MmaBa 10. PeKOHCTPYKUUNA YPAaBHEHUN: «H4EPHbIN ALUKY

«UYepHBI SAMMK» — 3TO OJHOBPEMEHHO W HambOoyiee TpyHaHas, U camas
«coOJla3HUTEIbHASY IIOCTAaHOBKA 3a7auyd MOJCIUPOBAHUS, KOTJA anmpHOpHAs
uHdopmaruss 00 o0OBEKTe, a, CIeNoBaTeIbHO, M O CTPYKType MOJEIN
OTCYTCTBYET. VIHTpUTa COCTOMT B TOM, YTO MO/IE]b, CIIOCOOHYIO BOCITPOU3BECTH
HaOJr0/1aeMoe TMOBEJICHUE WJIM JIaTh MMPOTHO3 JAJbHEHIIEH YBOJIOIHMH, HYKHO
MOJIyYUTh TOJBKO W3 HAOMIOJAaeMOro psiia, T.€. MPAKTHUYECKH «U3 HUYETO».
[Ilancer Ha ycmex HEBENWKH, HO B Ciydae YAyl «XOpoIIas») MOJIeINb
CTAaHOBHUTCS OYCHb IICHHBIM HHCTPYMEHTOM JUISI XapaKTEPUCTUKH OOBEKTa H
MOHMMAHHUS «MEXaHU3MOB» €ro (YHKIIMOHUPOBAHMS: «IOYTH Oyied MOKeT
MPUBECTH K OOJBIIIOMY BBIUTPHIITY». OTCYTCTBHE anmpHOPHOW HHQPOpPMAIUU
BBIHYJKJIA€T MCIIOJIb30BaTh YHUBEPCAIBHBIE CTPYKTYPhl MOJACIBHBIX YPaBHEHUH,
HapuMep, B KaueCcTBE (PYHKIMH B MPABbIX YaCTAX MCIOIb3YIOT UCKYCCTBEHHBIC
HEHPOHHBIE CETH, paduaibHble Oa3ucHble (QYHKIMK, alreOpandecKue
MHOTOYJICHBI M T.J1. Takue MOJENH 3a4acTyl0 OKa3bIBaIOTCS MHOTOMEPHBIMU M
COJICPIKaT OYEHb MHOTO HEU3BECTHBIX ITAPaMETPOB.

Y4auThIBas, YTO BpPEMEHHBIC PSIbI BCEX MHOTOUYHUCIICHHBIX MEPEMEHHBIX
TAKOH MOJICNIN JIOJDKHBI OBITh HEIOCPEICTBEHHO W3MEPEHBI WM TIOTYYCHBI 10
psagy  HaOmrOgaeMol, dTalm  «PEKOHCTPYKIMH»  PSJAOB  HEIOCTAIOIINUX
IEPEMEHHbIX  PUOOPETACT B JAHHOM MOCTAHOBKE HCKIIOUUTEIBHYIO BAYKHOCTS.
Ero TeopetnueckoMy 000CHOBaHHMIO TOCBSIICHBI U3BECTHBIC TEOpEeMbl TakeHca,
KOTOpbIC YIOMHHAIOTCS IO HEOOXOJMMOCTH W TIO TPAIWIMH BEChbMa YacTo
(m. 10.1).

He MeHee BakeH M TPYJIEH B MOCTAHOBKE «YECPHOTO SIIIMKA» CIICAYOIINUN
dTalm — AamnmpOKCHUMAIMS 3aBUCHMOCTH CJIEIYIONIETO 3HAYECHHUS BEKTOpa
COCTOSTHUSL OT TeKymero (mpu TOCTPOSHUH MOJEIBHBIX OTOOpaKCHHIA
x,,, =f(X,,¢)) WIM CKOPOCTH H3MEHEHHS BEKTOpa COCTOSIHUS OT CaMoOro

BekTOpa (TpU TIOCTPOSCHWU MOMAETHHBIX U epeHITnaNIbHbIX YpaBHEHUH
dx/dt =f(x,¢)). Ha mnpaktuke OOBIYHO yHaeTcsi AOOHMThCS ycrexa, eciu

OKa3bIBAaCTCs JIOCTATOYHBIM HCIIOJIb30BAaHHE HE OYEHBb OOJBIION pPa3MEPHOCTH
Mojenu, rpy0o roBopsi, He Oosee 5-6. [[ns mocTpoeHus mojeneit OombIneit
pa3sMepHOCTH TpeOyIOTCS OTpOMHBIE O0BEMBI IKCIEPUMEHTANBHBIX JaHHBIX, a
anmpokcuManuss  QYHKIMA ~ MHO2uX  TIEPEMEHHBIX  HAMHOTO  CJIOXKHEE
OpuOIMKEHUsT  OJHOMEpPHBIX  3aBuUcuMmocTed  (mm. 7.2, 9.1, 9.3).  Ilpuuem
TPYAHOCTH OBICTPO HAPACTAIOT C POCTOM Pa3MEPHOCTH MOJAETH — 3TO TaK
Ha3bIBAEMOE «IIPOKIIATHE pazMepHOCTH» [254], OCHOBHOE MPEMSITCTBUE IPH
MOJICITUPOBAHUN MHOXKECTBA PEAIbHBIX MPOIIECCOB.

1 o
l'oBopsT Takke O «PEKOHCTPYKUMHU (a30BOH TPACKTOPUM» U «PEKOHCTPYKLUHU BEKTOPOB
COCTOSTHUSI».
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UtoOBbl pa3BesATh MECCUMHCTHYECKHE HOTKH TPEAbIAYIUX ab3ales,
OTMETUM, YTO W B TAKOW TSKEJIOW IMOCTAHOBKE, KaK «UYEPHBIM SIIUK», TOXKE
yaaeTcsl TOOUThCS ycrexa Mpyu MOJICITUPOBAHUH PEaTbHBIX CIOKHBIX OOBEKTOB.
DTOMYy €CTh HEMajo MPUMEPOB, MOJYYEH Psii KPACUBBIX TEOPETHUUECKUX
pe3yIbTaTOB W pa3paboTaHbl TMPAKTHYECKHE aJITOPUTMBI PEKOHCTPYKIIHUH,
KOTOpPBIE BO MHOTHX CIIy4asX OKa3bIBalOTCA BechbMa 3(P(GEKTUBHBIMHU IS
MIPOTHO3a U JOCTHKEHUS IPYTUX LIEJIeN MOJCIUPOBAHUS.

10.1. PexoncTpykuusi ¢pa3zoBoil TpaeKTOPHUHA

B cooTrBercTBUM CO CKa3aHHBIM B II. 6.1.2, Ip¥ MOCTPOEHUHU AIMITUPUUECKUX
MOJICIICH 110 BPEMEHHOMY DSy {77(11),77(1‘2 ),...,n(tN)} MO>XHO HCIIOJIb30BaTh B

KauecTBe  HEAOCTAIOIIMX  IEPEMEHHBIX  IOCIENOBaTENIbHbIE  3HAYEHUS
HaOr01aeMoi (BexTop COCTOSIHMS MOJeIn
x(¢,)=[n),nt +7),..,nt +(D-1)7)], Tne 7 — BpemMs 3aAEPXKKH), €€
MOCJIeI0BaTEIbHbIC MPOU3BOAHbBIE (BekTop COCTOSIHMSI
x(ti):[n(ti),dn(t,.)/dt,...,dD_ln(t,.)/dtD_l]) U T.JO. OTU TOAXOIbl YacTo
NPUMEHSUIMCh C JIaBHUX MOp Jaxe O0e3 chenualbHOro obocHoBaHus. Tak,
NepBbIA M3 HUX HUcCHoJb3yercs ¢ 1927 ropa [338] mpu HNOCTPOCHHM LIUPOKO
U3BECTHBIX aBTOPETrPeCCHOHHBIX Mojeneil (cMm. (4.12) B m. 4.4), rae Oyayuiee
3Ha4YCHHE HAOJI0IaeMON MPECKA3BIBACTCS 110 HECKOJIBKUM MPEABITY M. JTO
BBITJISIIUT  BIOJTHE  Pa3yMHO: €CIM  HET JApyrod HWHPOpMAIUH, KpoMe
HaOIII0TaeMOTO Psiia, TO HA YTO e €IIe ONMUPaThCs MPH MPOTHO3E, KaKk HEe Ha
npeabIAyIue 3HaueHusl HabJt01aeMOM WM KaKhe-TM0o ux KoMOuHauu?

B navane 1980-x ronoB Obula moka3zaHa CBSI3b 000MX 3TUX SMIUPHUYECKUX
HOJXOJOB C TeOopHUel [WHAMUYECKHMX CHCTEM. bBBUIO J0Ka3aHO, 4YTO MpH
PEKOHCTPYKLUMU MO CKAJISPHOM BPEMEHHOW pealnu3aluuul OUuHAMUYECKOU
cucmembl’ W METOJ BPEMEHHBIX 3aePiKeK, M METOJ MOCIIeI0BATEIbHBIX
MPOU3BOJHBIX TapaHTHPYIOT, YTO B HOBBIX IMEPEMEHHBIX OyAeT MOJYyYEHO
SKBMBAJICHTHOE  OMHCAHME MCXOMHOW IMHAMHKM MpPH JOCTATOYHO OOJIBIION
pa3MepHOCTH BOCCTAHOBIIEHHBIX BEKTOPOB D. A MMEHHO, JOJKHO BBITIONHSATHCS
ycioBue D >2d , tne d — pa3mepHOCTh MHOKecTBa M B (pa3oBoM mpocTpaHCTBE
FICXOJHOM CHCTEMbI, HA KOTOPOM MPOUCXOIHT MOACIHUPYEMOe ABIKeHHe. DT

? [Ipn HEKOTOPBIX YCIOBUSIX TIIAAKOCTH, cM. Hike 1. 10.1.1.2.

3 Tounee, nuddeomopdroe omucanme, . 10.1.1.2.

* MHOXecTBO M — KOMIIAKTHOE IJIaJIKOe MHOr000pas1e, a BEMMUHHA d — €r0 TOMOJIOrHIecKast

pasMepHocTh, cM. 1. 10.1.1.2. Ectb 0000111€HMSs TE€OpEMBI Ha CIy4ail HerinaJIkux MHOKeCTB M

1 (QpakTadbHOW pa3MEpPHOCTH d, KOTOpBIE MBI 37iech He oOcykaaem [299]. 3amerum, 4TO

MHOKECTBO M, O KOTOpOM HAET pedb B TEOpeMax, He 0053amenbHO COOTBETCTBYET

JBIDKEHHIO Ha arTpakrope. Hampumep, mycTe uccieqyemas cUCTeMa MMEET aTTPakTop —

npeaenbHbil ki C, KOTOphIM «HaMmoTaH» Ha Top M. Ecnum Hac uHTEpecyeT ommucaHue

TOJILKO yCTAHOBUBUIETOCS MEPHOANYECKOTO ABMKEHHUS Ha nukie C, To, COIJIacHO Teopeme
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YTBEPK/ICHHSI COCTABIISIIOT COJIEpKAaHUE 3HAMEHMUTHIX TeopeM TakeHca [323],
cm. . 10.1.1.

