npaBaonogodus. MII-onieHKM  JAOCTaBIAIOT €l MaKCHUMaIbHOE

3HadeHne: L(¢) = max L(c). HeoOxomumoe yciioBrue MaKkCuMyMa UMEeT BHJI:
ced

oL(¢)/dc; =0,/ =1,.., P. (2.24)

Yacro ynobnee pabotarh ¢ gorapudmom pyHkumu npasaononoous. OH umeer
MakCUMyM B TOW e Touke, 4yTo U L(c), moatomy MII-oneHkn wumyTt w3

ypaBHECHUU

dInL(¢c)/dc; =0, =1,..,P, (2.25)

KOTOPBIE U HA3bIBAIOT YPABHEHUAMU NPABOON0O0OUS.

B paccmarpuBaemMoM ciiydae BBIOOPKH, COCTOSIIEH W3 HE3aBUCHMBIX
3HaueHW#, (QYHKIOWUA TPaBIOMOAO0MsS paBHA TPOU3BEICHUIO TUIOTHOCTEH
BEPOSTHOCTH  KAXAOr0 3HAuYeHUs Xx;, a Jorapupmuueckas QyHKIUS

MIPaBIOTIOI00MS paBHA CyMME JIOTapH(pMOB:
N
InL(c) =Y Inp(x;lc). (2.26)
i=1

B paccmarpuBaemMom cityqae MII-OeHKM aCMMNOTOTHYECKH HE CMEUIEHBI,
COCTOATEINbHBI, 1 UMEIOT MUHUMAJIbHYIO JIUCIIEPCUIO.

JUIs  HOpManbHOTO pACHpENeNeHUs BETUYUHBI ¢ JIoTapupMudecKas
(yHKIUS TpaBIONOA00US UMEET BUI:

68



I'maBa 2. /]ea nooxoda k mMo0eiupo8anuro u npocHo3

1 N

(X, —a) . (2.27)

2
20 i=1

InL(a,0?) = —];]ln(Zﬂ'Gz )_

Herpynno y6enurcsi, uro MII-oneHku napameTrpoB a u o COBMAAIOT C
sMnupuyeckuM cpeaauMm (2.18) u smmupuueckor nucnepcuer (2.20). MII-
OLIEHKA JIMCIIEPCUU CMEIIEHA, HO IMpU YBEIWYEHMHM N OHA CTPEMHUTCS K
HECMeIleHHOW oreHke (2.21), T.e. sSBISETCS ACUMITOTHYECKH HECMEIIEHHOM.
Mosxno noka3arb, yTo MII-o1lEHKa @ TOXE pacmpenesieHa B 3TOM Cilydae Io

HOPMATBHOMY 3aKOHY C MATEMATHYCCKHM OKHIAHHEM d M JHCIEpCHel o / N

(puc.2.7). Orcroga BUIHO, YTO TpH OOJBIIOM YHUCJIE HCHBITAHUN 3HAYCHUE
SMIUPHUUYECKOTO CPEAHETO TMPHOIIKAaeTCs K WCTUHHOMY 3HA4CHHIO d,
MTOCKOJIBKY TMCIIEPCHS pacIpeIeIeHNsT YMeHbIaeTcst ¢ poctom N. B wacTHOCTH,

BEPOSITHOCTH TOT'O, YTO \a - a\ > 1.960‘/ /N , paBHa 0.95.

Untepsan  [a—1.960/-/N,a+1.960/~/N]  Ha3eBaerca  95%-HbIM
JIOBEPUTEIIbHBIM MHTEPBAJIOM JJIsi BeIMUUHbI a. Yem Oosblie N, TeM yXe 3TOT
uHTepBai. /s ero oleHKr MOXHO 3aMEHUTh UCTUHHOE 3HAYCHUE O HA OLICHKY
6. OneHka @ Ha3bIBaeTCs moueynou (3TO OAHO YUCIIO — ojHa Touka). Ecnu ke
yKa3bIBA€TCsl MHTEPBAJI HanOoJiee MPaBAONOMOOHBIX 3HAYCHHUU IMapameTpa, TO
OIICHKa  HAa3BIBACTCS  uHmMepsaivHolu. VIHTEepBalbHbIE  OIICHKH  OYEHb
JKeJIaTeNbHbI, T.K. 10 3HAYEHHIO TOUYEYHOW OLEHKU HEJb3s CKa3aTh, HACKOJIBKO
OHO MOJKET OTKJIOHSTBHCSI OT UCTUHHOTO.

2.2.1.8. Korna Hecocrositeien MMII? OGcynuMm oaHy W3 CUTyaIlui,
korga MMII moxker nath aCUMOTOTMYECKH CMENICHHBIE OLleHKW. Hampumep,
ATO 3ajlaya MCCIEOBaHUSI 3aBUCHUMOCTU MEXIY JABYMsS MEPEMEHHBIMHU, KOTrJa
3HAYEHUs 0Oeux U3BECTHHI ¢ olmnOKkamMu. OHa U3ydaeTcs B pasjielie CTaTUCTHUKH,
Ha3bIBaeMOM KOHGIIOAHTHBIM aHanu3oMm [1, 93]. Ilycte umeercss HeKOTOpas
Cly4aiiHasi BeJIMUMHA Z, a TaK)Ke BeIMUUHBI X U Y, cBsA3aHHbIE ¢ Z Kak [287]:

X=2Z+¢,

2.28
Y=Z7Z+n, ( )

rae &M 77 — He3aBUCHUMBIE JIPYT OT Jpyra u oT X, Y HOpMaJIbHO pacipeeIeHHbIE
Clly4aiiHble BEJIMYMHBI C HYJIEBbIM MaTEeMATUYECKUM OXHUJIAHUEM U OJUHAKOBOM

.2
nucnepcruert ¢ . MoXHO cKazaTh, 4TO X U Y — 3TO BEJIMYKMHBI, TOJTYYEHHBIE TTPU

M3MEPEeHUH Z ABYMsS HE3aBUCHUMBIMHU criocoOamu. EcTh BBIOOpKAa 3HAUYCHHI

o N
BEJIMUMH X U Y, , IIOJIYUYCHHAs B PC3YJIbTATC HC3aBUCUMbIX HUCIIBITAHUH {xi,yi }izl .

Hy’KHO OLEHUTH JUCIIEPCUIO OMNGOK H3MEPEHHI o .
Haubosee npocToii crocod moiyueHus OLleHKH — 3aMETUTh, YTO BEIMYMHA
X —Y =& —n saBnsgercs HOPMAIbHO PACIpENCIICHHOM CIy4YallHOM BEJIWYMHOU C

o 2
HYJICBBIM MATCMATUYCCKUM OKUIAAHUCM U OTUCIICPCUCU 20 (ZII/ICHepCI/IH CYMMBbI
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JIByX HE3aBHCHMBIX BEJIMYMH paBHAa CyMMe aucnepcuii). Torma mo BeIOOpKe
N
{xi -y, }izl HETPYHO IOJIyYUTh COCTOSATEIBHYIO OLEHKY aucnepcun X — Y :

1 N
Sy y= NZ(xi -y, ), (2.29)

i=1

CJIICAOBATCIIbHO, O 2 MOKHO OLCHUTH KAaK
2 2
6% = >(x-»). (2:30)

[Tpu nemocpenctBennom mnpumenenun MMII (6e3 mepexoma kK HOBOM
NEPEeMEHHOM) TPUXOAUTCS 3amucarh (YyHKUUIO TPaBIONOA00Ms, BKIIOYHB B
YHUCIO OLCHMBAEMBIX BEJIMYUH HEHAONIOAaeMble 3HAYEHUS BEIUYUHBI Z:

N (v o\ RN
1 exp _Z(xi Zi) +(J’i Zi)

L(X{, YV eeis Xy Var|Z1seees Zn s O) =
(x, N yN‘ 1 N>O) (27[0_2) < =
Pemas ypaBHeHue npaBaonogo0usi, MoIyyuM OLIEHKH
2. =(x,+y,)/2,i=1..,N, (2.31)
= > (v, ) (2.32)
MIT 4N pr i i

Taxkum o6pazom, MII-oreHKka gUCHIEpCHMH BIBOE MEHBIIE HECMENICHHOM
orieHku (2.30) mpu nro6oM N, T.e. OHa CMelIeHa U HecocTosTelbHA. B yem xe
KOPEHHOE OTJINYKE 3TOM 3agaur? OHO COCTOUT B TOM, UTO YHCIIO OLIEHUBAEMbIX
BenuuuH (paBHoe N + 1) ¢ poctoM oObeMa BbIOOpKH pacTeT! A B MpeablayIIeM
Cllyuae OlEHHUBAIIOCh (PUKCHPOBAHHOE YHUCIIO MapaMeTpoB. Booobiie roBops, yem
MEHbIIIEC BEJIMYMH OLICHUBAETCS, TEM JIy4Ille CBOMCTBA MOJYy4aeMbIX OIICHOK.

2.2.1.9. BaiiecoBckoe ouneHuBanme. OueHb IIHMpOKass 00JACTh TEOPUHU
CTaTHUCTUYECKOTO OLICHUBAHUS OTHOCHUTCA K CIy4alo, KOI/1a MCTUHHBIE 3HAYEHUs
napaMeTpoB €, TaKKe MPEACTaBISIOT COOOHM CilydaiiHble BEJIWYHMHBI, T.€. OHH
MOTYT MEHSThCS OT BBIOOPKM K BBIOOPKE B COOTBETCTBHM C IUIOTHOCTBIO
pacnipenienenust p(c,), KOTOPYK Ha3bIBAIOT anpuopnou. Eciau anpuopHas
IUIOTHOCTh M3BECTHA, TO PAa3yMHO Y4eCTb 3Ty MH()OPMALUIO MPH OLECHUBAHUU.
CoOTBEeTCTBYIOIIHE MTOXObI HA3BIBAIOT OALECO8CKUMU.

B naunbonee pacpocTpaHEHHOM BapUaHTE CTPEMSITCSI BOCCTAHOBUTD 3aKOH
pacripesienieHus mapaMeTpoB €, IPU TOM YCIOBUH, YTO peaTn30Baiach BHIOOpPKa

Xigeees Xy e OTO Tak Ha3bIBacMas anocmepuopHasd TUIOTHOCTb BCPOSATHOCTHU

24 . o o
[To umenu anrnwmiickoro cBsmeHHrKa Tomaca batieca (1702-1761), KOTOPBIH TIPEIITOKIIT
UJero B pabore, ormyOIMKOBAaHHON TIOCIIE €r0 CMEPTH.
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p(co\xl,...,x v). IlomyunTr ero MOXHO, €CIM HW3BECTHA IJIOTHOCTh
pacnpenesenus BIOOpKH p(xl,...,xN\co) IIPU JaHHOM €, T.€. U3BECTCH 3aKOH
pactpenenenuss & Torma amocTepHOpHYIO IUIOTHOCTh HAaXOIAT TO APABUTY
baiieca:

P(%)P(xlr--»xzv‘co)
J.P(co)]?(ﬂp---aﬁzv‘co)dco

p(co\xl,...,xN): (2.33)

3aMeTM, YTO 3HAMEHATENh HE 3aBHUCHUT OT WCKOMBIX IMapameTpoB (10 HHUM
MPOBEJICHO UHTETPHUPOBAHHUE).

Ecnu monmydeH amocTepuOpHBIA 3aKOH pachpenesieHus, TO KOHKPETHYIO
TOYEUYHYIO OLEHKY € MOXHO HAWTH pa3IMYHBIMHU CHOocoO0amu, Hampumep, Kak

MaTeMaTHYeCKOe OXKHUJIaHUE é:Ico p(Co\xp,esXy)dCy, WIM KaK TOUKY €ro

MakcumyMa (Moxy). Ilpu orcyTcTBUUM cBeaeHHI 00 anpuOpHON IUIOTHOCTH, €€
3aMEHSIOT  KOHCTaHTOM  p(€,), YTO COOTBETCTBYET  PpPaBHOMEPHOMY

pacpeacsICHUIO Ha OYCHb MIHMPOKOM OTPC3KCE. Torga ¢ TOYHOCTBIO [0
MHOJXHTCJIISI, HC 3aBUCALICTO OT €, AlTOCTCPUOPHOC PACIPCACICHUC COBIIAAACT C

¢ynkuuet npaBponomobus. Ecim  mpum  3TOM  0alileCOBCKYH0 — OLEHKY
paccuuThIBaTh Kak MOJly allOCTEPHOPHOro pacnpezeneHus, To noaryunm MMIL.

Kaxk npaBuio, npy OlleHMBaHUU Ha MPAKTUKE BBIABUTAIOT TUIIOTE3Y O TOM,
KaKOMy 3aKOHY paclpeieficHUs TOYMHSACTCS HaONrogaeMas BeIMYWHA,
SBJIIOTCS JIM HE3aBUCUMBIMM MCHbITaHUS W T.A. IIpUHAB 3TH mpeanosnoxeHus,
MPUMEHSIOT COOTBETCTBYIOIME MeETOAbl. CIpaBeIIMBOCTh IPEANOIOKEHUI
MIPOBEPSIETCS] CTATUCTUYECKUMHE CPEACTBAMH TOCIIE TTONyYEHHUs OIeHKH (I1. 7.3).

2.2.2. Ilpu3Haku ciiy4allHOCTH, TPAIULUOHHBIE 1Sl PUBUKOB

Bce mnepeuncrnennble HIbKEe TpHU3HAKKW Oa3UpylOTCs B TOM WM MHOU
CTENICHH Ha NOHMMAHHUU CIyYalHOCTH KaK OTCYTCTBHUSl «IIOBTOPSIEMOCTH» B
porecce.

a) Heperynspnas (Herepuoandeckas) hopmMa BpeMEHHON peau3aiuu. ITO
HanOoJiee MPUMHUTUBHBIA MPU3HAK CIy4alHOCTH. 3/1€Ch OHA HEMOCPEICTBEHHO
MIPOTUBOIOCTABISETCS MEPUOJUUHOCTH: Hem nepuooa — Cry4auHoCmyb, ecmb —
0emepMUHUPOBaAnHOCHb.

0) Choagaronye KOppedasiud. OTUM HNPU3HAKOM SIBIIeTCA yObIBaHUE
aBTOKOppesiunoHHON (yHkuuu po(7) 1o 0 ¢ poctom 7. s cCTalMOHapHOIO

npouecca (mopoOHee cM. TJIaBy 4) ¢ HyJIEBBIM CPEIHUM OHA OIpPENENseTCs KaKk

> (DaKTHYECKH, TO 3aIHCh COBMECTHOM BEpPOATHOCTU JBYX coObiTud A W B B aByx
SKBUBAJICHTHBIX BapHaHTaX P{AmB}:P{A}P{B‘A}:P{B}P{A‘B}, OTKyJla CJIEJyeT, 4YTO

P{B|A} = P{B}P{4|B}/P{A}.
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p(r)=<x(t)x(t+r)>/<x(t)x(t)><x(t+r)x(t+r)>. VYrioBele CKOOKH O3HAYarOT
YCPEIHEHUE IO aHCaMOJIO, JUIS IPTOAWYCCKHX TPOIIECCOB OHO COBIAIAET C

ycpeaHeHueM 1o BpeMeHu (1. 4.1.3). OOBIYMHO HCHOJIB3YIOT HOPMHUPOBKY:
p(0)=1. DTOT HMpHU3HAK TakXkKe AAET, MO CYLIECTBY, KOJIMYECTBEHHYIO MEpPY
OTKJIOHEHHSI Tpoliecca OT nepuojaudeckoro. C ero momMombio Helb3sl BBISIBUTH
NEePUOINYHOCTb, eciu niepuof 1" > T, , rae 1), — BpeMs HaOIoACHuUS.

B) CrutomHo# criekTp. CorjgacHO 3TOMY NPHU3HAKY CIIyYalHBIM Ha3bIBAIOT
IPOIECC CO CIUIONIHBIM, HEMPEPBIBHBIM CIIEKTPOM; CIIEKTP MEPHOIUIECKOTO
curHasia auckpereH. KoHedyHOCTh BpeMeHM HaOmoJeHus 71, HaKJIAAbIBaeT

OTpaHHYCHHWE Ha CIEKTpalbHOEe paspemieHne: Aw,., =27/T, . YBennuaupas
BpeMsi HaOmoaeHuss 71,,, HaOmonaTenb, B KOHLE KOHIIOB, YCTAHOBUT

KOHEYHOCTh IIUPUHBI CIEKTPAIbHONW JUHUM JII0OOr0 peanbHOro mpolecca M,
CTPOTO TOBOPSI, IO BCEM MEPEUMCICHHBIMU MpU3HaKaMu (a-B) OyJET BBIHYKICH
CUHUTATh CIIy4YailHbIM JIF000H peasibHbIN Ipolecc.

r) Heymnopsjio4eHHOCTh MHOXECTB B BOCCTAHOBJIEHHOM  «(})a30BOM
MIPOCTPAHCTBE»: OTCYTCTBHUE MPU3HAKOB KOHEYHON PA3MEPHOCTH U T.JA. ITO Y¥KE
0oJiee TOHKHE XapaKTEPHUCTHKH, KOTOPBhIE HE CBSI3aHBI C BBISBICHHEM TOJIBKO
HETIEPUOAUYHOCTH.

CylecTBylOT UM HEKOTOpPbIE  CKOpEee  KAaueCTBEHHBIE  KPUTEPUH:
HEBOCIIPOM3BOJMMOCTh  IIpOlleCCa W €r0  HEKOHTPOJIHUPYEMOCTb,  T.€.
HEBO3MOXKHOCTh CO3/IaTh YCJOBHS, MPU KOTOPBIX TIPOLECC MpOTEeKan Obl
OJIMHAKOBBIM WJIM 3apaHee MpeANnrcaHHbIM 00pa3oM, COOTBETCTBEHHO.

2.2.3. AITOpUTMUYECKHAM TTOIXO]T

ANTOPUTMUYECKUIA MOJIXO0/1 MHTEPIPETUPYET «OTCYTCTBHUE
3aKOHOMEPHOCTEN», KaK YPEe3MEPHYIO CIOXHOCTh aJIfCOPUTMA, TPeOyeMOro st
BOCIIPOM3BEJICHUSI JIaHHOTO TMpolecca B MudppoBoM Bujie. Brepsble, uaes
CBSI3aTh CIYYaHOCTh CO CIOKHOCTHIO ObLIa BhiBUHYTa A.H. KomMoropossiM u
He3aBUCHMO —HeNTHHBIM 1 COJIOMOHOBBIM.

JIroboi#t mporecc MOXKHO TPEJICTaBUTH ITOCIIECIOBATEILHOCTRIO HYJIEH |
€JIMHUII, T.C. 3allUCaTh B JJBOUYHOM CHUCTEME: {y,.}, i=1,2, ..., N. Koomoropos

OPEUIOKMIT CUYUTATh MEPOM CIOKHOCTH TaKOW TMOCIEI0BATEIbHOCTH JJTUHY
MUHUMaQJIbHOM  TporpamMmbl [ (B OuTax), KOTopas BOCHPOU3BOIUT
MOCJIE0BATEIBHOCTh {yi}. Hampumep, mporpamma ans penpoayLUpOBAHUS

nocnenoBareabHocTH 101010...10 (cto map cumBonoB «10») Oymer coBcem
KOpOTKOM: «Hamedaratb “10” cto pa3». Ecium xe eIuHuIsl W HyJIH
pacToNoKeHBl  CIydailHO, TmporpaMma OyAeT COCTOATb B TOM, YTOOBI
TPaHCIMPOBATH MOCIIEIOBATEIBLHOCTh IOCUMBOJIBHO: OHA HE C)KUMAaeTcsl. Takum
oOpazom, [~N jand ciaydallHBIX TIOCIE€NOBaTeNbHOCTE W [<< N i
HECITy4YalHBbIX.
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K coxanenuto, B o0mieM ciaydae HE CYyIIECTBYET CIoco0a YCTaHOBHTH
MUHUMAJIBHYIO JUIMHY TIpOrpaMMbl Ha mpakTtuke.” Ha ocHoBe wujaew
QITOPUTMUYCCKOW CIIO)KHOCTH Pa3BHUBAINCHh HOBBIC TOIXOIBI K IOHSATHIM
CJIOKHOCTH W Cily4aiiHocTu. B mociieqaue roasl Bce 0ojiee MOMyIsIpeH B3I,
CBSI3BIBAIONIUI ATH TIOHITHS C npedckasyemocmoio [96, 305, 188].

2.2.4. Ciiy4aldlHOCTh KaK HEMPEICKa3yeMOCTh

CiyyaliHOCTh WJIM JE€TEPMUHHPOBAHHOCTH IIpoliecca CBs3biBaeTcs B [96,
97] ¢ BO3MOXXHOCTBIO €ro MpeJCKa3aHus C MOMOUIBI0 MMEIOLIEHCS MOJIETH.
[Tycth mMeeTcs perucTpupyemslii mpouecc x(f) ¥ MOJIENbHBIN mpouecc z(?).

JI1st IpoCTOTHI ITpUMEM <x(t)> :<z(t)> =0. B Tekymuil MOMEHT BpEMEHU [ ={
9TU BEJIWYMHBI NPUHUMAIOT 3HAYEHUS X =X,,Z=Z,. BCTECTBEHHO 3aJaBaTh
MOJIEJIBHBIM IpoLecC TaK, 4TOOBl Z, =X,, a KAauyeCTBO IPOrHO3a OLICHUBATh
pasHuuen x(¢)—z(¢) = A(¢f) — ommbkoi nporunosa, A(¢,)=0. Ilonxoxn ocHOBaH
Ha CTaTUCTUYECKOM OTMMCAHHUHU TAPHI X, Z.