[TomuepkHeM, 4TO TEOPEMbI OTHOCSITCSI TOJIBKO K CIIy4aro, KOTJ1a UCXOJHBIN
00BEKT — OJunamuueckasa cucmema (cm. 1. 2.2.1, c. 44). Ilpu moxenupoBanuu
peanbHBIX OOBEKTOB MCIIOIB30BAHUE YIMOMSHYTBIX METOJOB BO3MOXKHO U 0€3
YIOMHUHAHUA O TeopeMax (Kak U JIeNajoch Ha MPOTSHKEHUU HE OJHOTO JECSITKa
JIeT), T.K. Ha IPAKTHKE HeJIb3sl IPOBEPUTH, BBIIIONHSIOTCS JIH yCIIOBHS TEoOpeM, a
pa3MepHocTh d HenszBecTHa. Ho 3HaueHne TeopeTHuecKkux pe3ysibTatoB TakeHca
BCE JK€ JIOCTATOYHO BEJIMKO. Bo-mepBhIX, mocie HUX CTalO SCHO, YTO JUIS
JIOCTaTOYHO HIMPOKOTO KJIacCa CHCTEM YIOMSIHYTBIE METO/bI C TapaHTHEH Jar0T
HEJIOCTAIONINEe TIepEMEHHBbIC, TPUTOJHBIC ISl TOCTPOCHUS JUHAMUYECKOU
Monenu. Tak dYTO TeopeMbl «OJarocCioBISIOT» TMPAKTUYECKOE TMPUMEHEHHE
METOJIOB, OCOOEHHO €CITM €CTh KaKue-In00 COOOpakeHUs B MOAIEPXKKY TOTO,
YTO YCJOBUS TEOpEM JJsl JaHHOW CHUTyallud BBIMOJHSIOTCS. BO-BTOPBIX, C
OTIOpPOIl HAa WJEH TEOPUU AMHAMHUYECKUX CHCTEM BIOCJIEICTBHM OBLIN Pa3BUTHI
HOBbIE  TIOJIE3HBIE  MOAXOABl K  MOAOOpPY  MapaMeTpoB  alropuTMa
PEKOHCTPYKLIMU — BPEMEHHU 3aJCepKKH 7 (Hampumep, TMepBbIH MHHUMYM
(GyHKIMU B3aUMHOHN MH(pOpMAINH), pa3MEPHOCTH MoAenu D (Hanpumep, METO.
JIOKHBIX OJMKaMImMx cocene) u T.4., cM. 1. 10.1.2.

10.1.1. Teopemsr Takenca

[TosicHuMm cHavanma HECTPOrO COJIEpP)KaHUE TEOpEeM Ha MPOCTOM MpHMEpe
(m. 10.1.1.1), a 3areM mnpuBEIEM HX MaTEeMATUYECKYI0 (OPMYIHPOBKY H
o0cyMM HEKOTOpble aeTanu Ha Ooisee cTporom sizbike (m. 10.1.1.2). B nannoii
rmaBe Mbl OyneM oO0oO3HauaThb BEKTOP COCTOSIHUSI MCXOJHOM CHCTEMBI y B
OTJIMYME OT BOCCTAHOBJIEHHBIX BEKTOPOB — X. O003HaueHne d OTHOCUTCS 6ce20a
K pa3MEpHOCTH MHOKeCTBa M B (a30BOM MPOCTPAHCTBE MCXOJHON CHUCTEMBI
(3TO He 00s13aTENIBHO Pa3MEPHOCTh BCETO MPOCTPAHCTBA, T.€. BEKTOPOB y), a D —
3TO Pa3MEpPHOCTh BOCCTAHOBJIEHHBIX BEKTOPOB X U, CJI€I0BATEIbHO, MOJEIIH.

10.1.1.1. IosicHuTebHBIN TpuMep. [IycTh 00BEKT MpeACTaBIAET COOOM
TPEXMEPHYIO IWHAMHUYECKYI0 CHCTEMY C HEMpPEpBhIBHBIM BpeMeHeM. Bektop
coctosdHuss 'y =(),V,,V;). llycTb NBHXKEHHE NPOUCXOAUT Ha MPEACIbHOM

nukie (puc.10.1,a), T.e. Ha MHOXKecTBe M paszmepHocTu d = 1.

TakeHca, I PEKOHCTPYKIMU JOCTaTOYHO HCIONB30BaTh [ > 2 MOJENbHBIX MEPEMEHHBIX.
Ecnu ke HyXHO OIMcaTh ABMKEHHE HA BCEM TOpe M, BKIIIOYAsl U MEPEXOJHBIE MPOLECCH HA
HEM, TO HYXHO D >4 mnepeMeHHbIXx. OOBIYHO Ha TPAKTUKE HMEETCS OJHA peaau3aius,
KOTOpas COOTBETICTBYET YyCTaHOBMBIIEMycs mpoueccy. [loatomy u roeopsr yacro o
PEKOHCTPYKIMH aTTPaKTopa.

> HackombKo BOOGIIE MOKHO TOBOPUTH O BBINOJHEHUHU YCIOBUHA MAaTEMAaTHYECKOU TEOPEMBI
MPUMEHHUTENIBHO K peabHOMY OOBEKTY .
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Ecnu Obl Habmoganmucy Bce TpU NMEPEMEHHBIX ),V,,V; (BCE KOMIIOHEHTHI

BEKTOpAa y), TO MOXHO ObUIO OBl Cpa3y NPUCTYHaThb K alllpOKCHUMALUU
3aBUCHUMOCTH CIIEIYIOIIEr0 CcOoCTOsiHUS y(f+7) oT Tekymero y(z). Ora

3aBHCHMOCTh OJHO3Ha4YHa, T.K. Y — BEKTOp coctosiHus. [locrmennee o3Hauaer,
o %
9YTO KaXKABIM pa3, Korja HaOIrogaeTcss HEKOTOpOoe 3HAa4YeHHe BEKTopa y =Y ,

yepe3 (UKCUPOBAHHBIN HMHTEPBaJl BPEMEHHM KaXKIbIi pa3 OyaerT HaOIroaaThCs
OJTHO U TO k€ COOBITHE (0JTHO M TO ke Oyaymiee). Eciu sxe HaOmrogaroTes He BCe
KOMITOHEHTBI BEKTOpAa COCTOSIHHSI, TO CHUTyalHs MOXET OBITh CIIOXKHEE.
[TocTaBUM BOTPOC: CKOJBKO M KaKUX MEPEMEHHBIX JIOCTATOYHO HCIOJIb30BATh
JUT HDKBHBAJEHTHOTO OMHCAHUSA WCXOAHOW JWHAMUKH, a KaKWe BapUaHTBI HE
MOAXOAAT JJI 3TOT0?

ITockonmbky MHOXkEcCTBO M, Ha ¥, -
KOTOpPOM MPOUCXOIUT } ,{ @
paccMarpuBaemMoe JIBUKEHUE, ﬂM - -J
omHoMepHo (d=1), To pomkHa
CYIIECTBOBaTh  TaKas  CKAJIAPHAS s ¥ X =
JTUHAMUYECKAs nepeMeHHasl, c
MOMOIIBI0 KOTOPON MOKHO OIUCATh a) 0)
3TO JIBUKEHHE. Hampumep,
3aMKHYTYI0 KpuByro M (puc.10.1,a) l
MOXXHO OTOOpa3uTh Ha OKPYKHOCTh —
(puc.10.1,6). BakHO, 4TO TpH ITOM H L
MOXXHO 63AUMHO OOHO3HAYHO CBSI3aTh B)

BEKTOPBI y(t) Ha 1uKiIe M ¢ yriom Puc.10.1. OmHoMepHOE MIPEACTABICHHUE
JUHAMUKN Ha TpeAeibHOM IukKie (a) ¢
MOMOIIbI0 OTOOpakeHUsI Ha OKPY>KHOCThH (0)
U TPOCKIMH Ha KOOPAMHATHYIO OCh (B).
O/THO3HAYHOCTH, rnepemMenHas  Pasmepnocts ¢azoBoro MPOCTPAHCTBA
¢ TONHOCTBIO  3a4aeT  COCTOSIHHE UCXOJHOW CHCTeMBbI paBHa 3, Pa3MEpHOCTb
MHOro00pasust M — 3aMKHYTOH KpuBoit d = 1,
pPa3MEpHOCTh «BOCCTAHOBJIEHHBIX» BEKTOPOB
COOTBETCTBYET OJITHOMY M TOMY K€ B obomx cioydasx D=1. JIBa pasHbIX
WCXOJIHBIX COCTOSIHHS (YEpHBIE KPYXKKH Ha
PUCYHKE a) COOTBETCTBYIOT IBYM pPa3HBIM
MOMCHT BpEMCHU. Pacmonarast  roukam na oxpyxuoCTH (pHCYHOK 6) 1 OZ[HOIL
HaOJIFOIaeMO ¢, MOXKHO CTPOUTh M TOil 3Ke TOYKEe Ha OCH (PHUCYHOK B).

onHoMepHyto (D =1) ounamuuecxyro OroOpaxeHue  LMKIA HAa  OKPYXHOCTb
Modens ¢ X, = ¢ B3aWMHO OJTHO3HAYHO, & Ha OTPE30K — HET
1 - .

Y

MOBOPOTa TOYKH HAa OKPYXHOCTH
#(1).0 bnaronaps B3aUMHOM

*
cUCTeMBbI: 3HaueHue (a3pl ¢ Bceraa

*
3HAaYEHUIO BEKTOpa Yy B TOT IXKe

Ho manexko He kaxkmas TMepeMeHHas TOIXOAUT Il OJHOMEPHOTO
JTMHAMHYECKOTO OMHMCAaHMs. Tak, ecii HaOII0AaeTCs JIUIIb OJHA U3 KOMITOHEHT
BEKTOpa y, HapuMep ), TO 3aMKHYyTast KpHBasi 0TOOpakaeTcst Ha OTPe30K (3TO

ra nepeMeHHas — «CBepHyTas» (a3a kojaeOaHHi, paccMaTpuBaBIIascs B 11. 6.4.3.
257



Yacrts II. Mooderuposanue no epemennvim psaoam

IMPOCTO IPOCKIUA Ha OCbh yl) 210 0To6pa>1<eHHe HC B3aMMHO OJHO3HAYHO:

KaXk0fl TOUKEe OTpe3Ka C KOOPIAMHATOH Y, () COOTBETCTBYIOT, 1O MEHBbIIE
Mepe, JiBa BEKTOpa COCTOSHUS Yy(f), OTJIMYAIOIIMECs HampaBICHUEM
JaJbHEHINEro IBIDKEHHS — B CTOPOHY YBENHUYCHHS WM YMEHBIIECHHS Y, T.C.
BJIEBO MJIM BIIPAaBO Ha ocu ), (?), cM. puc.10.1,a,B. Takum obpa3om, 3agaHue y,
HE ONpeneNisieT OJHO3HAYHO COCTOSHUS CHUCTeMbl. Eciam HabmomaeTcs
HEKOTOPOE 3HAa4YEeHUE )| = )’1* , TO 4epe3 (UKCUPOBAHHBIM WHTEPBAI BPEMCHH

MOXKET peaqn30BaThcs OAWH W3 JBYX (Wiau Oosee) BapuHaHTOB OyIyIIero.
[TopToMy  oaHOMEpHOE  OmMcaHWe  HAOMIOAAEMOTO  JIBIKEHUS  TpHU
UCIIOJIb30BaHUM NIEPEMEHHON X; = ), HEBO3MOXHO.