B tunuyHOM ciydae 3HaYEHHS X M Z C TEUCHHUEM BPEMEHH «Pa3ouIyTCs»,
Tak 4To abcomoTHas BenmuuuHa A(f) Bo3pacteT. 1IoBTOpPHB 3KCIIEPHUMEHTHI U

npouenypy cpaBHenuss x(f) u z(f), MOXHO HaOpaTh aHcamOlIb W HaWTH
pacIpesieNieHue BepOsATHOCTER p(X,z,t,Xy,2,t,) B p(A,t,x,,2,,t,) . IIpu Takom
OMMCAaHUU MOJENb z(f) BKIIOYAETCS B CTATHUCTUKY Hapsy C PETUCTPUPYEMBIM
nporeccoM. Mepou CTENeHu NpeIcKa3yeMOCTH MOTYT BBICTYIIATh:

1) cpemmmii xBagpar ommbku o, (7)=(A(r)) = (\x(t) — z(t)\2> , THe
t=ty+7. ai (0)=0, a mpu 7—>o0, ecau mponecchl x(f) U z(f) craHyT
CTaTUCTUYECKH HE3aBUCUMBIMHU <x(t)z(t)> =0, T1O (Ti (r)= <x2 (t)> + <22 (t)> .
31ech MpearnonaraeTcsi, 4ro X M z orpaHudeHbl. OTHOCUTEIBHYIO OIIHOKY
pa3yMHO omnpeacinTh kKak FE(7)= ai (7) / (<x2 (t)> + <22 (t)>); torna £ —1 mipu

{—> 0,
2) B3auMHasg KOpPPEJSIIMOHHAS (QYHKIMS HCXOJHOTO W MOJEIBHOTO

nporeccoB  D(7) = <x(t0 +7)z(t, + r)> / \/ <x2(z‘0 + r)><zz(t0 + r)> . D0)=1 mu
BCeraa ‘D(T)‘ <1. HWcnonb3yss U3BECTHBIC CTATUCTUYECKUE COOTHOIICHUS,
<x2(t0 + r)> + <22 (t, + ‘L')>
2\/<x2 (t, + T)><22 (t, + r)>

(1-E@).

MO>KHO BBIpa3uTh: D(7) =

26 .
ITo Tem xe (yHIaMEHTAIBHBIM MPUYMHAM, YTO U B Teopeme ['efenst o HemoaHoTe 1000
CUCTEMBI aKCHOM, CM., Hanpumep, padoty [305] 1 cChIIKU B HEM.
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Takum 00pa3oM, KadecTBO MPEACKa3yeMOCTH MOXHO BBIPA3UTh uepe3
pazinyHble cXOoxue BeauuuHbl. OlLEeHKa mpouecca Kak CIy4ailHOro Wiu
JNETEPMUHUPOBAHHOTO OMNPEIEISIETCS BO3MOKHOCTBIO €r0 IMpEACKa3aHus C
NOMOILbI0 MMEIOIIENCS MOJAENH. 3JeCh CIy4YallHO TO, YTO MBI MO KaKOW-TO
MPUYMHE HE MOXKEM MpeJicKazaTh (KM3-3a CBOMCTB CUCTEMBI — XapakTepa x(f), Win
u3-3a BUja z(f), OMpeAcIsIEeMOro MOJEIbI0, WIM H3-32 OTCYTCTBUS MOJCIH).
Takol moaxon K CIIy4alHOCTH NOIYJISIPEH B METOJOJIOTMH, OH Pa3BUBAJICS B
TEOPHUH PA3INYEHUS TUIIOTE3 I HY kK PaJUOJIOKAIINH.

2.3. KoHuenuus 4aCTU4HOM IeTEPMUHMPOBAHHOCTH

Konnenmust yacTHyHON 1€TEpMUHHUPOBAHHOCTA OCHOBAaHA HA COTJIAIICHUH,
YTO B KaueCTBE MPH3HAKA CIYYaHOCTH (IETEPMUHUPOBAHHOCTH) BBIOMpACTCS
HETpeACcKa3yeMocTh (Mpecka3yeMoCcTh) HaOmogaeMoro rmporecca x(f) Ha
OCHOBE OIPEJEICHHOW MPOrHOCTUYECKON Moaenu z(f). Ilpu 3Tom cityyailHOCTb
U JICTSPMUHUPOBAHHOCTh HE IMPOTHUBOIIOCTABISAIOTCS  JPYr JApYyry, a

paccMaTpuBaKlOTCS  Kak  MOJIKOCA  €IWHOTO  CBOWCTBA —  YAaCTUYHOU
JNETEPMUHUPOBAHHOCTH.
B Ka4yecTBe BEJINYUHBI, XapaKTEPU3yOIIEH CTEIIECHb

JNETEPMUHUPOBAHHOCTU (MPEACKA3YEeMOCTH) yAOOHO HCHOJb30BaTh B3aUMHYIO
Koppemsiiuio D(7) HaOaogaeMoro 1 MOJENbHOro npoueccoB. Ee xapakTepHslii

rpapuk wu3o0paxkeH Ha puc.2.8. 1 D), pl7)

3uece D — oOmacte monHOHM

nerepmuHupoBannoctu; DC  —

o0racTb YaCTHYHOH 4 ¢

nerepmuaupoBannocty, C  — '

obJacThb CITy4aifHOTO

(HempeaCcKa3yeMoro) IMOBEICHUS. 0

HaGmogaemeiii  npouecc  x(f) : D>
BBICTYNACT . KaK  pyc2.8. Tummunoe cooTHOmEHHE MEXIY
ACTCPMHUHNPOBAHHBIN CTENEeHBIO  JeTepPMUHUpPOBaHHOCTH D(T) H

(mpenckasyemsli) mpu D =1; KaKk  arokoppesuHoHHOM dyHKIHEH
HEIPEICKa3yEeMbI IIPU \D\ << 1; kak yacTH4HO npeackazyemMbii mpu 0 < \D\ <1.
Bpemss 7=17,,, Ipu KOTOPOM CTENEHb IPEICKA3yeMOCTH CIALaeT 0
ONpPEJICIICHHOM MMOPOroBOM BeNWUMHbIL, Hanpumep, D(r4,)=1/2, Ha3bBaoT
BpEMEHEM JIE€TEPMUHUPOBAHHOIO TOBeJAeHUS. UTO BIMAET HA ATy BEIMUYUHY?
Jljig peasibHO# cUCTEMBI OHO BCET/Ia OTPAaHUYEHO M3-32 CIECAYIOMIMX TPUYUH:
e HaOmogaeMblii mporuecc x(f) Bcerja OTIMYAETCS OT HCCIEAyEeMOTo
nporiecca 7(f) u3-3a BIUSHHUS TPUOOPOB — PETUCTPUPYIOMINX YCTPOHCTB
(U3MepuTeNbHBINA yM V(1));
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® CyHIIECTBYIOT HEYUYTCHHbIC BHEIIHHE BO3ACUCTBUS () (Tak Ha3bIBa€MBbIil

«JIMHAMUYECKHUIl IIyM»), ciaydaiiHble W/Wiau HeciydaiiHbele. [locnennue, B
IPUHILINIIE, MOKHO BBECTH B KAUECTBE TONPABKU B MOJIEIb;
® MOJIeJb HE aJIEKBAaTHO OTPAXKAET CBOMCTBA OOBEKTa («IIyMbl HE3HAHUS
AM (t)). DTo CBsI3aHO C €€ CTPYKTYPOH MJIM 3HAUCHUSIMU ITapaMETPOB.
Mostomy 74, =f(V,ut,AM). Jlaxe, eciu CBECTH K HYJIO BIHSIHUE
IpuOOPOB U MOTPELIHOCTH JETEPMHUHUPOBAHHOW KOMIIOHEHTHI MOJIENH, TO
OCTaHyTCSl HEYCTpPaHHUMbIE (IIyKTyallMOHHbIE BHEIUHUE Bo3aelcTBUA. OHH
MOTYT OBITh CBSI3aHBl XOTA OBl C OECKOHEYHOMEPHOCTBIO MHUKPOCTPYKTYPbI
peaIbHBIX OOBEKTOB € IIyMaMH Pa3jIMYHOIO MPOUCXOXKICHMS, C MpoLeccaMu
CTapeHusi W T.MI. U NPUHLUINAIBHO OrPAaHUYMBAIOT BPEeMs NPEICKa3yEeMOCTH.

[Ipenen Tiim = V_)lér/rll_)() Taet =/ (0,2,0) HAa3bIBAIOT «TOPU30HTOM

MPEICKa3yeMOCTI.
Ilpu 7>>7,, X M z CTAHOBATCS, KaK IPaBHIO, CTAaTUCTUYECKU

HE3aBUCUMBIMH, Tipu 3ToM D(7) —> 0. Bpemss  nerepmMuHHpPOBaHHOTO
HOBEJICHUSl T4, MOJKET NPEBBIIATh BPEeMsl aBTOKOppesLIUU 7, mporecca x(%),

XapaKTepU3YIOIIee CKOPOCTh CIAgaHWs aBTOKOPPEISIMOHHON — (PYHKIIMH:
p(7)= <x(t)x(t + 2')> / <x(t)x(t)><x(t + 7)x(t + 2')> , TJIe YTJI0BbIe CKOOKHM O3HAYar0T

1
yCpeAHeHue 1o aHcamOIr0. BpeMs 7. MOXHO OLIEHUTb KaK 7, & A—, rae Aw —
0]

IIMPHHA CIIEKTpa (Harmpumep, A 6enoro myma Aw — o, 7, =0, T.e. cuctema
cpa3zy «3a0bIBaeT» O MpoLUIOM). BpeMs aBTOKOppensiuuu 7, BBICTYNAeT Kak

HaMMEHbIIIEEe BpEeMs JETEPMUHUPOBAHHOCTU. JTO HAJ0 MOHUMATh CIEAYIOIINM
o0pa3oM: eciii Mbl HE pacrojiaraeM JIWHAMUYECKUM YpaBHEHUEM JUIsl MOJEIN
z(f), TO MPOTHO3 MPUXOJIUTCA CTPOUThH, TOJILKO OMUPASICh HA CaM HAOJIOAaeMbIii
nporecc x(¢) B MpeablAyIIre MOMEHThI BpeMeHU. CaMbIi MPOCTON MPUHIIUAI —

«3aBTpa OyJeT TO K€, UTO CeTOJHs», T.e. MOAeNb z(¢ + 7) = x(¢). B aToM ciydae
D(r)=p(r) m 74, =7,., T.6. CTENEHb IETEPMHHUPOBAHHOCTH IEPEXOIUT B
CTENEHb KOTEepPEeHTHOCTU. BooOmie roBops, MoOXeT ObITb 7,4, >7., KaK 3TO

npeacTaBiieHO Ha puc.2.8. OAHO W TO K€ SBJICHUE MOXKET JIEMOHCTPUPOBATH
BITOJIHE JIETEPMUHUPOBAHHOE TIOBEJICHUE B paMKax OJIHOM MOJIEIH U MOJTHOCTHIO
HEIETEPMUHUPOBAHHOE — B paMKax JPYyTOH.

2.4. JIanyHOBCKHE IMOKA3aTEJU U NMPeAeJibl MPeacKasyeMOCTH

2.4.1. [IpakTryeckas OLIEHKa JaJbHOCTH MPOTHO3a

[IporHo3 sBisieTcs OOHOM W3 OYEHb UIMPOKO PACIHPOCTPAHEHHBIX U
HanOoyiee MHTPUTYIOIIMX HAyYHbIX 3amad. [Ipeaensl NTporHo3a MHOTHX
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IPOLIECCOB, SIBIISIIOTCA, MO-BUIAMMOMY, NPUHIUINAIBHO OTPAaHUYEHHBIMU M HE
OuYeHb OOJIBIIMMU C MPaKTUUYECKOW Touku 3peHus. Ecnu uccienyemslit mporecc
— XaOTUYECKUH, T.€. OJIM3KHE TPACKTOPUM SKCHOHEHIMAJIBHO pa30erarrcs, TO
€CTECTBEHHO O0’KHMJaTh, YTO JAJIBHOCTh IIPOIHO3a 3TOrO IpoLiecca CBsA3aHa CO
CKOpOCThIO pa3beranus Onus3kux Tpaekropuil. [locmennsas onpexpensercs
BEJIMUMHOM €ro CTapILIEro JIAMyHOBCKOro mokasarens A, (m. 2.1.4). B xauectse

OLIEHKM JAJIBHOCTH IPOTHO3a JUII HEKOTOPOW JTUHAMHYECKONH MOJEIN pa3yMHO
B3STh BEJIMYMHY MHTEpPBAJIa, HAa KOTOPOM MaJlo€ BO3MYILEHHE (KOTOpoe
OIpeAeIsAeTCs Pa3IMYHbIMA HCTOYHUKAMH BO3MYILIEHUH B CUCTEME U OIIMOKAMHU
MOJIEJIM) HapacTaeT OO0 XapaKTEpHBIX MaclTaO0B HM3MEHEHMs HaOJI01aeMOM
BeIUYHUHBIL. J[aIbHOCTH MMPOTHO3a MOXKET OBITH TPy0O OlleHEeHa 1o hopMyJie:

1 o’

= In x : 2.34
pred 2A, US+Ui+O‘iM ( )

r

rac 0-;21 — AUCIIEPCUA ATMHAMHUYCCKOTO IIyMa, 0'5 — AUCIICPCUA U3MCPUTCIIBHOTO

2
myma, o, — HOTPENIHOCTH MOJENM (IUCIEPCHS «IIYMOB HE3HAHHUA»), O —

aucrepcust HabJro1aeMoi BemMuuHbI [96], a cTapiinii JIAMyHOBCKUN MOKa3aTelb
A, nonoxureneH. Ilomyuuts 53Ty QopMydy MOXHO H3 CIEAYIOLIMX

cooOpakenuil. [lycTb HaM TOYHO WU3BECTHBI YPAaBHEHUSI UCXOJIHON CUCTEMBI, HO
HavyaJbHBIC YCIOBUS MBI 3Ha€M TOJIBKO C IMOTPEIIHOCThI0 & (M3MEPUTEThHBIN
mywm). Torma, B3SB B KayeCTBE HayalbHBIX YCJIOBUH MOJEIH ATH
«HETNPaBWIbHbIE 3HAUECHUS», TIOJTYUYHUM, YTO B CPEAHEM OIIHMOKA MPOTHO3a PACTET

Ayt
Kak &£-e'. Eciu HalbHOCTh MPOTHO3a OMNPEACNIUTh KAaK BpEMs, 32 KOTOPOE
1

—1In
A ¢

GX

omuOKa MPOrHO3a IOCTUTaeT o, TO IOIYyYUM 7 . Bennuuny

pred =

1
T, = —— Ha3bIBAIOT JIIIITYHOBCKUM BPCMCHCM. HYCTI: TCIICPb B CUCTEMC UMCCTCH
1

v 9] 2 2 4
HC TOJIBKO IIYM HU3MEPCHUHN C OAUCIICPCUCU O, =& , HO U BHCIIHHUE CIIy4YaHHbIC

BO3JICHCTBHSI, M TOTPEIIHOCTH Monenu. Eciam cuumtaTh Bce 3TH  (PaKTOPHI
IIPUMEPHO HE3aBUCUMBIMH, TO JUCIIEPCHSI UTOTOBOI'O BO3MYILIEHHUs paBHA CYMME

JMCTICPCUI KOMIIOHCHT. 3aMCHUB & B MIOCIEAHEeH Gopmyre VISt 7 ,,, Ha KOPEHb

KBaJpaTHbIA W3 CYMMBbI KBAaJpAaTOB JUCIEPCUH KOMIIOHEHT, IHOJYy4YHM
BbIpakeHue (2.34).

Ecnu mryMsl 1 HOTPEMIHOCTH MOJIEIN HE BEJIUKHU MO CPABHEHUIO C YPOBHEM
curHaia, To (2.34) MOXET 3HAYUTEILHO TMPEBBIIATH BpPEMs KOPPEISIHUU
Tporecca, KOTOpoe B psijie CIydaeB MOXKET OBbITh Tpy0O OleHEHO Kak 7, ~ 1/A, .

Tax, ecnu ypoBeHb CUTHaja OOJIbLIE YPOBHS IIYMOB IO CPEIHEKBAIPATUUHOMY
orkioHeHuto B 1000 pa3, To 1anbHOCTH MporHo3a no (2.34) npeBoCXoAuT BpeMs
KOpPpEJISIIAY TPUMEPHO B 7 pas.
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Opnako ¢opmyna (2.35) B KauecTBE OIEHKH MJalbHOCTH TMPOTHO3A
npUMeHHMa He Bcerga. Jlerno B ToM, 4TO Jt000€ KOHEYHOE BO3MYILIEHHE B
Xa0TUYECKOM PEXHUME Yepe3 OINpeAeNICHHBI MPOMEXKYTOK BPEMEHHM HapacTaeT
70 pa3MepoB, MpU KOTOPHIX JHHEapu30BaHHas cuctema (2.10) yxke He
npuMenuma. CrenoBaTenbHO, JaJbHEHIIAs SBONIOLKS BO3MYLICHHS YK€,
CTpOTO TOBOps, HE CBfA3aHA C JISMYHOBCKUM IOKa3zaTesleM. Tak 4To, eClM Hac
UHTEPECYET MPOrHO3 C TOYHOCTHIO HE OYEHb BBICOKOM, a TOJIBKO MPAKTHUECKU
MpUEMJIEMOM, TO JISIMYHOBCKHM TIOKa3aTeab B OOIIEM CilIy4yae HE HMEeT
OTHOIICHUS K CUTYyallMl U HE MOKET HAKJIAJAbIBaTh OIPAaHUYEHHUS HA JAJTBHOCTb
nporHo3a. Ho eciiu npeanonaokuTh, 4To U Ha OONBIIKX MacITadax Mo MOPSAKY
BEJIMUMHBI JISITYHOBCKMI TOKAa3aTelb BEPHO XapaKTEPU3yeT CKOPOCTh pOCTa
BO3MYIICHUN (YTO BO MHOTHUX CIy4yasiX HMEET MECTO), TO C €ro IMOMOIIbIO
MOKHO OXapaKTepU30BaTh NAJbHOCTh MPOTHO3a JaXe €CIM HAC HMHTEPECYIOT
KOHEYHbIE MACIITAOBbI.

OpHako Mpu CTPOrOM PAcCMOTPEHMM OKa3bIBAETCS, YTO JaKe B Ipenene
OECKOHEYHO MaJblX BO3MYIIEHUN BEIMYMHA JISIITYHOBCKOIO BPEMEHHU HE BCeraa
CBSI3aHa CO BPEMEHEM IIPeICKa3yeMOCTH cHucTeMbl. PaccmMoTpuMm moapoOHee
3TOT UHTEPECHBIN (PAKT.

2.4.2. Tlpencka3zyemMoCTh U JISITyHOBCKUU MOKA3aTEb: CIydyald MasibIX
BO3MYILIEHU N

B nmpuninune BpemMeHeM MpeAcKa3yeMOCTH MOXHO [0 OIpeAeTIeHUI0
Ha3BaTh BenuuuHy (2.34). Ho moryTt ObITh M apyrue noaxoabl. OnuH U3 HUX,
BEChbMa MPOCTOM U JIOTUYHBIN, cOCTOUT B cieaytromieMm [318]. PaccmoTpum, kak
BeleT ce0s1 BO3MYIIECHUE INPHU 33aJaHHOM HayalbHOM yciaoBuu X,. CorzmacHo

ONPCACIICHUIO JIOKAJIBHBIX JIAITYHOBCKHUX Mokaszareje HMMEeM B Xyauiem

(MaKCHMalbHBIL ~ POCT  BO3MyIeHHs) —caydae  [g(t, + At =g e o0

OmnpenenuM BpeMs MPEACKa3yeMOCTH KaK BpEeMs YBEIUYCHUS HAYaJIbHOTO
MaJIOTO BO3MYIIEHHS B ¢ pa3. CMBICI 3TOTO YTBEP)KACHUS TOT K€ CaMblil, 4TO U
B ONpEICIICHUH €ro KaK BPEMEHH, 3a KOTOpO€ HadaabHOE BO3MYIICHUE
HapacTaeT A0 HEKOTOPOro MOporoBoro 3HaueHus. OOO03HAYUM OSTO BpeMs
Ing

/ﬁi’l(xoaAt)

O0LIYI0 ~ XapakTepUCTUKY  MPEACKA3yeMOCTH,  yCpeiaHuMm 7 (X,) 10

7,(X0) = ; OHO 3aBUCHUT OT HAYaJIbHOT'O YCJIOBHUS X,. YTOOBI MOTYyUUTH

WHBapUaHTHON Mepe p(X,), T.e. INIOTHOCTH PacHpelesieHus BEPOSATHOCTEW Ha
arrpakrope. [lomyuum

7, = [ p(x,)7, (x,)dx,. (2.35)
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D10 ompeaeneHrne CymecTBeHHO omimuaercs oT (2.34). Ecim Ob1 MBI
OTIPEJIEIISUTH BPEMS YBEJIMUEHHUS OIIMOKH B ¢ pa3 yepe3 CTAPIINKA JISITyHOBCKHMA
MOKa3aTelb, TO MOJYYHIN Obl, YTO OHO PaBHO:

Ing Ing 1

A [p&o)A (xg)dx, j p(xo)(l)dxo
7, (x,

3nech I JISIIMYHOBCKOTO IOKa3arens, T.€. BEJIWYUMHBI B 3HaMEHarTelne,
UCIIOJIB30BAHO BBIPAXKECHME, IIOJIyYEHHOE YCPEIHEHHMEM C €CTECTBEHHOMU
Mep0171,27 YTO JUI DPrOAUYECKOM CHCTEMBl 3KBHBAJICHTHO YCPEOHEHUIO IIO
BPEMEHU.

Tenepp curyanms a”anoruyHa cienyromen. IlycTb MMeEroTcs 3HayeHus
CIIy4YallHOM BEIWYMHBI X,X,,...,X,, U HYKHO OLEHUTb €€ MAaTeMaTH4ECKOE

(2.36)

TgA

oxuganue M[x]. Haubonee mnpocTtoil myTh — paccuuTaTb 3SMIHPUYECKOE
cpeaHee, KOTOpOe SABISAETCS «XOPOLIEH» OLIEHKOM: <x> = (x1 +otxy )/ N . O10 —
anajior ¢opmyinsl (2.35) nus cpeHero BpeMeHu mnpejackasyemoct. Ho MoxkHO
COCTaBUTh M MHOTO IPYTUX (HOpMyJ s olieHKU. Hampumep, eciu moacuuTaHsl
oOpaTHbIE 3HAYCHUS 1/ xl,l/ xz,...,l/ Xy, TO MOKHO OIIEHUTh BeiuuuHy 1/M|[x]
KaK MX SMIIUPUUYECKOE CpeHEe, U B3sTh OOpaTHYIO BeIWYUHY. MIToroBas omeHka
(x')=V[N(1/x; +1/x, +...+1/xy)] sBaserca amanorom (2.34). Ho cpemmee
OOpaTHBIX BEJIMYMH — 3TO B OOLIEM Cllydae CMeleHHas ounenka 1/M[x]!
[Toatomy wu <x’> — «mioxas» omeHka M M[x]. Benndusb <x> u <x’>
COBIAJAIOT TOJBKO IPU X, = X, =...= X, . JlId HaIlIe} 3a1a4i 5TO O3HAYAET, YTO
JISITYHOBCKOE BPEMsI COBIAJACT € 7, (€ TOYHOCTHIO 10 MHOXHTEIS Ing ), TOJIBKO

€CJIU JIOKAJIbHBIN J'ISIHYHOBCKI/Iﬁ IIOKa3aTejlb HC 3aBUCHUT OT X, T.C. TPACKTOPHUU

pasberaroTcsi ¢ OJZHOM M TOM K€ CKOPOCTbIO B JII00O0M oOmactu (ha3oBOro
OPOCTPAaHCTBA. JTO — YCIOBHE HpUMEHUMOCTH Qopmynbsl (2.34) naxe B
JIMHEMHOM CIIy4ae.