Wtak, npu UCnosib30BaHUU Pa3MEPHOCTH MOJENN D, paBHOM pa3MepHOCTH
HAO0JII0AeMOr0 JIBMXKEHUSI d, TOCTPOCHUE JIMHAMHYECKOM MOJEIH MOXKET
OKa3aThCsl KAaK BO3MOXKHBIM (€CJIM «IIOBE3JIO»), TaK M HEBO3MOXHBIM. Oba
BAPHAHTA THIIHYHBL. JTO yTBEP)KICHHE MbI MPOMIIIOCTPHUPOBATH HA IPOCTOM
npuMepe, HO OHO CHPABEUIMBO U B OOIIEM CITyyae.

Uto MeHseTCS €clIM MCIOoJIb30BaTh JABYXMEpHOE omnucaHue? 371ech
OKa3bIBAIOTCS BO3MOXXHBIMH M THUIWYHBIMH Te e JBe cHuryanmun. OHHU
npousuTrocTprupoBanbl Ha puc.10.2. PaccMoTpum B KauecTBE HAOII0/IaeMbIX JBE

X X KOMITOHEHTBI HCXOJIHOTO
y M BEKTOpa COCTOSIHUS — ), U Y,
| T.C. MOJI€TbHBIN BEKTOD
J x=(y,,7,). OTO COOTBETCTBYET

IIPOECKIIMY 3aMKHYTOW KPUBOW HA
¥ IUIOCKOCTS ( V;,Y,). B nmpoexuun

MOXXHO HaOII0JaTh 3aMKHYTYIO
KpHBYIO 0€3 camoIlepeceueHuit
(puc.10.2,a) WJIn c
X =¥ K=V roura Cavonepecenern CaMOIIepECEYCHUAMU

a) 0) (puc.10.2,6), B 3aBUCUMOCTH OT
Puc.10.2. Jlea cnyuas mnpu mpoeumposamun  POPMBI 3aAMKHYTOH KPHBOH H e
OJHOMEPHOTO MHOTOOOpa3us M3 TpexMepHoro OPUEHTALUMU B IPOCTpaHCTBE. B

NPOCTPaHCTBA B JIByXMEPHOE: a) B3aUMHO  TICPBOM CJIydyae CBSI3b UCXOIHOU
OJIHO3HAYHOE OTOOpakeHue, 0) He B3aUMHO 3aMKHYTOH KpHBOH M  ee
OTHO3HAYHOE (B TPOCKIMH TMOSBHIACH TOYKA
camoIIepeceyeH s KpUBOH)

IIPOCKLIMM B3aMMHO OJHO3HAYHA,
T.e. JIBYXMEPHBIE BEKTOPBHl X
IIOJIHOCTBIO OIPEACIISIIOT COCTOSIHUE U MOTYT MCIIOIb30BaThCs IJIS ITIOCTPOCHHUS

TUnUYHOCTE 37€Ch M HIKE MOHHMAETCS B CMBICIE «rpyOOCTH», «ciaydas oOLero
MOJIOKEHHSD», T.€. CUTyallMsi HE MEHSETCS MPH «MaJOM LIEBEJICHHM» HCXOJHOW CHUCTEMBI U
HaOmoaemMoii. boiee crporyto ¢popmynupoBky cM. B 1. 10.1.1.2.
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JWHAMHA4YECKOW wmoaenu. Bo BTropoM ciydyae 310 He Tak. Touka
caMoIIepeceUeHUs yl* , y; Ha Iwiockoctd (y,v,), puc.10.2,0, cooTBeTcTBYET
JIBYM PA3JIUYHBIM COCTOSTHUSIM MCXOJHON CUCTEMBI (T.€. CBSI3b X U Y HE B3aUMHO
onHo3HayHa). [TosTOMy, KOr]a HaOMIOAAIOTCS 3HAUEHUS yf , yz, TO Oyay1iee 1o

HUM OJHO3HAYHO NPCACKAa3aTb HCIb3A. 3Ha‘II/IT, C IOMOIIBIO TAKOI'0 BEKTOpa X
HC YIaCTCA OCYHICCTBUTHL JUHAMHWYCCKOC OIMMCAHUC Hpouecca.8

Ananornunas cuTyanusa UMCCT MECTO, CCJIM B KAaUYCCTBC IBYX IMCPCMCHHBIX
MOZCJIHN UCIIOJB3YIOTCA HE Y| U ),, a4 ABC ICPECMCHHBIX, ITOJTYYCHHBIX JIOOBIM U3

YIOMSIHYTBIX BbIIe MeTonOB. Ilycth HaOmomaemas n=~h(y), rtoe h —

MPOM3BOJIbHAS TIAKasl (M3MEpPHUTENbHAs) (PYHKIMSA, a KOMIIOHEHTBI BEKTOpa X
MOJIyueHbl METOJIOM BPEMEHHBIX 3ajepxkek X(t)=(7(¢),n(¢+7)). [Ipu sTOM, B

3aBUCUMOCTH OT /1 ¥ 7, MOKET UMETh MECTO CUTyalusl, aHajgoruunas puc.10.2,a,
— HET caMolepeceueHruid Ha TUIOCKOCTH (xl,xz), HO CTOJb K€ THUIIMYHA H

cutyauust puc.10.2,06, korga IMHAMHUYECKOE MOJIETUPOBAHUE HEBO3MOXKHO.
Takum oOpa3om, Hake YHCIO TEPEMEHHBIX OOJbIIee, YeM pa3MEepPHOCThH
UCXOAHOIO JABWXEHusaA, D=2>d=1, ne eapanmupyem BO3MOXKHOCTH
JMHAMHYECKOTO OMMCAHUS.

Haxkomnern, paccMoTpuM TpexMepHoe npeacrasieHue. Hanpumep, koraa s
HaOIF01aeMOM n="h(y) BEKTOPHl  BOCCTaHABJIUBAIOTCS B BHJIC

x(t)=((),nt +7),n(t+27r)). OOpa3 UCXOMHOH B3aMKHYTOH KpPUBOH B
TPEXMEPHOM MpPOCTpaHCTBE (X;,X,,X;) — TakXke 3aMKHyTas KpuBas. W B

TUIIAYHOM CJIy4ae OHa TOXKE HE MMEET CaMOIIePECEUYCHH. DTO O3HA4YaeT, YTO
UMEET MECTO B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIy BEKTOpaMU X U Y.
HcxonmHoe IBWKEHHE Ha TIPEACITBHOM IMKJIE MOXKET OBITh 3KBHBAJIICHTHO
OMKCAaHO C MOMOIIbIO BEKTOPOB X. BooO11ie roBopsi, camonepeceueHre KpuBou B
IPOCTPAHCTBE X;,X,,X; MOKET UMETh MECTO, HO 3TO CUTyalUsl BBIPOXKAEHHAs,

HeTUnu4Has. VHTYyWTHBHO HE  TPYIHO COTJIACUThCS C  TEM, HYTO
caMoTIepeceueHUe KPUBOW B TPEXMEPHOM ITPOCTPAHCTBE, TPyOO TOBOPS, KpaiHe
MaJIOBEPOSITHO.

Htak, B pacCMOTPEHHOM NIpUMEpPE SKBUBAJICHTHOE OMHCAHUE TUHAMUKHU
JNOCTUTAETCA ¢ e2apanmueld TOJIbKO TPHU BOCCTAHOBICHUM B IPOCTPAHCTBE
pasmepnoctu D > 2d 2 DT0 ¥ ecTh OCHOBHOE yTBepkJeHne TeopeMm TakeHca.
[ToguepkHeM, 4TO 3TO — docmamounoe yciaoBue. B OTACNBHBIX CITydasX MOXKET
OKa3aThCs BO3MOXKHBIM JKBUBAJCHTHOE OMHUCaHue aaxe npu D=d (mpu
ynadyHoit HaOmogaeMoi). Ilpu peKOHCTPYKIMM YpaBHEHHWNW Ha IIPAKTHKE
Teopema TakeHca CIIYXKUT JHUIIb IS JOTOJHUTEIBHONM TMCHUXOJOTMYECKON

8
OTO BO3MOXHO TOJIBKO JIOKAJIBHO — B YAAJIEHUH OT TOUKH CaMOIIEPECEUEHUS.
9
OKBHUBAJICHTHOE OIMCAHHUE JIBWKEHHUs Ha MPEIesIbHOM ILMKIE rapaHtupyercs npu D =3,
Jla’Ke €CIIM ATOT LUKII «GKUBET» B OECKOHEYHOMEPHOM (Da30BOM MPOCTPAHCTBE.
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YBEPEHHOCTH, BEIb COIVIACHO €U CYLIECTBYET KOHEYHAs Pa3sMEPHOCTb MOJIEIU
D, npu KOTOpPOW BEPOATEH yCIEeX AMHAMUYECKOro omnucaHusi! PeanbHO ke
OPUXOJUTCS TPOOOBATh pa3NUYHbIE 3HAYeHHS [, HaYMHAS C MajblX, H
CTapaThCsl MOIYUYUTh «XOPOLIYIO» MOJENb KaK MOXXHO MEHBLIEH Pa3MEpPHOCTH,
4TOOBI M30€KaTh TPYIHOCTEH, CBS3aHHBIX C YIOMSHYTBHIM BBIIIE (IIPOKIATHEM
Pa3MEpHOCTI.

10.1.1.2. MartemaTtuueckue aeraau. CdhopmynmupyeM TeopeMbl Ooiiee
ctporo. [ns aToro morpedyercst BBECTH PsiJi TEPMUHOB U 0003HaueHui. [lycTh
O00BEKT MPECTABISIET COO0N TMHAMUYIECKYIO CHCTEMY:

y(ty +1)=@,(y(t))),
() =h(y(@®)),

rae 'y — Bektop cocrosiHus, @, — omeparop sBomounu, h — usmepurenpHas

(10.1)

dynkmms. '’ Bektop HabI01aeMBIX KOHEUHOMEpPeH N € R”, mpideM Mbl Oyaem

TOBOPUTH TOJIBKO O HauboJiee paclpOCTPaHEHHOM (M HamOoJee CI0KHOM JUIs
MOJEJINPOBaHMs) CIIy4ae CKaISIpPHOIO BpEMEHHOro psina 77(¢;), m = 1.

Mnozoobpasue. I1ycTb NBUKEHNE CUCTEMBI IPOUCXOIUT HA MHOTOOOpa3uu
M KoHeuHoil pasmepHocTH d.'' MHoroo6pasue — 310 0GOOIICHHE MOHATHS
TJIAJIKOM MMOBEPXHOCTH B €BKJIMJIOBOM IMPOCTPAHCTBE (MOJAPOOHOCTH CM. B [58,
112, 299] u [115, c. 244-248]). I'py6o, d-mepHoe MHOrooOpazue M — 3T0
MOBEPXHOCTh, KOTOPYIO JIOKAILHO B OKPECTHOCTH KAaXJIOH TOYKH MOYKHO
napaMeTpu30BaTh C MOMOIIbIO d €BKIWIOBBIX KOOpAHWHAT. [[pyrMMU ClIOBamu,
00y TOUKy p €M U ee JOKalbHYI OKpecTHOCTh U(p) MOXKHO B3aUMHO

OJIHO3HAYHO W B3aMMHO HEIMPEpPhIBHO OTOOpa3uTh Ha d-MEpHBIA (parMeHT
(manpumep, map) npocrpanctBa RY. TlomywenHeii o6pas W:U — ¥(U)

Ha3bIBAIOT Kapmou OKPECTHOCTH, a CaMO HempepblBHOE oToOpaxkeHue WV —
romeomoppuzmom. IlpuMepamu IBYXMEpPHBIX MHOro0Opa3vii B TpEeXMEPHOM

1 Ecrnr 06bexT — otoGpaxenne y(t,,,) = F(y(¢,)), To oneparop »omoruu d ,,(y(z,)) ectb

n+1
npocto ¢yukims F. Eciu o6bext — cucrema OJY dy/dt = F(y(¢)) , To dynkuus @, (y(z,)) —
pe3yabTaT uHTerpupoBanus OJlY Ha uHTepBane mmpuHON f. Ecnum mcxomgHas cucrema —
ypaBHEHHE B YACTHBIX TPOM3BOAHBIX Oy/df = F(y,dy/or,d%y/or?,.), rtme r —
MIPOCTPAHCTBEHHAsT KOOpJAMHATA, TO Y €CTh BEKTOpP OecKoHeuHOMepHO20 TPOCTPAHCTBA

bynkumii y(r), a @, — oneparop, AeHCTBYIOMMI B 5TOM IPOCTPAaHCTBE.

H ODTO MOKET HMETh MECTO Jaxe A 66CKOH€"IHOMepHOI\/’I CHUCTCMBI. I[J'If[ OITMCaHUsA

MHOTOMEPHBIX CUCTEM BBOJIUTCS TIOJIE3HOE TMOHATHE UHEPYUATbHO20 MHO2000pasus [115]. He
CTpOro, 3TO MHOroo0Opa3ueé MMHUMAJbHOM pa3MEpHOCTH d, Kaxzaas TOYKa KOTOPOIro
MOJTHOCTBIO ~ OTIPENENIIeT COCTOSIHUE MCXOJHOW CHUCTEMBl. BenmuuuHbl, ompenensioniie
MOJIOKEHUE TOYCK HAa MHOT000pa3uu (d MTYK), HA3bIBAIOT nApAMEMPAMU NOPAOKA.
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€BKJIMIOBOM IPOCTPAHCTBE SIBISIOTCA cdepa, Top, OyThUIKA ¢ PYYKOM U T.II.
(puc.10.3,a), HO He (BOIHOMN) KOoHYC (puc.10.3,0).

a)
Puc.10.3. IIpumepsl MHOKECTB, KOTOPBIE SIBISIIOTCS (2) ¥ He ABISIOTCS (0) MHOTOOOpa3UsIMH

Ectm ¥ — n pa3 muddepeHuupyemoe o0TOOpaK€HHE C TaKUM KeE

o0paTHbIM, TO TOBOpAT, 4yr0 M mpuHamiexutr kiaccy C". B ciayyae n>1
orobpaxenne V¥ HazpBaoT Juggeomoppuzmom. Eciu muOroodpasme M
oToOpaxkaercs ¢ momompio aupdeomoppusma ¥ Ha MHOroobpasme SeR”,
D>d, o M u S HazpBalOT oughgpeomoppuvivmu npyr npyry. Ilpm stom
TOBOPAT, UTO S — 10vceHie MHOT00Opasys M B eBKIIHIOBO IPOCTPaHCTBO R
Hwmwxke mnorpebyercst emie, 4To0bI MHOTOOOpasue M OBLIO OrpaHUYCHO U
3aMKkHYTO. llepBoe ycrmoBue O3HayaeT, YTO €ro MOXKHO 3aKJIIOYUTh B IIAp
KOHEYHOI'0 pajyca, a BTOPOe — TO, UTO BCE MPEJEIbHbIE TOUKM MHOI000pa3us
M npunamnexxar emy xke. Takoe MHorooOpazue M B KOHEYHOMEPHOM
MPOCTPAHCTBE HA3ZBIBAIOT KOMHAKMHBIM.

Ilocmanoska eonpoca u ob6o3navenus. Kaxnoll (a3zoBoil TpaeKTOpHUH
cuctembl (10.1) y(¢), 0<t<oo, Ha MHOrooOpasuu M COOTBETCTBYET

BpEMEHHas peaym3aiius HaOiogaemMon BenudauHbl 77: 77(¢) = h(y(¢)), 0<t <.
Bekrop y(#,) onHO3HauyHO ompenenser Oyayuiee noseaenue cucremsl (10.1), B
4aCTHOCTH, BCIO peanu3auuto 77(¢), ¢ = ¢,. MoHO 11 1o parMeHTy BpEMEHHOM
peamuzanuu  77(f) B OKPECTHOCTM MOMEHTa f, OJHO3HAYHO OIPEICIIUThH
HOJIOKEHHUE CUCTEMbI Ha MHOrooOpa3uu M B MOMEHT {,, U, ClIeI0BaTEIbHO, BCIO
Oyayuiyto 3Boonri0? JIpyruMu ClIOBaMM, MOXHO JIM N0 3Ha4YeHHsM 77(f) Ha

OrpaHUYEHHOM HMHTEPBAJIE BPEMEHU «BOCCTAHOBUTH) COCTOSHHE CUCTEMBI? JTO
KJIIOYEBOM BOIPOC, U TEOpEMbI TakeHCa AArOT MOJOKUTEIbHBIA OTBET HA HETO
MIPU BBIMOJHEHUU Psiia YCIOBUM.

Chauana  BBeJAeM  HeoOXoAuMmblie  OOO3HAYEHUS I CTPOroro
paccMOTpeHHIO MeToJia 3ajepkek. [loctaBuM B cooTBeTcTBHE BEKTOpY Y(f) D-
MepHbI Bektop X(¢) =[n(?),n(t + 7),...,n(t + (D —1)7)]. 3aBUCUMOCTH X OT Yy

(umeroTcst B BUJly 3HAUEHHS BEKTOPOB B OAMH M TOT K€ MOMEHT BPEMEHHU f)

ONHUCHIBACTCSH 0OHO3HAYHbLIM OTOOpaxeneM ¥ :M — R” | koTopoe BIpaxkaercs
gyepe3 omneparop 3somouun ©,:M —->M u dpysknuo 4A:M — R crepyronmm

o0OpazomM:
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RACO) IR I0)
iy OO || Aoy |

Y (y(®) ] _h(q)(Dfl)r (Y(f)))_

I'magxocts ¥ (HenmpepbIBHOCTB, auddepeHuupyeMocTb, CyIIECTBOBAaHUE U
HENPEPBIBHOCTh MPOU3BOJIHBIX BBICOKOTO MOPsiIKAa) ONMPEAEeTCs IMaJKOCThIO
®_ u h. Obpazom mMHOroo6pasuss M mnopn neiicteueM W sBisiercs HEKOTOpoOe

MHOXKeCTBO S R” .

[TocTaBnenHsplil BbilIE BOMPOC (POPMYJIUPYETCS TENEpb TaK: SBISETCS JIK
Y muddeomoppuzmom? Ecnu na, To S — 370 BiokeHue M u m000My BEKTOPY
X U3 S COOTBETCTBYET TOJIBKO OXHMH BekTop y u3 M.'” B Takom ciydae X(7)
MOXXET CIy>)KHUTh BEKTOPOM COCTOSIHUS ISl OMHMCAHWA JWHAMUKH Ha M U
ypaBHeHwus (10.1) MoxHO mepenucarh B TEPMHUHAX HOBBIX MTEPEMEHHBIX:

X(ty +1) = ¢, (x(%)), (10.3)

I7IE HOBBII oOmepaTop 3BOJIOLMU qot(x):‘P((D,(‘P_l(x))). [Ipuuem B cumy
mudpdeomoppu3ma JOKaJIbHbIE CBOMCTBA JMHAMUKH (YCTOMYMBOCTD W THIIBI
HEMOJBMKHBIX TOUYEK U T.J.) coxpaHstoTcs. JIrobo# (a3oBoit Tpaekropuu y(f) Ha
M B3auMHO OJHO3HAYHO COOTBETCTBYET TpaekTopus X(f) Ha S. Ecnu cuctema
(10.1) umeer arrpaktop B M, 10 cuctema (10.3) umeer arTpakTop B S; Takue
XapaKTePUCTUKH, KaK (pakTalbHas pa3MEPHOCTb M JISIIYHOBCKUE IOKa3aTeau
JUIA 3THX aTTPaKTOpOB OAWHAKOBBL Jlpyrumu crmoBamu, cuctema (10.3) Ha
MHOTO00Opa3uu M u cucrema (10.1) Ha MHOrooOpa3zuu S — ATO JBa «IOYTH
OJMHAKOBBIX» MPEJICTABICHUS OJJHOW B TOM K€ TUHAMUYECKONU CUCTEMBI.
SAcuo, uyro orobopaxkenme Y (10.2) sBusercs
muppeomoppusmom He Beerna. Tak, Ha puc.10.2,0

Y,
npecTaBieH mpuMep, Koraa riaakoe orodpaxkenue Vv
(mpoenypoBaHUe) OJHOMEPHOro MHOroodpasuss M
/ ~y HMeeT HEOJHO3HAYHOe obparHoe oToOpaxenne P
M H
l (puc.10.2,0). Bo3mokHa M gApyras HexelaTelbHas

Y -1
! cuTyauusi, mnpejacTtaBieHHas Ha pwuc.10.4: W
X, =Y

= M B Pa3HblE MOMCHTBHI BPEMEHHU ! BCTPEUACTCS OJMH U TOT XKE

' Y=Y, roaxa sosspara +7),....,n(t+(d—1)r)], TO 32 HUM Bceraa cieayeT OJHO U TO XKe
' Prc.10.4 Mpu Obl O0OCHOBaHME MPOTHOCTHYECKOMY Memody  aHanlo2os,
: HpO'GIII/ip'OBaHI/II/I . Jloperniem. MeTo1 OCHOBaH Ha TOHMCKE ()ParMEHTOB BPEMEHHOTO
| omHOMEpHOTO 51 KMOXOXKU» HA TEKYHIHH (C TOYHOCTBIO JI0 KOHEYHOUH BEITHYUHBI
MHOT00GpA3HS M)s M HCIONb30BAaHMHM KAKOW-1M00 KOMOMHAUMM CIEIOBAaBIUAX 32

MOWET mMeTh  Mecro CTBE IPOrHO3a. B Goiee COBpEMEHHOI TPAKTOBKE — 9TO JIOKAIbHbIC

MUACIIKL, UV, 11 1V 4. 1T,
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OJIHO3HAYHO, HO He ouggepenyupyemo. IlocnenHee MMeeT MECTO B mouxe
6036pama Ha MHOXKeCTBE S (B MPOESKIIMHK), B OKPECTHOCTH KOTOPOU JIBYXMEPHBIH
BEKTOp (),,y,) HE MOXET MHCIOJIb30BaThCA JUIl ONMCAHHUS JIMHAMUKU C

nomotibio OJ[Y, T.K. Touka BO3BpaTa OKa3bIBACTCS HEMOJBMKHOM TOUKOM, U
KpuBasi S HE MOXKET OBbITh IIpeneNbHbIM HUKIOM. J(uddepeHimanpapie CBOMCTBA
M wu S oOka3pBalOTCA pa3IMYHBIMH  H3-3a  HeaudepeHIpyeMOoCTH

otoGpaxkenns ¥

@opmynuposxka meopemsl. Bo3zppamasice k cucteme (10.1) u oToOpaxeHuto
(10.2), moxxHO cka3atb, 4To JyIs pa3Hbix @, M, &, d, D u 7 MOKHO BCTPETUTHCS
c 000l W3 YINOMSHYTHIX CcHUTyanuid. MHOXeCTBa caMmoIepecedeHuil u
MHOXecTBa Bo3Bpara Ha S = V(M) Moryr ObITh BechbMa OOIIMPHBIMH, YTO
KpaiiHe HexemarenbHo. HO MOXXHO BCTPETHTh W «XOPOIIYI0» CHUTYAIHIO
BroxeHust (puc.10.2,a). IIlpuBeneHHbI HUXKE PE3YJIbTAT, BIEPBBIE ObLT CTPOTO
MOJIy4YeH rojutaHackuMm mareMatukoM ®nopucom Takencom [323], a 3arem
0000men B pabore [299]. OH TroBOpUT O TOM, MpPHU KAKUX YCIOBHUSIX
o0ecreunBaeTcs BIOKEHUE UCXOAHOTO KOMITAKTHOTO d-MEPHOTO MHOT000pasus

M B npoctparcTBo R” ¢ momomisro oto6paxenus (10.2)."