Wtak, Bpems peIcKa3yeMOCTH MOKHO M Jlaxe 0oJiee JJOTUYHO ONpeAesIuTh
HE 4Yepe3 JIAMYHOBCKHM IMOKa3aTelb. MBI MOKaXeM HUXKE, UTO JISAIYHOBCKHM
IOKasarenb He CBs3aH CO BPEMEHEM MPEICKa3syeMoCTH 7, T.. CHCTeMa C

0OIBIINM JLIITYHOBCKHM  ITOKA3aTCJICM (60J'[ee XaOTI/I‘-IHaH) MOXET HMCTb
OonbIiee Tq, 4eM MCHEC XaOTHYCCKasaA CHCTCMaA. KpOMe TOT0, CHCTCMBI C

OJIMHAKOBBIMM 3HAYCHUSIMHU JISIMYHOBCKOI'O IIOKA3aTeNisl MOTYT HWMETh CaMble
pasnuusbie 7. [lokaxem 3T0 anarumuuecku Ha TPOCTOM IMPHUMEPE, CIELYs

27 .
I'py6o, 3TO MIOTHOCTH BEPOSATHOCTH p TOCELICHMS pPa3lIMYHbIX oOJacTeil arrpakropa
n300paxaroriell TOuKoi, cM., Harpumep, [ 104].
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[318]. bynmem TrOoBOpUTH JiS OMNPEACICHHOCTU O BPEMEHHU YJABOCHUSA
BO3MYILEHUS 7, .

PaccmoTrpuM cHavana npumep, KOrjaa JsIlyHOBCKOE BpeMs U 7, COBIIAIAIOT
(c TowyHOCTBIO J1I0 MHOXHUTEHIs In2). Bo3pMem naByMepHOE HEITMHEHHOE
O0TOOpaXkeHHe, KOTOpOEe SBJISIETCS OJHOM M3 0a30BBIX MOJIENeil HeTWHEHHOMN
JTUHAMUKH, — OTOOpaKEHUE TeKapsi:

lxn, 0<x, <a,
xn+l = (94
Px, —a), a<x, <],
(2.37)
ay,, 0<x,<a,
Yot = a+lyn, a<x,<l,

B

rne a=1/8=1/2. D10 oTOOpaKEHHE COXPAHSAET IIOIIAAb (KOHCEPBATHBHOE) U
oroOpaxkaer MHoxecTtBo [0,1)x[0,) Ha cebs. UuBapuanTHas wmepa
YAOBIETBOPSET COOTHOmEHUIO p(x,y)=1. OHO Ha3BaHO OTOOpaXECHHEM

neKapsi, TOTOMY YTO €ro JICHCTBHS HaJl €AMHUYHBIM KBAJPATOM HAITOMHHAIOT
JENCTBUA MeKaps ¢ KyckoMm Tecta. CHaudama TeCTO COKMMAETCs BJIOJIb OCH ) B JIBa
pasa U B JiBa pa3a pacTATUBAECTCs BJOJb OCH X; 3aT€M pa3pe3aeTcs Momnojam U
MpaBbIi KyCOK KJIAJIETCS CBEPXYy Ha JICBBIM (MapasuiesbHBIM TepeHocoM). Bee
9TO yMEIIAeTCs B OJHOW WTeparuu otoOpaxkeHus (cM. puc.2.9). JIpe Omuskue
TOUYKH, OTJIMYAIOIIMECS TOJBKO 3HAYCHUSIMH KOOPIWHATHI X, TIEPEXOJAT B JIBC
TOYKH, PACCTOSHUE MEXIy KOTOPBIMH B JIBa pasza Oouiblne, sl JF00O0TO
HAYaJbHOTO YCJIOBUS HA TUIOCKOCTH. AHAJIOTHYHO, PACCTOSHUE BIIOJIb OCH ) B
JIBa pa3a YMCHBIIIAETCS 32 OJHY UTEpanuto. Tak uTo JyIs JIFo00# TOYKM KBaapaTa
CTapuieMy  JIOKaJbHOMY  JIAMIyHOBCKOMY  TIOKA3aTEeIl0  COOTBETCTBYET
HaripaBjeHue ocu x. OH He 3aBUCUT OT MHTEpBaja Af U MPOCTO PABEH CTapILIEMy
JSIMYHOBCKOMY — TIOKA3aTENI0: 3TO CHUCTEMa C pPaBHOMEPHOM CKOPOCTBHIO
pa3beranusa Omu3kux Tpaekropuil. Ilockonbky B manHom ciaydae A, =In2, To

JIATYHOBCKOE BpeMs paBHo 7, =1/In2.
Bpemsa 7,(X,) i KaXIOro HA4aabHOIO YCIOBHA paBHO 1, T.e.

BO3MYIIEHHE YyABAMBAETCA 3a OJAHY urepanuro. COOTBETCTBEHHO, U CPEIHEE
7, =1.

V

0 i 0

0 x 1 0 x 1

79



Yacts [. Mooenu u npoenos

Puc.2.9. Ogna ureparyst oToOpaXkeHus eKapsi, KBaJApaT pacKpamieH YepHBbIM [IBETOM, YTOOBI
MoKa3ath, Ky/ia MOMa aloT TOYKH U3 pa3HbIX o0yacTen

Paccmorpum  Tenmepsr Moaudukamuro cuctemsl  (2.37), Ha3BaHHYIO
0TOOpa)K€HUEM I0IMACTEPhs MEKAPSI:

lxn, 0<x,<a,
Xps1 = (04
P(x, —a)modl, a<x, <],
(2.38)
ay,, 0<x,<a,
Yt = a+;([,6’(xn ~a)|+y,), a<x, <l

rac KBaJApPaTHBIC CKOOKHM O3HA4aroT OeJIyro 4aCTb 4YuUCIa, o = (2N — 1)/2N .

N
[ =27 . JleficTBHe 3TOr0 OTOOPAXKEHUS COCTOMT B TOM, YTO GOJBIIMH KyCOK
tecra [0,1/a)x[0,1) cxkumaercs oveHb cnabo B « pa3 BAOIbL OCH )y H
pacTsAruBaeTcs BO CTOJBKO JK€ pa3 BIOJb OCH X, MEpexolii B KYyCOK
[0,1)x[0,1/cx). TlpaBast e y3kas mosnocka [l/a,1)x[0,]1) cxumaercs OdeHb

cwibHO B [ pa3. Ilpu 3TOM mosrydaercs y3Kasl JIEHTa JJIMHOW B LEJIO€ YUCIIO
€IMHHUL, dTa JICHTAa pa3pe3aeTcs Ha JIEHTOYKU EIWHUYHOW JUIMHBI, KOTOPHIE
YKJIaIbIBAIOTCSA CBEPXY «IuTadeneM» Ha 6onbinoi kycok [0,1)x[0,1/c). JleBbie

JIEHTOUYKH pacIiojiararoTcsi Huxe, yeM mpasbie (puc.2.10).

] 1
Ll;: h . i o y

0 ‘.d 0

0 x 1 0 x
Puc.2.10. Opna wutepanms oToOpakeHHsT ToaMacTephss mekaps s N = 1 (camblid

«MacTEepOBUTHII» MOAMACTEPHE)

OTa cUCTEMa TaKXKE COXpaHSET IUIOIIAJb M MMEET MHBAPUAHTHYIO MEpy
p(x,y)=1. Ee wHanpaBneHus, oTBeyarouiyge OOJbIIEMY U MEHBIIEMY

JOKAJIbHBIM TTOKA3aTelsiM, TaKKe COBIAJAIOT C HAMPABICHUSAMH KOOPIMHATHBIX
ocedl. MOXHO MoOKa3aTh, 4YTO €€ CTApIIM{ JIAIMYHOBCKUM I10Ka3aTellb PAaBEH
A =alnl/a+(1-a)Inf, wu 1UpM JaHHBIX 3HAYEHUSX  [APAMETPOB

A, =1-alna>1. Takum o6pa3zom, cucrema (2.38) sBusercs Oojee

Xa0TH4YeCKoM, 4eM (2.37), B cMbICIIe OOJIBIIIETO JIAITYHOBCKOTO TOKA3aTelIsl.

Ee nmokanpHbIe JSMYHOBCKHE MOKA3aTENM CUIILHO 3aBUCAT OT HAYAJIBHOTO
ycnoBus. s obmactv ¢ MajbIMH 3HAYEHUSIMU X OHHU OYEHb Majibl (BpeMmsi
MPEICKa3yeMOCTH OYEHb BEIIUKO), 3aTO JJII 00JIaCTU C OOJBITUMHU X OHU OYCHD
BeMMKM (HO 3Ta oOmacte mama). [lpumep nmelicTBus 000MX OTOOpakeHWUH Ha
MHO’KE€CTBO TOYEK BHYTPH KBajpaTa mpenactarieH Ha puc.2.11. CrneBa nokazaH
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pesynbrar 4 utepauuii oroOpaxkenus nekaps (2.37). KapTuHka MOIHOCTBIO
uckasmiach (T.e. mpeackasyemocth Iuioxasi). CrpaBa mokazaH pesyibTar 4
utepanuii otodpakenus (2.38) ¢ N = 4. 3naunrtenpHas 4aCTh KApTUHBI XOPOIIO
cOXpaHWiach, JIMIIb  CJerka jaedopMupoBagack: B  OTOH  o0JacTu
MPeICKa3yeMOCTh XOpoIasl.

10

Puc.2.11. Wmmroctpanus nuHamMuku otoOpaxkenuit (2.37) u (2.38): a) ucXogHOE MHOMKECTBO
Touek; 0) ero obOpa3 moj aelictBueM 4 wuTepanuii otobpaxkenus mnekaps (2.37); B) mox
neiictBueM 4 urepanuil 0ToOpakeHus nmoaMacTepbs nekapst (2.38) c N=4

Oco0eHHO HHTEPECHO B 3TOM IpuUMepe cieayromiee. He Tompko JToKaabHbIC
BpEMEHA MpEACKa3yeMocTu 7,(X,) B HEKOTOpBIX 0OjacTsax Oojblle JyIs
oroOpaxkenust (2.38), yem mus (2.37). Cpennee BpeMms 7, uia (2.38) Taxxke
6OJIBHIG, XO0TA 2TO OT06pa)KeHI/IC nMeeT OOJILIINU JIHHYHOBCKPIPII rokasareib!