Teopema 1. ITycts M — koMnakTHOe d-MepHOE MHOrooOpasue ki1acca C2.
. 14
s noumu mobot napel O,,h (rme ®, u h ABaXABl HENPEPBIBHO

maddepennupyemsl Ha M) otobpaxernne ¥: M— R” | onpenensemoe (10.2),
ecth auddeomopdusm ' st noumu moboro'® >0 u D>2d .

Obcyacoenue. WTak, ecau B3ATh JOCTATOYHO OOJBIIYIO pa3MEpPHOCTb
BEKTOPOB BpeMeHHbIX 3azepxkek X (10.2), To momyuum (3a HCKIIOYEHUEM
BBIPOXK/ICHHBIX CIIy4aeB) BJIOKEHHE MHOrooOpa3ust M u CMOXKeM HCIOIb30BaTh
X B KayecTBe BEKTOPOB COCTOSIHMS JHMHAMHYECKONM Mojaenu. Bo3moxHa
clenyromiasi HarjasiAHass HHTEPIPETaIUs TOT0, YTO Pa3MEPHOCTh D A0KHA OBITH
Oonpiie MeHHO BenuduHbl 2d [115]. UTOOBI yCTaHOBUTH HEOIHO3HAYHOCTH

" Teopema TakeHca TECHO CBA3aHA C TEOPEMOil YHTHH, KOTOpas KAacaeTcsi POU3BONBHBIX
otoOpakeHnHd, W3 KypcoB nuddepeHnnanbHoi reomerpun. llepBas oTaudaeTcs TeM, 4YTO
OTHOCHUTCS K CIICIHAILHOMY Ciydaro ortoOpaxkenuii (10.2), onpeaensrommxcs ornepaTopoM
SBOJIIOLMH JUHAMHYECKOU cucTeMbl [299].

" Tepmun «mourtn m06as mapa» monuMaercs y TakeHca B cMbIcIe THIHYHOCTH. Hampimvep,

ecau mst kakoro-m6o @, orobpaxenne (10.2) He KaeT BIOKEHHS, TO HAMAETCS TaKask CKOJIb

yrogHo manas Bapuatusi @, + 0D, uro Bnoxkenue Oyzer mocrurhyro. Bozee crporo,

THIUYHBIC CBOMCTBA BBINOJHAIOTCS Ha MEPECEYEHHH OTKPBITBIX M BCIOAY IUIOTHBIX
MHOXKECTB. METpHUUECKHM aHAJIOrOM THIIMYHOCTH SIBJISIETCS TPEBAJICHTHOCTH (prevalence)
[299].
5 Cnenosarenso, orobpaxenne (10.2) naer BioxeHne MHOroobpasust M. IIpocTpaHcTBO
R”, B xoTOpOM comepxutcs 06pa3 S = W(M) Ha3BIBAIOT NPOCHPAHCIMBOM GLOHCCHUS.
' Hanpumep, B ciTydae HaIHUms IPeebHONO LUK/IA BHYTPH M BEIHUHMHA 7 HE TOIDKHA OBITH
paBHa niepuoty kKojiebanuii Ha 3ToM nukie. [logpoduee cm. [299].
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otobpaxenns W', Hamo Ha MHOroo6pasuu M HaiiTH Takue JBa BEKTOpA y, #
y,, A1 koropeix W(y,)="Y(y,). llocnennee paBeHCTBO mpencTaBiseT coOon

cuctemy D ypaBHeHuUit ¢ 2d miepeMeHHbIMU (10 d KOMIIOHEHT KaXKJI0r0 BEKTOpa
y, U y,, 3ajamux nojoxenue Ha M). I'py0o, 3Ta cucteMa He UMEET PeLIeHUi

6 MUNUYHOM Clyyae, €CIM YUCIIO YPaBHEHUU OOJIbIIE YMCIIa HEU3BECTHBIX, T.C.
D >2d .210 u ecTb yTBepKIAeHHE TeopeMbl TakeHca.

Eme pa3 noguepkueM, uto ycnosue D >2d , HaIO)KEHHOE HA Pa3MEPHOCTh
BEKTOpa X, — JIOCTAaTOYHOE, HO He HeoOxoaumoe. T.e. Mpu COOMI0OACHUN YCIOBHSA
muddeomMopdu3M TapaHTUPOBAH C TOYHOCTHIO JIO THUIUYHOCTH, HO €CIHU
«TOBE3ET», TO MOKHO TMOJYYUTh «XOPOUIYI0 PEKOHCTPYKIIMIO» U MPU MEHbIIEH
pasmepHoctd, cMm. puc.10.1,a,0, T/Ie BIOKEHHWE OJHOMEPHOTO MHOT000pa3us
TOCTUTHYTO ipy D =1 ¥ sIBISIETCS CIydaeM OOIIEeTO IMOTOKCHHSI.

Kakumu wmoryT OBITh T€ HETUNUYHBIE CIydad, KOIJa TEOpeMbl He
CIipaBevMBbI? YHoMmsiHeM JiBa npumepa [115].

1) UsmepurenvHas ¢yHKOHMs — KOHCTaHTa: A(y)=a. ITO Tiagkas

¢yHkuus, HO oOHa oTOOpaXkaeT BCIO AMHAMHUKY B OJHY TOUYKYy. MaibiM
IIEBEJICHUEM H3MEPUTENbHOH (YHKIMH 3TO ycTpaHsercs — 100aBKOH K a
«Masnoin GyHKIUK OT Y (KOHEYHO, HE MPOCTO KOHCTAHTHI).

2) Cucrema, cOCTOSIIAS U3 ABYX MOJACHCTEM C OJHOHATPABICHHOM CBSI3bIO
dy,/dt=F(y,,y,), dy,/dt =G(y,), Tpu HaOIIONCHUM TOIBKO 3a BeIyIIeH

nojcucremoit — 1 = h(y,). B HabGnromaemoii HeT uHpopmanuu 06 y,, MOITOMY
BJIO’KEHHE HEBO3MOXKHO. Y CTpaHseTcs J00aBKOM 3aBUCIMOCTH OT Y, K 7).

Ilooobnvle meopemwvi. B [299] nokazan Gojee oOmuii BapuaHT TeopeMbl |
— JUIA CIy4ast @uibmpoeaHHO20 BIOXKECHHS, KOTJa B KadecTBE KOOPIWHAT
BEKTOpa X OepyTcs HE MPOCTO TOCJIeNOBaTeNIbHbIC 3HAUYCHUsT HaOII0qaeMoun, a
UX JIMHEWHbIE KOMOWHAIMU, KOTOpPbIE MOKHO paccMaTpuBaTh KakK pe3yjbTaT
JENUCTBUS TUHEHHOTO HEPEKYPCUBHOTO (DUIIbTpa

Takenc  gokazan  MOAOOHYHO — TeOpeMy Uil  HMCHOJIb30BaHUS
MOCJIEIOBATEIbHBIX TPOU3BOJHBIX HAOIIOJaeMON B KadyeCTBE KOMITOHEHT
BEKTOPA COCTOSHUS:

n(?)

xpy=| dmon (10.4)

4P () detP |

rne D>2d. Ona dopmynupyercs MOJHOCTHIO aHAIOTMYHO Teopeme 1, HO ¢
OoJiee JKECTKMMHU TpeOOBaHUAMM K TIagkocTd (QyHKuuil @, u hA. A uMeHHo,

TpeOyeTcs CylIeCTBOBAaHUE HEMPEPHIBHBIX MPOU3BOJHBIX D-ro MOpsiKa KaxkI0i
U3 HUX, YTOOBI CYIIECTBOBAIM MPOU3BOJIHBIE, HCTIONb3yeMblie B (10.4).
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Ecnu mpousBogHbIE anmpOKCHMHUPOBATh KOHEYHBIMU PA3HOCTSMH, TO
(10.4) cBomuTCs K GUIABTPOBAHHOMY BJIOXKEHUIO [229].

Ha npakTtrike Bcerna ecTh MIyMbl, a K TAKOMY CITy4ar0 TeopeMbl TakeHca He
OTHOCSATCSI, XOTSI MMEIOTCS HEKOTOpble ux 0000menus [319, 207]. Tem He
MEHee, TEOPEMbI MPEACTABISIOT IIEHHOCTh IS PEHICHHs MPAKTUYSCKUX 3a1ad
MOJICTTUPOBAHUSI, O Ye€M yrKe TOBOpmIoch B Havase 1. 10.1 (cm. c. 256).

10.1.2. ITpakTrueckue anropuT™Mbl PEKOHCTPYKIIMU

10.1.2.1. MeTtoa BpeMeHHBIX 3ajep:keK. JTO Hanbosee MOMyISIPHBIN U3
METOJIOB PEKOHCTPYKIMH. M3 CcKanspHOro psma {7, }Zl dopmupyercs psn

N~(D-1)!
BEKTOPOB {xl.:(771.,77”1,...,77”([,71),)}1,:1( ' Bemmumma samepkku T =IAt

TEOPETUYECKH MOXXET ObITh MouTH JI000H, HO HA TMPaKTUKE YacTo
HEeXeNaTelbHbl KaK CIUIIKOM Malible /, KOTOpbIE BEYyT K CUIBHOU KOpPPENSIIUU
KOMITOHEHT' ' BEKTOpa COCTOSHHS, TaK M CIMIIKOM OOJIBIIHE /, IPH KOTOPHIX
MOXET CIMIIKOM YCIIOKHHUTBCS CTPYKTypa BOCCTAHOBIIEHHOI'O AaTTPaKTOpa.
[ToaTtoMy mnpeasarasioch BbIOMpPATh BEIMYUMHY 7, PAaBHOM MEPBOMY HYJIIO
aBTOKOpPENALMOHHON  pyHKuMu [229], mnepBoMy MHUHUMYMY (YHKIHH
B3auMHON wuHpopmanmu [227], u np. [269]. Wcnonb3yeTcss HEpaBHOMEPHOE
BJIOKEHHE, KOTJa BpPEMEHHBIE MHTEPBAIBI MEXIy KOMIIOHEHTaMH BEKTOpa
COCTOSTHUSI HE OJMHAKOBBI, YTO YMECTHO JJIsi CHCTEM C HECKOJIbKHUMH
XapaKTEePHBIMA BpPEeMEHHBIMH MacimTabamu [220, 249]. s HEOIHOPOIHOM
JUHAMUKM  (Hampumep, C  YEepenyIoIIUMHCS  WHTEpBajaMu  IOYTH
MEPUOIUYECKOT0 U OYEHb CJOKHOIO JIBHJKEHUI) MPEJI0KEHO IMEePEMEHHOE
BJIOYKEHHE, IIPU KOTOPOM HA0Op BPEMEHHBIX 3a/E€pPKEK U JaKe pa3MEpHOCTb
BEKTOpa X 3aBHUCAT OT €ro IIOJIOKEHUS B IIPOCTPAHCTBE COCTOSHHMU [249].
Kaxxaplii n3 moaxonoB XOpoWI Ajisi CBOErO Kpyra CHCTEM, HEPEIKO BEAET K
CJIO’KHBIM BBIUMCIICHUSM U HE TapaHTHPYET ycrexa B oomiem ciydae [115].

Kak BeIOpaTh pasmepHocTh MOaenu D, onupasich Ha aHAJIU3 HA0JII01aeMOTO
psna? EcTh pa3inyHble METObI OLEHKH: METOJI JOKHBIX coceaeil [258], meTon
raBHBIX KommoHeHT [199], meron ['paccOeprepa — Ilpokayuma [234], metox
xoporio npucrocobnaenHoro 6asuca [108]. J[Ba mepBBIX MBI paCCMOTPUM HUKE
(rmm. 10.1.2.2, 10.1.2.3). OnHako 4acTo OpUXOIUTCS TIPOCTO MepedrupaTh pa3Hbie
npoOHbIE 3HAYEHUs] Pa3MEpPHOCTH [, HauyumHasg C MajlblX U [OCTENEHHO
YBEJIMYUBAs, U CTPOUTh MOJEIbHBIE YPAaBHEHUS ISl KaX0ro D, moka He OyaeT
MOJIy4eHa «XOopollas» MojaeNb. B TakoMm ciyyae monbop pa3MepHOCTH U JIaxe
BPEMEHHBIX 3a/Iep)KEK MOXKET CTAaHOBHUTbCA YacThlO E€IUHOr0 Ipolecca
MOJICJIMPOBAHUS, @ HE OTJICJIbHOM 3aMKHYTOW NEPBOU CTATUECH.

17
IIpu manom wuHTepBane BbBIOOPKM U [ = 1 BoccTaHOBICHHAs (pa3oBas TPAECKTOPUS
BBITSTUBAETCSI BJIOJIb TJIABHOM JIHATOHAIM X, = X, =...= X, (IPaKTU4YECKHU COBIIAJAET C HEM).
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10.1.2.2. MeToa JOKHBIX cocelei. OTO METOJ ICJIOYHCIICHHOM OIIEHKH
pasMepHOCTH aTrTpakTopa cBepxy. OH OCHOBaH Ha MPOBEPKE TOTO CBOMCTBA, YTO
¢dazoBasi TpaeKTOpHs, BOCCTAHOBJEHHAs B MPOCTPAHCTBE JOCTATOYHOM
pPa3MEpHOCTH HE JOJHKHA MMETh camorepeceueHuid. [IponmurocTpupyeM MeTo
Ha TMPOCTOM MPHUMEpPE BOCCTAHOBJICHHUS (Da30BOM TPACKTOPHUHU IO BPEMEHHOM
peanu3anuu cunycouanbl 77(¢) =sint, puc.10.5,a.

[Ipu D = 1 (t.e. X(¢)=7(t)) BOCCTAaHOBICHHOE MHOXXECTBO JIEKUT Ha

otpeske mpsimoit, puc.10.5,6. Ha Hem Touka ¢ BpeMEHHBIM HHJIEKCOM k MMEET
coceleil — TOYKH [ U §, COOTBETCTBYIOIIUE JBYM Pa3HBIM COCTOSIHUSIM CHCTEMBI
(pa3Hple 1O 3HAKy Npou3BOAHbIE 77(¢)). B JByXMEpHOM MpOCTpaHCTBE

(x(t)=[n(t),n(t +7)]) BCe TOUKU «pa3OUIYTCI», HO TOUKH k U [ cmabo, a k u s —

cwiibHO, puc.10.5,8. Ilo 3TOMy npu3HaKy k 1 / Ha3bIBalOT «UCTUHHBIMU», a kK U §
— «JIOKHBIMMW) COCE/ISIMHU.

Opun 13 BapuaHTOB anroputMa TakoB. [Ipu mpoOHo# pazmepHocTH D 11t
KaXJIOr0 BOCCTAHOBJICHHOIO BEKTOpa X, OTBICKMBAIOT OJHOI0 (camoro

65M3K0ro0) cocena; ysenuuus D Ha 1, onpeaensior, Kakue U3 Coceeil oKa3zannuch
JIO)KHBIMU  (CUJIBHO PAa30lUINCh), a KaKue — HUCTUHHBIMU. [lojCUMTHIBAIOT
OTHOIIIEHWE YHUCJIa JIOKHBIX COceled K OOIIeMy YHCITy BOCCTAaHOBJICHHBIX
BEKTOPOB. OTKIaABIBAIOT 3TO YUCIIO B 3aBUCUMOCTH OT D, puc.10.5,r. Ecnu nipu
YBEIUYEHUU D 3TO OTHOCUTEIBHOE YMCIIO CaMOIEPECEUEHH YMEHBIIAETCS J10

HyJISl IPU HEKOTOPOM 3HAUYECHUU D", To TOCITIeHEE W €CTh OLICHKA pa3MepHOCTH
MIPOCTPAHCTBA, B KOTOPOM JOCTUTAETCS BIOKEHNUE TPAEKTOPUHA MOJAEINPYEMOTO
nBwxkeHns. Ha mpakTuke, HauMHas ¢ HEKOTOPOW «IPABUIBHON» Pa3MEPHOCTH
D", 4HCIO NOXKHBIX COCENEH CTAHOBHTCS HOCTATOYHO MAIbIM (HO HECTPOTO
HYJIEBBIM M3-3a LIYMOB M T.1.) M Jajee He yMeHbmaercs. Takoe 3HaueHne D
MIPUHUMAIOT B KAYE€CTBE OLICHKH Pa3MEPHOCTH MOJenu. B ciydae ¢ cunyconaou
— 370 ymucino 2, puc.10.5,r. [logpobHOCTH CcM., Haripumep, B [115].
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Puc.10.5. Mnmroctpaiys MeToa JIOKHBIX cocellel. a) BpeMeHHas! peaiu3anus 7j(f), 3HauKaMu
nomeueHsl Touku 7(k), 1(s), 7([), COOTBETCTBYIOIINE MOMEHTaM BpPEMEHH k, s, [ M OIU3KUM
3HAYEHUSIM 7], a TaKXKe TOUYKH, CABHHYThIE OTHOCHTEIHHO HUX Ha 7 =3Af. 0) TpaekTopwus,
BOCCTaHOBJICHHAass B OJHOMEPHOM TPOCTPAHCTBE, B) TPACKTOPHUS, BOCCTAHOBIICHHAs B
JIByXMEPHOM IPOCTPAHCTBE, T) TpaduK 3aBUCHMOCTH OTHOIICHHS YUCIA JOXKHBIX COCelel K
o0IeMy 4YHCIy TOYEK B BOCCTAHOBIEHHOW TPAaGKTOPHH OT MPOOHOW pa3MEpHOCTH
BOCCTaHOBJICHHBIX BEKTOPOB D

10.1.2.3. MeToa riaBHbIX KOMIOHEHT. OH MOXET HMCHOJIb30BATHCS KaK
JUIS OLIEHKH Pa3MEpPHOCTH, TaK M JJIsI BOCCTAHOBJICHHSI BEKTOPOB COCTOSIHUA.
Meron wucnosib3yeTcsi B pa3HBIX 00JacTsIX M UMEET MHOrO0 Ha3BaHWM, B
NPUJIOKEHUU K PEKOHCTPYKIMHM Obln mpenioxkeH B [199]. Upes coctouT B
MOBOPOTE OCEH KOOPJMHAT B MHOTOMEPHOM IPOCTPAHCTBE M BHIOOpE Majoro
YHCJIa HAMPaBJIEHUH, BJIOJIb KOTOPBIX, B OCHOBHOM, Pa3BUBAETCS JBUKEHUE.

JInst  mpocTOTHl  00O3HAYCHWH  IMOJOKHM, 4YTO CpeJIHee 3HaucHUE
Ha0mrogaeMoil 77 paBHO Hymt0. BekTopsl w(tl.):(77[,77[+1,...,77[+W_1) CTpPOATCS B

IPOCTPAHCTBE JOCTATOYHO OONBIION pa3MEPHOCTH k, IPHUEM BpPEMS 3aJEPIKKU
1oJlaraeTcsi paBHbIM MHTEpBaly BhIOOpKH [ =1. KOMIIOHEHTHI 3THX BEKTOPOB B
Cly4ae Majoro MHTepBajia BHIOOPKH CHIBLHO KoppenupoBanbl. Ha puc.10.6 mis
WUIIOCTPALlUM  MPEACTABIEH TapMOHMYECKUH CUTHAJl W BOCCTAHOBJICHHE
(a30BOI1 TpaEKTOPUHU B TPEXMEPHOM IpocTpaHcTBe (k= 3).
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Puc.10.6. 'apmonmueckue konebaHusi Mpu OTCYTCTBHU IIyMa: a) BOCCTAHOBIICHHE BEKTOPOB
W METOZOM 3aJepKeK IO CKalsipHOMY psay (pasMepHOCcTh & =3); 0) BOCCTaHOBJICHHAS

TPAEKTOPHSI — INTOCKUAN JJUIMIIC, BBITIHYTHIM BIOJIb IIABHOW IHATOHAIN IPOCTPAHCTBA R*; B)
BOCCTAaHOBJICHHAs TPAaeKTOPUS B HOBOM CHCTEME KOOpAMHAT (Iocie mpeoOpa3oBaHUS
MIOBOPOTA), COCTABIIAIONIAs BEKTOPOB BJIOJIb HAIIPABJIECHHS S; PaBHA HYIIO

B 3TOoM mpocTpaHCTBE TPOU3BOIUTCS MPEOOPa30BaHUE MOBOPOTA, IPUUYCM
HANpaBJeHUsT HOBBIX Oceil KkoopauHar (310 {s,,8,,8,f Ha puc.10.6,6,5)
BBIOMPAIOTCS B COOTBETCTBHMM C TEMH HAIpPaBICHUSAMH, BJIOJb KOTOPBIX
HauOoJiee MHTEHCHUBHO  pa3BUBACTCS  JIBIKEHHE. KOJIWYECTBEHHO OTH
XapaKTepHbIC HAIIPABICHHS M MPOTSHKEHHOCTHh BIOJIh HHX MOKHO OIPEICIIUTH,

aHAJIM3HUPYS MaTpUIly KoBapuanuil ® KOMIOHEHT BEKTOpa W. JTO — KBaJpaTHas
N—k

Marpuua mopsaka ki O, = D il jins bJj=L..k. OHa cummerpuyHa,
n=0

BELIECTBEHHA, IOJIOKUTENBHO ompezeneHa. CrenoBaTesbHO, €e COOCTBEHHBIE

BEKTOPHI 00pa3ylOT MOJHBIA OPTOHOPMHUPOBAHHBINA 0a3UC MPOCTPAHCTBA R*, a

ee COOCTBEHHbIE 3HAYCHUS SBISIIOTCA HEOTPHULATENBHBIMUA BEIUYUHAMH.