. l1-a’ . In2

BemnunvHy 7, MOXHO HaWTH AHAJIUTUYECKHU: 7, =17, rone j= —1—
no

KBaJIpaTHbIE CKOOKHM O3HAYaIOT HAUMEHBIIIEE 1I€JI0€ YUCIIO, OONbILIEe WIH PABHOE
npobu B ckoOkax. MOKHO MOKa3aTh, 4To Mpu N —> 00 BpeMsl IPeJICKa3yeMOCTH

r,~2"" 5w, a A, —>In2. Pesynbrarhl aHANUTHYECKHX BBIKIAIOK I

HEKOTOpbIX N cBefieHbl B Tabm.2.1: jIsi CUCTEM CTOJIb )K€ XAOTHUYHBIX, KaK U
(2.37) (u paxe ¢ uyTh OOJBIIMM JISAMYHOBCKUM TIOKa3aTelieM) BpeMsi
MPEICKa3yeMOCTH MOXKET ObITh CKOJIb YTOJHO BEITUKO!

Tabmuma 2.1.

XapakTepucTHUKu oToOpakeHur (2.38) mpu pasHbIX N: MakCUMallbHOE JIOKAIBHOE BPEMS
MIPECKa3yeMOCTH, CpeHEe BpeMs MPeICKa3yeMOCTH, JISITYHOBCKHI TOKa3aTeNb

N | 72max 3 A N 72.max %) A

1 1 1.00 1.5:-In2 5 22 16.09 1.04-1In2
2 3 2.31 1.31:1In2 6 45 32.49 1.02-In2
3 6 441 1.17-1In2 7 89 64.32 1.01-In2
4 11 8.13 1.09-1n2

DTO0 o03HAa4YaeT, YTO JISAMYHOBCKUW TOKa3aTellb €IIe HE HCUYEPIIbIBACT
BOMpOCa O TMPEACKa3yeMOCTH CHCTEMBI. XOTs, KOHEYHO, OIPEICICHHYIO
nH(OPMAILIUIO OH HECET, a €CIIM CKOPOCTh pa3OeraHusl TPAeKTOPUN OJTHOPOIHA
O MPOCTPAHCTBY, TO OH YMECTEH /ISl XapaKTEPUCTUKH MPEACKA3YEMOCTH.
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2.5. Macmita0bl paccMOTpPEHHsI: KAaK OHH OINpPedesiioT OLEHKY
CBOMCTB Mpouecca (CJI0KHAS JUHAMUKA UJIH CJIY4YallHOCTh)

Ha mnpaktuke naHHble M3MEPSIOTCS C KOHEYHOW TOYHOCTBIO, T.€. CKOJIb
YTOAHO MaJjble MacIITadbl pacCCMOTPEHHsI HeAOCTYHBL. [Ipu 3TOM OTBETUTH Ha
BOMpPOC,  SBISIETCST M HAOMI0JaeMoe  HeperyJjsipHoe  TMOBEACHHE
JNETEPMUHUPOBAHHBIM XAOTHYECKUM WJIA CTOXAaCTUYECKUM (CIy4YaillHbIM) HE
npocro. Crporo TroBopsi, OTBETUTb MOXHO, TOJIBKO €CIU  JIaHHbIE
CreHEepHUpPOBaHbl HAMU Ha KOMIIBIOTEPE, U IOTOMY M3BECTHO, KAKOMY 3aKOHY OHHU
HOTUYUHSIOTCS. B peanmpHOCTH ke cileayeT TOBOPUTh O TOM, KaKoe U3 JBYX
MOJICJIbHBIX TpeJCcTaBiIeHUuN Oojnee aaekBatHo. B pabore [210] mpemyioxeH
KOHCTPYKTHUBHBIA MOJXOJ, COIJIACHO KOTOPOMY OTBET Ha BONPOC O
JeTePMUHUPOBAHHOCTH/CITy4alHOCTH ~ 3aBHCHT  OT  BbIOOpa  Mmacmrada
paccMOTpEHHSL.

JIJis KONMYECTBEHHON XapaKTePUCTUKU IBOJIONMU BO3MYIIEHUI MaciiTada
e B JIC (2.9) npenyoxeHO WHCMHOJIb30BaTh JISIMYHOBCKUM TIOKa3aTelb I
KOHEUYHBIX OTKJIOHeHuN A(g). OH moka3biBaeT, Kak OBICTPO pazbderaroTcs

TPACKTOPUH, HW3HAYAILHO pa3felieHHble BeMUYuHOW & Ilpudyem KOHEUHbIE
OTKJIOHEHHSI Y€ HE OIHMCHIBAIOTCS B OOIIEM Ciy4ae JIMHEapU30BAHHBIM
ypaBHeHueM (2.10). Jlns ero pacuera cHayajla HEOOXOAMMO BBECTH HOpPMY
(nuHYy) BEKTOpOB coOCTOsIHHMS. B oTimune oT ciyudas OECKOHEYHO MalbIX
BO3MYIIEHUH, 37IeCh YHCICHHOE 3HadeHHEe A(£) 3aBHCHT OT BBHIOOpAa HOPMBEI.
Bynem ans omnpeneneHHOCTH TOBOPUTH O €BKIMIOBOM HOpME M 00O3HAYMM
HOPMY Ha4aJbHOTO BO3MYILEHUS Hs(O)Hzgo. Bynem crnenuth, 3a kakoe BpeMms
BEJIMYMHA BO3MYIICHHS JIOCTUTHET HEKOTOPHIX IMOPOTOBBIX  3HAYCHHI
&1,Ey,...,€p. HanlpuMep, 3a1alUM OPOTH KakK &, =2¢, ;,n=1,...,P—1, u Oynem
TOBOPUTH O BPEMEHHU YIBOEHHUS BO3MYIICHHUS AJIS pa3HBIX MAacHITaboB 7,(&,)
(Bce SKBUBAJIEHTHO JJII PACCMOTPEHHUS BPEMEH HapacTaHWsl BO3MYILUEHUS B ¢
pa3). IlpoBegem N HKCIEPUMEHTOB, «3aIlyCKas W3 Pa3IMYHBIX HayaldbHBIX
YCIIOBUM COCEIHUE TPACKTOPHH, PA3[EICHHBIE PACCTOSHUEM &,. [mda xaxmon

OTJIENBHOH TPAeKTOPUH MOTYYHM CBOE BpeMs ymBoerms 73 (g,),j =1, ..., N.
N

CpenHee BpeMsl yjABOGHHMs onpenenmum Kak  7,(g,)=(I/N )Z (e,).
=

JIanyHOBCKHI [0Ka3aresb TS KOHEYHBIX OTKJIOHEHUM paBeH
ﬂ‘(gn) = 11'12/'[2 (gn) .
Ecnu nporecc AeTepMUHUPOBAHHBIM Xa0TUYECKHI U CKOPOCTh pa3deraHus
(a30BbIX TPAaEGKTOPUIM OAMHAKOBA IO BCEMY IMPOCTPAaHCTBY, TOo limA(g)=A,
&0
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(cM. 1. 2.4.2).*® BakHO 3aMeTHTb, YTO ISl JETEPMHHHPOBAHHOLO IIPOILIECca
A(e) mpu ManmblX & NPAKTUUECKH [EepecTaeT 3aBUCETh OT MacuTada:
A(g)=const. Jlna CTOXaCTHUECKHUX TMPOIECCOB BenMuyuHa A(g)—>o0 mpu
& —>0. 3akoH pocra A(g) C YMEHBIIEHUEM & MOXKET OBITh Pa3TUYHBIM,
HanpuMep, Uisi OpPOyHOBCKOTO JIBHXKEHUS (BUHEPOBCKHUH MpOIIECC, CM. I1aBy 4)
nMeeT MecTo A(g) o &2,

ABtopsl [210] npennararoT ciaeayrOmMi NOAXO0A K Pa3IeiIeHUI0 CUTHAIOB
Ha JIETePMUHHPOBAHHBIE XAOTHYECKHE W UIyMOBBIEe (ciydaiiHbie). Ecimu mpu
aHaM3e pealbHOTO Tpolecca B  HEKOTOPOM MHTEpBaje  MacHITaboB
HaOmogaeTcs A(g) = const, TO B 3TOM MHTEpBaJIe MacIITabOB MPOIECC Pa3yMHO
onucaTh Kak JEeTepPMUHHUPOBAaHHBIM. Eciu B KakoM-TO MHTEpBaie MaclTaboB
A(€) pacter ¢ YMEHBIIEHHMEM & TO B JIaHHOM MHTEpBaJIe TIPOIECC
nesnecoobpa3Ho paccMmarpuBaTh Kak InyMm. llpowsumrocTpupyem moaxon Ha
IPOCTOM TpUMeEpe.

PaccmoTpuMm eTepMHHHpPOBaHHOE OTOOpaKeHUE, KOTOPOE JEMOHCTPUPYET
«cmydaiiHoe Onyskaanue» (aud@ysuro) Ha OOJIBIIMX MacIITadax:

| :[xn]+F(xn _[xn])’ (239)

rie KBaJIpaTHbBIE CKOOKH 03HAYAIOT HEYIO 9acTh quCIa,
(2+0)y, 0<y<0.5,

F(y)= I'papux Pysknum F mokasaH Ha

2+0)y—-(1+0), 0.5<y<1.0.
puc.2.12 mna 6 =0.4. JlanyHOBCKUI NOKa3aTelb paBeH A, = ln\F '

= ln\2 +0 \ .
Eciu paccmarpuBath MacmTabbl  £>1, TO mpouecc BemeT celds Kak
BUHepoBckuil. Hanpumep, & =1 03HayaeT ciexeHHe TOJIBKO 3a LEI0M YacThIO X.

N3menenue uenoit wactu Ha 1 2 ' s

OTpeeIAeTCS JICTCPMUHUPOBAHHOM tr ,-":F(x) A

Xa0THYECKOW  JTMHAMHUKOW  JPOOHOMU ] 7

qacth x (a OHAa WTHOpUpyeTcss mpu & (x)| v G(x) )

PacCMOTPEHHMH Ha OOJIBLIIIOM MacITade) G(x)| _ el 7

¥ TI09TOMY BBINJISIIUT KaK CIIy4ailHOE a2}

omy>xnanue. Ha puc.2.13 BumgHO, 4TO B o pd

uHTEpBaJie MacmTaboB &<1 wumeer oz . - .

MECTO A(e)=0.9 U Tpolecc o 02 0808 !

KIaccupUIMPYETCs kak Puc2.12. ®Oymxmma F(x) wn3  (2.39).