OG603Ha4YMM COOCTBEHHBIE 3HAUEHHS B TIOPSAKE HEBO3PACTAHUSA G ,05,.,0; , a4

COOTBETCTBYIOIIME COOCTBEHHBIE BEKTOpPBI — $,,8,,...,8,. llepexox k Oasucy

$,,S,,...,S, MOYXHO BBIIIOJIHUTH ITyTeM TIpeobpasosanus x'(¢,)=S' -w(t,), re S
— MaTpuLa Co CTOJOLAMH §,,S,,...,8, . ITO IPeoOpPa30BaHUE U3BECTHO B TEOPUU

uHpopmaruu kak npeobpazoBanne Kapynena — Jlosa. HerpyaHo moxkasars,
YTO IIPH STOM IIEPEXO/IC MaTPHUIa KOBapHAIIMK KOMIIOHEHT BEKTOPOB X IPUMET
AaroHanbHEBIN BU:

62 0 .. 0]
o -sTes | ° o; .. 0
0 0 .. of]

T.e. KOMIIOHCHTBI BEKTOPOB X HEKOPPEIMPOBAHBI, YTO SIBJIACTCS MPU3HAKOM

«XOpOIIEH» PEKOHCTPYKIMHU. [[MaroHAIbHBIE AJIEMEHThI MaTPHUIbl KOBApHUAIIHI
B HOBOM 0Oasuce 0';2 — OTO CPEIHHUE KBAApaThl IPOCKIMNA TPAEKTOpPUU W(Z;) Ha
KOOPAUHATHBIE OCHU {sl.}. OHHU onpenensitoT NPOTSIKEHHOCTh TPACKTOPUU BJIOJIb

COOTBETCTBYIOIIEro HarpaBjieHus. Panr matpuiibl ® paBeH 4uClly HEHYJIEBBIX
COOCTBEHHBIX 3HAUCHWH (UIsI CHUTyaluu, mpeacTaBieHHo Ha pwuc.10.6,0,

HEHyleBble TONBKO O[ W O,) W PaBeH PasMEPHOCTH MOANPOCTPAHCTBA, B
KOTOPOM ITPOUCXOJUT JIBHIKECHHUE.
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1 [Ipu HANTMYAN U3MEPUTENHHOTO MIyMa BCe O
OTJIMYHBI OT HYJIS, TaK Kak B HallpaBJICHUSX,

lgo KOTOPBIE HE «OCBAMBAIOTCS» NETEPMUHUPOBAHHOMN

COCTAaBJIAIOILICH TPaCKTOPHH, IpeICTaBICHA

D ymMOBasg  KOMIIOHEHTa. B 3ToM  ciydae

1 i ? pa3MEpHOCTL JBMIKCHUS MOXKHO OLCHHUTH Kak

Puc.10.7. Bo3MmoxkHbIH ~ YUCIIO D CYIIIECTBEHHBIX COOCTBEHHBIX 3HAUCHMUIA,

KaueCTBEHHbIN XapakTep  HMJUIIOCTPALIUIO JUIA IIPOU3BOJIBHOIO CiIydasi CM. Ha

3aBHCUMOCTH sHaueHnd  ppc.10.7.  Tlpoekuun  BekTopa  w(f,)  Ha
COOCTBEHHBIX qHUCCII

MaTpUIIEI KoBapuammii or px ~ COOTBETCTBYIOLIME HAIPABIICHMs (t.e. mepBbie D
Homepa Tpu k = 9. «Touka KOMIIOHEHT BEKTOpA X') HA3bIBAIOT €rO 2IAGHbLMU
usnoma» D Ha rpapuke KOMNOHEHMAMU. OcTtanpHbIC COOCTBEHHBIC
CITy>KUT OLCHKOH 3HAYEHWS  COCTaBISIOT  TaK  HAa3bIBA€MBIH
PasMEpHOCTH HAOMOACMOTO  (yiyMOBOI  HBEAECTAT», a COOTBETCTBYIOLIME
KOMITOHEHTBI MOYKHO OTOPOCHUTh. TakuM 00pa3oM, moiyduM D-MepHBIE BEKTOPHI
X(#;) c KOMIOHEHTaMU X, (¢;)=s, -W(¢,),k=1,...D.

Ecmm ma rpaduke (puc.10.7) HeT XapaKTepHOTO H3JO0Ma, TO CIIETyET
yBEIUYUBATh NPOOHYIO pa3MEepHOCTh k, Moka OH He mnosiBuTcs. OleHKa
pasMepHocTu D Oojee HazlexHa, €Ciu IpU YBEIMYEHUU k U3J10M HaOIr01aeTcs
IIPY OJTHOM M TOM K€ 3HaueHuu D.

Meton TIIaBHBIX KOMIIOHEHT — YaCTHBIM choydail (QUIbTPOBAHHOTO
BioxkeHus. OH OYEHb MOJE3€H B Cllydyae HaJIU4Msl W3MEPUTEIBbHBIX IIYMOB,
MOCKOJIBKY TO3BOJIIET WX B 3HAYUTEIBHOW CTENEHH OTPUIBTPOBATH:
peamuzauus x,(¢) — Oosee 1uiaBHass, ueM 7(f). Ilpumepel u oOcyxneHue

MpeICTaBIICHbI Takke B [37].

10.1.2.4. TlocnenoBaresbHoe auddepeHEMpPOBaHUEe W ApPYrue MeTOlbl
BoccTaHOBJIeHUs1 ¢a30oBoii Tpaekropuu. lcnonb3zoBanue BekTopoB (10.4)
UMEET IPUBJIEKATENIbHbIE YEPThI, CBSI3aHHBIE C MX «(PU3NYHOCTHIO». MHOrHe
npotiecchl onuckiBatorcs mozenbHbiM OJ1Y (9.4) Bbicokoro mopsiaka (. 9.1),
T.e. C TMOCJIEI0BaTeIbHBIMU IPOU3BOJHBIMU E€IUHCTBEHHOM MEPEMEHHOM.
Hexotopsie cuctemsr OJ1Y (nanpumep, cucrema Peccnepa, cum. m. 10.2.2) moryT
ObITh TPHUBEACHBI K TAaKOMY BHAY aHanumudecku. HoO cCylecTBEeHHBIM
HEJIOCTATKOM METOJla SBJIAETCS BBICOKASl UYBCTBUTEJIBHOCTh K HAJIUYMIO
M3MEPUTEIIbHBIX IIIYMOB, T.K. TPOU3BOAHBIE JIOJKHBI PACCUUTHIBATHCS YHCIEHHO
(nmo. 7.4.2,9.1).

BooOuie roBops, METO/10B BOCCTAHOBJIEHHUS] BEKTOPOB COCTOSIHUSI OYEHb
MHOro. Kak ye cka3aHo, MMesl TOJBKO CKAJSIPHBIA BPEMEHHOW pAX, MOXHO
UCIOJIb30BaTh METOJ] MOCJIE0BATEIbHBIX MPOU3BOAHBIX WIM METOJI BPEMEHHBIX
3anepxek. [IpuueM s KaXX10ro U3 HUX UMEIOTCS HEKOTOPBIE MOICTPAauBaEMble
napaMeTphl, 3HAYEHHUS KOTOpble MOXXHO MOAOMpaTh (HampuMmep, BpeMs
3aIep)KKH U cxema 4yucieHHoro auddepenmupoBanus). Kpome sToro, ectb
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METO/Ibl B3BEIIEHHOr0 cymMmupoBanus [299, 201] u unterpupoBanus [9, 247],
11eJ1eCO00pa3Hbie )i CHWIIBHO HEOJHOPOJHBIX CHTHAJIOB. YacTO HCIOIB3YIOT
TJIaBHbIE KOMIIOHEHTBI, IMIUPUYECKUE MOJbBI, COMPSHKEHHBIM CUTHAI U (azy
(m. 6.4.3). MOXHO HCIOJIb30BaTh M KOMOHWHAIIMM BCEX METOOB, HaIpUMED,
4acTh MEPEMEHHBIX MOJIyYaTh METOJIOM 3aJIEP)KEK, YaCTh — MHTEIPUPOBAHUEM,
yacTh — quddepernupoBannem [201].

Ecnu xe HaOno1aeMas — BEKTOpHAs, TO MO KaXJA0W €€ KOMIIOHEHTE MOYKHO
BOCCTAaHABIMBATh TMEPEMEHHBIC C MOMOIIBIO JIFOOOW KOMOWHAIIMU OMMCAHHBIX
METO/JIOB U YKCJIO BAPUAHTOB 3HAUUTENIbHO Bo3pactaet [204, 209].

10.1.2.5. BpiGop auHamMmu4yeckux mnepeMeHHbIX. Kakoil u3 BapuaHTOB
BbIOOpAa NEPEMEHHBIX MPEANnoyYecTb? OTOT BONPOC OYEHb BAXKEH M JaBHO
npuBieKaeT Kk cebe BHUMaHue [268, 264, 311]. IIpobGoBaTh mooyepenHo Bce
BO3MOXXHBIE€ BapUAHThl U I Ka)XJOro anmpOKCUMUPOBATh 3aBUCHUMOCThH BHJIA
dx/dt =f(x,c¢) wm x,,, =f(x,,c) HE peajbHO, NOCKOJBKY pEIICHHE 3aJa4yH
annpoKCUMAallMM 3aHMMAET 4YacTO OYEeHb 3HAYUTEIBLHOE BpeMsl U TpeOyer
CHEIMANbHBIX MOAX0A0B M ycunui. JKemarenbHo Obulo Obl 3apaHee BBIOPATH
OTHOCHUTEJIbHO HEOOJIbIIOE YHCIO HanboJiee MOIXOIAIMIMX BapUAHTOB U TOJIBKO
JUIS HUX MPOBOJUTH amnmnpokcuMmanuio. s ocyliecTBieHUs Takoro BbIOOpa
NPEMJIOKEH pAl MPOLEAYpP, OCHOBAHHBIX HA MPEIBAPUTEIBLHOM AaHAJINU3E
SKCIEPUMEHTAIILHO MOJYyYEHHBIX 3aBUCUMOCTEMN, MOJIEKAINX aNPOKCUMAIIU
[297, 314]. OTu nponeayphl OMUPAIOTCS HA TO OYEBUIHOE OOCTOSITENILCTBO, YTO
JUIS TIOCTPOSHHUS MOJEIM HYXXEH Takoi Ha0op TMepeMEeHHBIX, KOTOPBII
o0ecrieunBaeT OJAHO3HAYHOCTh U HENPEPBIBHOCTh 3aBUCUMOCTEN HAOII0AaEMbIX
(MM pacCYMTAHHBIX MO HAOIIO/IAEMbIM ) 3HAUEHUI BEIMYHH, CTOSAIIUX B «JIEBBIX
YacTsAX» MOJENbHBIX ypaBHEHUH, OT HaOMIOAAeMbIX (WU PACCUUTAHHBIX 10
Ha0JI0JaeMbIM ) 3HAYCHUN TUHAMUYECKUX NEPEMEHHBIX.