JCTEPMUHUPOBAHHBIA. A mpu g>1 | OPMSOHTAIBHBIC — JMHMM -  ¢C
) arnmpoKCUMaITus G(x) (2.40),

HAMEEM Ae)ce a HPpoHeCC  cocrosmas nz 40 KVCKOB ¢ HakIOHOM ()

2 .
8 3ameTuM, 4TO JuIA mpoueccoB ¢ A; <0 JAIyHOBCKMH IOKa3aTelb Ul KOHEYHBIX

OTKJIOHEHMH, OTIpe/IeTICHHbIN Yepe3 BpeMeHa YIBOCHHUsI, PABEH HYJIIO.
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KJ1acCU(UIMPYETCs KaK CITydalHbI.
Moguduuupyem orobpaxenue (2.39), nobaBuB B Hero wmym &,

paBHOMEpPHO pacmpeacieHHb Ha [—1,1], u 3ameHuB F Ha ee annpokcumanuo G
(10000 nuneHBIX KyCKOB ¢ HakJIoHOM 0.9 BMecTO IByX ¢ HakJIOHOM 2.4):

Xyl = [‘xn]+ G('xn - [xn]) + O-é:n ’ (240)

BemmunHa o =10"" ompenmenser nucmepcmio myma. Ha wunTepBane &> 1
npouecchl (2.39) m (2.40) He pasznUYaAIOTCS M BBIMJISAAT Kak CilydaiHOe
onyxmanne (puc.2.13). B wunreppane 107 <&<l OHH BBINIAAAT, Kak
I[eTepMI/IHI/IpOBaHHI)Ie npnqu C OJMHAKOBBIM JIAIMYHOBCKUM IOKAa3aTeJIeM,

HECMOTPST HAa  pPa3JIMYHBIA  HAKJIOH
] }
Ak rp”“:'gzﬂjﬂcmummmn 1 nwHeHBIX yyacTKoB — 2.4 B (2.39) u 0.9
¢ B (2.40). DTo pe3ynapTaT ycpeaHEHUS
- K v 19 (v}
0l % 1 ToKanbHOW NMHEeHHOW AuHaMukH (2.40)
4
102 | " | Ha macmrabax £ >10"". Ha macmrabax
° B
® e<10™ MPOIECCHl  Pa3InYaroTCsl.
0™ + 7
Tenepp mpormecc (2.40) onsATh Bener
1074 ettt ew 2] ce6s KaK CITyYAHHBIA C TOUKM 3pEHHS
j D.5 104 .IDE 102 i 0-1 1 1U
A(g), Temepp YykKe W3-3a HAIHYAA

Puc.2.13. 3aBucumocTb JAIMYHOBCKOTO 1y 0 STITETOM myma & Taxum
MoKasareys Il KOHEYHBIX OTKJIOHEHUH

o macmrraba, Kpyses — s cHCTEME oOpa3oM, CBOICTBAa JWHAMHKH MOTYT

(2.39), KkBampatsl — mwis (2.40) ¢ G(v), OBITb  Da3sIM4HBl ~ HAa  Pa3INYHBIX
cocrosimeii 10000 KyckoB ¢ HakmoHoM ~MAacLITa0ax, 4TO Ba)XKHO YUYMUTHIBATh IIPU

ONMCAHUU peabHbIX CJIOMHBIX
IPOLIECCOB.

Hakonen, orMeTuM, 4TO T€ K€ aBTOPhI C OMOPOM HA OMUCAHHBIN MOAXO]
NPEAJIOKWIA  OCTPOYMHBIE TEPMHUHBI ISl  XapaKTEPUCTUKH  HEKOTOPBIX
HEPETYJSIPHBIX MPOLIECCOB: «XAOTHYECKUW IIyM» M «IIYMOBOW Xaoc». A
UMEHHO, €CIM TMpoleccC Ha OONbIIMX  MacluTabax  BBITVIAJIUT — Kak
JN€TePMUHUPOBAHHBIN (Xa0C), a HA MaJeHbKUX KaK CIy4dalHbId (IIyM), TO 3TO
«IIYMOBOM XaoC», T.€. MaKpPOCKONMYECKHMH XaoC, BBI3BAHHBIA ILIYMOM Ha
MUKpPOYpPOBHE. AHAJIOIMYHO, €CJIH MPOLECC CIydyaeH Ha OOJbIIMX MacliTadax u
JNETEPMUHUPOBAH HA MAJIBIX, TO 3TO «XaOTUUYECKUN LIy M.

2.6. IIpumep ¢ MoHeTOM

HagepHoe, BceM cIydasoch MOJOXHUTh MOHETY Ha COTHYTBIE MAJIbIIbI
(puc.2.14,a), 3aragaTh — «OpeI» WIH «PEIlIKa», TOJOPOCUTh U ... CHAThH C ceOs
OTBETCTBEHHOCTh 3a PpEHICHHE BONpoca. ManeHbKHM JUCK, TMAJAKMHAN C
BpallleHHEM, BO BCE BPEMEHa Yy MHOTMX HAapOJOB MOMYJSIpeH KaK CHMBOJI
HETPEeAB3ATOCTH, OJUIETBOPEHHUE Ciydas. Vcronb3yeMm ero sl WILTIOCTPAIUH
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CKAa3aHHOTO O JIETEPMUHUPOBAHHOCTH, CIIyYaWHOCTH, PAa3HBIX MOAXO0JaX K
MOJIEJINPOBAHUIO.

Hauynem c comepxarensHoil mMomenu. B TunmmynoM ciywyae mpu Opocke
pyKa IPHUIAeT MOHETE MOCTYATENbHOE ABMIKEHUE CO CKOPOCTBIO V,,, a TOJYOK

00bIIMM TanblieM oOecreurBaeT €y elle W BpallleHWe C HadallbHOM YIJIOBOM
CKOPOCTBIO @, . Jlajnee NHUCK JIETUT, B3aUMOACUCTBYS C 3eMJICH U BO3LYXOM, U

MajaeT Ha IMOBEpXHOCTh. Eciu oHa TBepaas, TO OH HECKOJBKO pa3
NOANPBITUBAET W, HAKOHEL, YCIIOKAaMBAECTCA HA OJHOM M3 CBOHUX CTOpPOH. bes
CHEIMAIbHOM TPEHUPOBKU BpSA JIM KOMY YJIACTCSl TOBTOPUTH OpPOCOK
HECKOJIBKO pa3 Tak, YTOOBI MOHETa BCE BpeMs Majana, CKaKeM, «OpJIOM» BBEpX.
OTO CTAaHOBUTCS HEBO3MOXHBIM IPH CHWIBHOM OpOCKEe, KOrja oOHa [0
MIPU3EMIICHHS YCIIEBAaeT cAejlaTb MHOro o0opoToB. OCHOBHAas IpUYMHA —
OONBIION  pa3dpoC HAYAIBHBIX 3HAYCHUH CKOPOCTH W TIOJOKEHUS B
npoctpancTBe. [loBTOpsieMOocTH OT4acTH yJaeTrcs JOOUThCSA, HCIOJIb3YS
CHelHaIbHOE YCTPOMUCTBO JJIsl IOJ0pAChIBaHUS, HAIIPUMEpP, CTAIbHYIO JIMHEUKY
c NPUCTIOCOONEHHEM JUls  BOCHIPOM3BOAMMOrO 3afaHus jaedopMarium’
(puc.2.14,6). Ho u Takas ycTaHOBKa — HE€ TaHAIes: YBEPEHHO NpeCcKa3aThb
pe3ynbTaT yAaeTcsa JUIlb MpU Ccladbix Opockax, €ciIM MOHEeTa cjenana
NOJIOBUHY, OJIMH, OT CWibl aBa obOopota (puc.2.14,B). UeM mambiie myTh 10
najieHus, TeM OOoJbIlle HEOINPEAETECHHOCTh KOHEYHOTO COCTOSHUSI — YaCTOTHI
MOSIBIICHUS U «OpJia» U «PELIKW» CPAaBHUBAKOTCS, XOTSI YCIOBHSI SKCIIEPUMEHTOB,
Ka3aJI0Ch Obl, OJTMHAKOBEI.

My B)
) — Ih{j_\
,L}f ol __ﬁ_{&l G
0 A .
P p P A
y]l
r)

a/
—a
6) SO0 A
- ¥(f) X
w5 ]
Puc.2.14. YnopaxHeHuss ¢ MOHETOH: a) cTaHJapTHas cutryanus; 0) duzmueckas MOJENb C

perynupyemor «cunoi ymapa» (b — w3ru® JMHEWKHW), B) KaueCTBEHHBIA BUJ
IKCIIEPUMEHTAJIbHOW 3aBUCHMOCTH YaCTOTHl  BBIMAJAaHUsl «Opja» OT «CWiIbl ynaapa» (B

29 . .

VYHOpHBIHA CTYIEHT, IPe0CTaBUBLIMN HAM 3TH SKCIEPUMEHTANIbHBIE JaHHbIE, 1010pachIBall
MoHetry 1o 100 pa3 ¢ momomipto JMHelkn. M3rub ee OH peryiavpoBay, W3MEHSS YHCIIO
CTpaHMILl KHUTH, Ha KOTOPYIO OHA ONHUPAJIach.
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HKCIEPUMEHTaX NpH (PUKCHPOBAHHOM / MPOBOIWIOCH N OMBITOB, Ny — YUCIO HCXOMOB C
«OpIIOMY); T) K COZIepKATEIbHON MoieNu. 3aKpalieHHast CTOpPOHa — «Ope»

[Tpy AMHAMHYECKOM MOAETUPOBAHUU OyAEeM XapaKTepU30BaThb COCTOSHUE
MOHETBl KOOPJAMHATON ) M CKOPOCTBIO V €€ LEHTpa TSKECTH, a TAKKE YIJIOM
MOBOPOTa ¢ BOKPYT OCH z, NEPIEHIUKYJSIpHON ocsiM x u y (puc.2.14,r), u
YIJIOBOM CKOPOCTBIO . BblIenmuM Tpu KadeCTBEHHBIX 3Tama 3BOJIIOLUHU
CHCTEMBI, BBE/ISI HA KQKJIOM U3 HUX CBOU HMPUOIMKEHUS.

Cmapm. HauanbHble YCIOBMS: MOHETa HayMHAET JBUIAThCS, HAXOMACH
«OpJIOM» BBEPX, C JIMHEHHOW CKOPOCTBIO V,,, HAIPABICHHON BEPTUKAIIBHO,

BPALICHUE IIPOUCXOAUT IO YaCOBOM CTPEIKE C YIVIOBOM CKOPOCTBIO @),
(puc.2.14,r). Ecim mpu crapre 2y <dsina (kpail MOHETHl IOCIE Hayana

ABMKEHMS JABUT HA ONOPY — «BPALIECHUE ONEPEXaeT B3IET»), OyJeM CUUTATh,
4TO OHa OcCTaeTcs Ha «opie». Ilpu 2v,/@®, >d MoHeTa yieraeT, He 3aaeBas

miockocth y =0.

Ilonem. IlpeHeOpexeM B3aMMOJICHCTBUEM MOHETHI C BO3ayxoM. IlycTs oHa
B3aMMOJIEUCTBYET TOJBKO ¢ 3emiei. Torma yriaoBas CKOpPOCTb BpAalllCHHUS
OCTAETCsl HEU3MEHHOU U PAaBHOU @, & LEHTP TSKECTU JBUKETCS C IIOCTOSIHHBIM

YCKOPCHHEM g.
Qunuwi. B MOMEHT {, TPOMCXONMT KacaHue crona, 2y(¢,)=dsina(t,),

BpAIllCHME MTHOBEHHO IIPEKPAINAETCS M MOHETA «JIOKHTCS» HA Ty WIM HHYIO
CTOPOHY B 3aBHCHMOCTH OT 3HA4Y€HUs yIJia IIOBOPOTA: 1pu
O<(a(z‘f)m0d27r)< /2 n 37[/2<(a(tf)mod27r)< 27, BBHINAJAET «OpeD», a

npu /2 < (a(tf)mod27z)< 37/2 — «pemkay.

3ajaHue eAMHOIO OIeparopa SBOJIONUM  CUCTEMbl Ha BCEX JTamax
IBWKEHHUS — 3ajjadya CJIMILIKOM CJIOXHas, MOTOMY Mbl OIPaHUYMMCS €ro
pacCMOTpEHHMEM JIMILb Ha 3Tale I0JIeTa, a Ha MEePBOM U IOCIEIHEM 3Tarax
OrpaHMYUMCSl KAUE€CTBEHHBIMU COOOpakeHUsIMU. Tak, O4eBUHO, YTO B (Pa30BOM
MIPOCTPAHCTBE CUCTEMBI UMEETCS MHOXKECTBO ATTPAKTOPOB — TOUYEK PABHOBECHS
¢ koopauHatamu y=v=w=0, a=nrx, n=0,2,..., COOTBETCTBYIOIIUX
KOHEYHOMY IOJIOKEHHUIO MOHETBI, JIeXKaIlel Ha OJITHOM U3 cTopoH (Ha puc.2.15,a
JUISL «OpJia» TOYKA BBIJIEJICHA YEPHBIMH KPYXKKaMH, a U1 «PELIKW» — OeIbIMHU).
ATTpaKkTOpamM COOTBETCTBYET Pa3HOE YMCIO 0OOPOTOB 70 MOMEHTA mnajeHus. B
3aIITPUXOBAHHBIX 00dacTAX (Ha30BOr0 MPOCTPAHCTBA, COOTBETCTBYIOIIUX
(MHANBHOM CTaAMM M JBWKEHUIO C MajlOM HAayaJbHOM CKOPOCTBIO V,, B

COOTBETCTBUU C MPUHSITOU COJIEPKATEIIBHOW MOJIETbI0 UMEET MECTO CHJIbHAs
TUCCUTIAs U u300paxkaroniasi TOYKA IOTNAJaeT Ha OJUH W3 aTTPaKTOPOB.
['pannIEl 6aCCEMHOB MPUTSHKEHUS aTTPAKTOPOB MOYKHO OINPEACIIUTH U3 MOJIEITH
JBIDKCHUS Ha cTaauu nosieta. [lomyunm ee aHamoru4Ho [257] acCHMOTOTHYECKU
u3 cuctembl auddepennnansubix ypaBHenud Hetotona F=m-a u M=1-§,
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rne F u M — paBHOJEWUCTBYIOIIAs ACHUCTBYIOIIMX HAa MOHETY CHJI U HX
BpAIlalOIUX MOMEHTOB, COOTBETCTBCHHO, a M [} — JIMHEHHOE W YIJIOBOE
yCKOpeHHUs, m U [ — Macca 1 MOMEHT MHEPIUM MOHETHI. B paccmarpruBaeMom
CIy4ae MOJIeJIb UMEET BU]]

dy/dt=v,dv/dt =—g,da/dt = w,,dw/dt =0. (2.41).
Pemenue (2.41) ¢ 3a1aHHBIMU HAYaJIbHBIMU yCIOBUSMH JA€T TPACKTOPHUIO

V(1) = vt — gt? /2, W(t) = v, — gt, a(t) = w,t . (2.42)
Orcrona mony4aercs 3aBUCUMOCTb &(f ;) = f(v,,®,) ¥ BbIPAKECHHS JUIS TPaHHUL

OacceifHOB MPUTSHKEHUSI AaTTPAKTOPOB Ha IJIOCKOCTH HAYaJIbHBIX YCIOBUH @,V
(B ceueHnu (ha30BOTO MPOCTPAHCTBA IIIOCKOCTRIO @ =0, y =0, puc.2.15,0):

a(t,)=2wyv,/g=nm/2+7n. (2.43)

o) @,

[
Puc.2.15. a) TpexmepHas npoekius (pa3zoBOro MpoOCTpaHCTBA TUHAMUYECKON cucTeMbl (2.41)
npu @ = @,. BonHooOpa3HON NMOBEPXHOCThIO OrpaHHueHa 001acTb (PUHAIBHOW CTaauu, B

KOTOPOI MMEET MECTO CHJIbHAs UCCHIIAIMA. 3alITPUXOBaHa 001acTh, CTAPT U3 KOTOPOW HE
OIMCHIBACTCS HCIOJIB30BAaHHONW MOJENBI0 «rmoyieTay. JIMHMM CcO CTpenkamMu — TPUMEPHI
(azoBeix TpaekTopuii. 6) Ceuenue ¢azoBoro mpocTpaHcTBa IockocThio (¥ =0, a =0).
3amTpuxoBaHbl 0acCeHbl TNPHUTSHKEHUS ATTPAKTOPOB, COOTBETCTBYIOUIMX KOHEYHOMY
MOJIOKEHUIO  «peliKka». benble NPSIMOYTOJBHUKH WUTIOCTPUPYIOT TOYHOCTH  3aJlaHHA
HavYaJIbHBIX YCJIOBHI (YPOBEHb IITyMOB), X TUIOIIAAL AV X A @

[Ipy To4yHOM 3amaHWUW HAYaJIbHBIX YCJIOBHH, 4YTO 00S3aTEIBLHO TIPU
TMHAMHYECKOM TIOJIXOJIe, MOHETa OKAa3bIBACTCSA B OMNPEICICHHOM KOHEYHOM
cocrosiHuM. COTacHO 3TOMY TOJXOAY MOXKHO TPOTHO3MPOBATh KOHEYHOE
MOJIO’KEHUE MOHETHI, YTO WUIIOCTpUpPYeT puc.2.16,a, rae yactora BeIIAgaHUsA
«Opja» B 3aBUCUMOCTU OT V, NpPUHMMAaeT Toibko 3HadeHus 0 u 1. Oto
COOTBETCTBYET JI€HCTBUTENBHOCTH JIMILIb IIPU MaibiX v, (puc.2.16,0). Ho ecau
OpOCOK JTOCTaTOYHO CHJIEH, M MOHETa JIeJaeT HECKOJIbKO OOOpPOTOB, TO TaKOM
MOJXO0/ TOJIBKO BBOJUT B 3a0JIyXACHHE. DKCIEPUMEHTHI IOKa3bIBAIOT, UTO,
IaKe TPEANPUHSB MEPHl MO YBEIWUYEHUIO TOYHOCTH 3aJaH¥sl HadaJbHBIX
yCIIOBUH, YAeTCsl TapaHTHPOBAHHO OOECIICYNTH BBIMAJCHUE OpJia WM PEIIKU
TOJIBKO TPW MajJoM dHciae OOOpPOTOB MOHETHI. 3HAYUTENIBHO Oolee
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NpaBJoNo00Hass MOJAENb IOJIy4aeTcsl, €CIM OTKa3aThCsi OT JUHAMHYECKOIO
ONMCaHMUsI U BBECTH B PACCMOTPEHUE CiydauHble BeauduHbl. [Ipenmosnoxum,

uyto v, =V, +¢&, rae V,, — nerepMuHMpoBaHHas COCTaBIsitoIlas, & — cioydaiiHas

BEJIMYMHA, PACMpPE/ICNICHHAs, HAallpUMEp, PAaBHOMEPHO B HEKOTOPOM HHTEpBAJIC
mupuHO Av ¢ uentpom V. Takad croxacTHdeckas MOJIENIb NEMOHCTPUPYET

3aBHCHUMOCTb OT V,, KAaueCTBEHHO COBIAJAIOUIYI0 C JKcrepumeHToM. [lpu

00JbIIOM 4YMCI€ BpallleHWd dYactota mnoBTopeHus crpemurcs k 0.5,
BEPTUKAJIbHBIE M TOPHU3OHTAJbHBIE YYACTKM Trpaduka criaxusatorcsa. [lpu
PaBHOMEPHOM 3aKOHE paclpeneiaeHuss ¢ HaOmoJaeMble 3aKOHOMEPHOCTH
yA00HO OOBSICHUTD, BBIACIUB Ha IIockoctu (puc.2.15,0) miouiaaky pasmepom
AvxAw c uentpom V. Eciu miomanka LeJIMKOM yKIablBaeTcsi B OacceiH

NPUTSHKEHUST TOTO WM WHOTO aTTPaKkToOpa, TO BCEr/la MPOUCXOIUT COOBITHE,
KOTOpPOMY JTOT aTTPaKTOP COOTBETCTBYET (YacTOTa BBINMAJACHHUS OJHON W3
cTopoH MOHeThl paBHa 1). Eciom mromaaka Bximodaer B cebs OaccelHbI
NPUTSDKEHUST 000MX aTTPAKTOPOB («OpJia» M «PEIIKH»), YacTOTa BBINAJACHUS
orpenensercss Jojied WX IUionianu. B olmeM ciydae 9acrtora BBINMAICHUS

«opay» ompenensercs uuterpasoM P{O}= H p(vy,0,)dv,dw, 1o Bceit obnacTy,

0
3aHUMaeMON  «0acCeiHOM TPUTSHKCHHS Opia», TIJae p — IUIOTHOCTh
pacrpezeaeHus: BEpOATHOCTEN ISt HAYaIbHBIX yCIOBHUIA.
Mol MNofl
1 1 e
i
il
Il |.||| | |I.. Db
0.5 Hos IRICEEAAY (1] .\..'.‘.J.'.'_"_',‘l'llik.g;-.gw
| L
(L
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" 4 5 12 % v — 12 16
0 4 v
a) 0)

Puc.2.16. Yacrora BbImajgaHus opia B 3aBHCUMOCTH OT HA4ajabHOH CKOPOCTH Vv, IIpH
(GUKCHPOBAHHOM 3HAYEHUH @,: a) TOYHOE 3aJaHHe HadaJbHBIX YCIOBHH; 0) ecTb

OOTpCIIHOCTDL B 3a/laHWKU HAYAJIbHBIX yCHOBI/Iﬁ

Kpome paccMOTpeHHON AaCHUMIITOTHYECKOM MOJEIM W CTOXaCTUYECKOM
MOJIEIM Ha €€ OCHOBE, MOXHO IPEIJIOKUTh M YHUCTO SMIIMPUYECKYIO
BEPOSITHOCTHYIO MOJIETIb. Hampuwmep, MOJKHO annpoOKCHMHUPOBATH
OKCIIEPUMEHTAIBHYI0 3aBUCUMOCTh BEPOSITHOCTU BBIMAJEHUS «OPJIa» OT
HAYaJbHOW CKOpOCTUM (WM CWJIbl NOAOpachiBaHusA) Tuna puc.2.14,B wuiu
puc.2.16,6 popmyoii
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I'maBa 2. /]ea nooxoda k mMooeiupo8anuro u npocHo3

z(v),0<z <1,
Ny /N =11, z>1, 5 a4
0, z<0, (2.44)

z(v)=0.5+ae ™ cos(cv).

MBI DpOMIUTFOCTPUPOBAIM BO3MOXKHOCTH OMNHMCAHUA OJHOIO M TOTO XK€
peanbHOr0  OOBEKTa  pa3NUYHBIMM  MOJEISIMU:  JAUHAMUYECKUMHU U
BEepOSTHOCTHBIMU. KaXk/ias U3 HUX MMeEEeT MpaBo Ha CYIIECTBOBAHHE M TOJIE3HA
ISl AOCTHDKEHUSI OMNPEAENEHHBIX Lelel. OJTO JIMIIHUK pa3 IOKa3bIBaeT
YCJIOBHOCTbD SIPJIBIKOB «JIMHAMUYECKasi CUCTEMay» WIM «CllyyaliHasl BEJTMYMHA» B
NPUWIOKEHUU K peallbHbIM CcUTyaluusM. Jlaxke «MexayHapOAHbI» CUMBOJ
CIIy4allHOCTH — MOHETY, TOJOPOIIEHHYI0 C BpalleHHUEM, — IIEIecOo00pa3HO
paccMaTtpuBath B OOIIEM cllydae C TIO3MIMH KOHIICTIIMK YacTHYHON
JIETEPMUHUPOBAHHOCTH.
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