O603HauuM «JIEBYI0 4acTb» MOJENbHbIX ypaBHenuid z. g OIAY Buna
dx/dt = f(x,¢) a10 z(t) = dx(t)/dt; mnst orobpakennii Buna x(z,.,) = f(x(z,),¢)—
ato z(t,) =x(¢

,41)- DBOCCTaHOBHMB BEKTOpBHl X IO HaOJIIOJAaeMOM 77, CleqyeT

HOJIY4YUTh 1O paxy {X(¢;)} psn «ieBbix yactei» {z(¢;)}. dua OY 310 nenaror
qucIeHHbIM aupdepeHunpoBanueM psga {x(¢,)}, a i1 OTOOpaXeHUH —
ciBurom {x(#;)} Ha oguH mar 1o BpeMeHW. Jlanee HYX HO IPOBEPUTH,

COOTBETCTBYIOT JIM OJIM3KUM 3HAUCHUSM X OJIM3KHE (OAHOBPEMEHHbIC) 3HAUCHHUSI
Z. OCTaHOBHUMCS Ha OJTHOM U3 TaKWX MPOIEAYpP, KOTOpasi COCTOUT B CIACAYIOIIEM
[314].

OO6nacte V, BHyTpU KOTOPOH COAEPKUTCS MHOKECTBO BEKTOPOB {X(Z,)},

pazOuBaeTCcsi Ha OJMHAKOBBIE «TUIMEPKYOUUYECKHUE» SUEUKH CO CTOPOHOU O
(puc.10.8,a). 13 Hux BbIOMpaArOTCA BCE AYEUKH S,...,S,,, COAEpAKALIUE OOJIbLIE

OJJHOTO BEKTOpa X(f,) Kaxnas, T.e. MMEIOIIHME XOTs Obl JBE TOUKHU B HUXKHEH
kierke Ha puc.l10.8,a. Pa3HOCTP Mexay MakCHUMadbHBIM W MHUHHMAalIbHBIM
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3Ha4eHUsIMU z (OAHOM M3 KOMIIOHEHT BEKTOpa Z) B Ipelenax sueiku s,
Ha30BEM JIOKanbHbIM paszbpocom &, . Ilo BennunHe MakCUMalbHOrO pa3dpoca

max = MAX & 1 rpaQuKy &, (0) OLEHMBAETCSA NPUTOAHOCTH BEJIUYUH X U Z
IJIsL T00aabHOTO MOJENupoBaHusA. [ MOCTpOeHMs TII00adbHOM MOJIEIN

IIepEMEHHbIE HY)XHO BBIOMpaTh TakK, 4ToObl rpaduk &, (0) cTpemmicsi K
Hayajgy KOOpAMHAT IIaBHO, 0e3 u3noMoB (puc.10.8,0, >xupHas JAUHMS), UL
KaXJ10M 13 alIpoOKCUMHUPYEMBIX 3aBUcUMOCTeH z, (X), k=1,....,D.

&

[ ]
.

LT
-2
a

Emax

o,
Fay .
w
®
®
—

R H

0.0

=]
(=
=]

(=]

=

-0.1 1.1
x(£)
E)
Puc.10.8. a) HWmiroctpanusi MeTOIWKH TIPOBEPKH OJHO3HAYHOCTH U HEMPEPHIBHOCTH
3aBUCUMOCTH z(X) ripu D = 2. 6) Tunnunsle rpaduku &, () U pa3IUIHBIX EPEMEHHBIX.

Kupnas nuHHS — Jydmdd cilydaid, IITPUXOBas — XyOmuid (HEOJHO3HAYHOCTh WIIH
pa3pbIBHOCTH), TOHKasl JIMHUS COOTBETCTBYET 3aBHCUMOCTH C O0JaCTAMH OBICTPOTO
n3MeHeHus. B) ['paduiku mepBoii, BTOPOH U TpeTheil UTepaluii KBAAPATHIHOTO OTOOpaAKEHUS

(momeuens! nudpamn). r) l'paduku &, (0) g 3aBucumocreit x(¢,,,;) ot x(¢,) B 3TUX Tpex
ClTydasix
IIpu 3TOM XenarenbHO, YTOOBI HAKJIOH rpaduka &, ..

MEHBUINM, TOTOMY YTO JJIsl alllPOKCHUMALIMK TOT/Ia JOCTAaTOYHO HCIIOJIb30BaTh
0ojee NPOCTYH0 MOJAEIBHYK (DYHKIMIO, HalpuMep, MHOTOYJIEH HHU3KOIo
nopsiaka. Ha puc.10.8,8,r 3T0 IpOMIUTIOCTPUPOBAHO HA IPOCTOM IPUMEpPE —
anmnpoKCUMAallMM 3aBUCHUMOCTH  CJEAYIOLIEro 3HaueHusi HaONoJaaeMol OT
MpenbIIyero, Korjna HaOmrogaeMas TeHEepUpyeTcsl MEpBOWM, BTOPOWM WIIU

TpeTbel UTepalel KBaJpaTu4HOro orodpaxenus x(f,,,) =4 — x? (t,). I'padux

(0) OBbUT KaK MOKHO
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HepBON UTEpalH «HAaUMEHEee OCLILIMPYIOLIMNAY, a TOTOMY HAKJIOH &, (0) —

caMbli ManeHpkuil. lIMEHHO B 3TOM cCilyyae IMIpOIIE€ BCEro MOJYYMTh
«XOpOILIYI0» MOJETb (JIEHCTBUTENBHO, JOCTATOYHO MHOTOYJIEHA BTOPOIO
MOPSIIKA, TOT1A KaK I ONMCAHMS TPETHEN WTEpPAlUU HY)KEH MHOTOYJIEH §-TO
nopsanaka). OcoOEHHO pa3nMyaroTCs dBTU  TPU Cilydas 1O TPYAHOCTH
PEKOHCTPYKUMU TPU HAIMYUU IIyMOB. JlomonHuUTenbHBIE MOAPOOHOCTH U
puMepHI IpecTaBieHbl B [314, 26].

10.2. Annpoxkcumanust yHKUMHA MHOTMX IePeMEHHbIX

10.2.1. MoaenbpHBIC 0TOOpaKCHUS
Bektopst  [17,,7,475Mus2z -5 Ms(p-1y1], TIOMYYECHHBIE METOIOM 3a/ICPKEK,

YaCTO MCIOIB3YIOTCS JIJIs MOCTPOSHUSI MHOTOMEPHBIX MOJICTBHBIX OTOOPaKEHUM
xn :f(xn—lﬂxn—za"'axn_Dac)) (105)

rJie TIepeMEHHas X COOTBETCTBYET HAOJIIOAeMOM, a BpeMs 3aJCP>KKH MPUHATO
paBHbIM [ =1 ms mpocTOThl 0003HAa4YeHH. BO3MOXHBI pa3nuyHble BapHaHTHI
BeiOOpa Buma ¢yukmmu f B (10.5). T'oBopsit, uTto (yHKIUS f, 3aJaHHAs B
3amkHyTON (hopme (1. 3.5.1.2) Bo 6cem (a3oBOM IpOCTpaHCTBE, 0OECIICUMBAET
2100anbHyl0 apoKCUMaIuoo. B 3TOM cilydae roBOpsT Takke O TJI00abHOU
MOJCIM UM 2nobanvHou — pekoHcmpykyuu. VICTIONB3YIOT U JIOKAIbHYIO
anmpoKCUMAaIMI0 — (DYHKIIMIO CO CBOMM HA0OpPOM MapaMeTpoB I KaxkIOM
HEGOBIION 001acTH (ha30BOrO MPOCTPAHCTBA.w B 3TOM ciiyuae roBOpsT O
JIOKAIbHOU MOJEIH.

OmH W3  W3BECTHBIX  BHJOB  TJIOOATBPHOW  anmpoOKCHMAalliud — —
anreOpandecKkue MHOTOWICHBI [36] — 3a4acTyro MmIoXo paboTaeT Ha MPAKTHUKE
MpU armpoKcuManu (QYHKIUN yxke IByX mepemeHHbx [206, 250, 193, 218,
134, 136]. Yucnmo ux mapaMeTpoB M OIIMOKKM OBICTPO paCTyT C POCTOM
pasmepnoctu  D. IlogoOHble MeTOABl  HA3BIBAIOT  METOJAMH  C1abou
annpoxcumayuu. K HUIM OTHOCSATCS Take TPUTOHOMETPUUYECKHUE MHOTOUJICHBI U
BelBieThl. [Ipn MOJENMpOBaHUU «UEPHOTO AIIMKA» HEPEIKO MPUXOAUTCS
WCMONBb30BaTh 3HaueHuss D, 1o MeHblied wmepe, okoio 5-6. Iloaromy
anreOpandyeckue MHOTOWICHBl HE HAlUIM  IIUPOKOrO0  MPAKTUYECKOTO
IPUMEHEHUS.

MHoro ycunuii ucciaeaoBarelield ObUIO IMOTPAdyeHO Ha ITOMCK METOJIOB
CUTbHOU ATIMPOKCUMAITNH, T.€. OTHOCHUTEIHFHO €JIa00 YyBCTBUTEIBHBIX K POCTY
pasmepHocTd D. K HUM OTHOCSITCS JIOKaJIbHBbIE METOJIbI HU3KOTO TMopsiaka [224,
206, 181, 260, 298, 303], panuanbHble, KIMIAHIPUUECKUEY U «JUTUITHICCKUE)
O6asucubie Qynkuuu [230, 317, 249-251, 308, 309] u HCKyCCTBEHHBIE
HeiiponHsle cet [112, 200, 335]. OTH KOHCTPYKIHMH TaKXK€ COAEP’KAT MHOIO

1 .
¥ OBBIYHO HCTIONMB3YIOTCS (PYHKIMH IPOCTOrO BHIA: MOCTOSHHAS HITH JTHHEHHAS.
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napaMeTpoB U JJIsi HUX 0COOEHHO aKTyasJeH BOMPOC BHIOOpa pazMepa MOACIU U
ONTUMU3AINH €€ CTPYKTYpHI (Tim. 7.2.3, 9.2).

10.2.1.1. OGoOmeHHbII MHOro4wieH. Jlyis mTOCTpOCHHS TII0OATBHOM
moaenu (10.5) BeIOMparoT BUJI f U pacCUMTHIBAIOT MapaMeTpbl 00braHbIM MHK

S(©) = 200 = LW 157 25Tl p©)) = min. (10.6)

i=D+1

JIJIsl IPOCTOTHI PACcUYETOB KEJIATEIILHO BBHIOPATh (PYHKIHIO f, JTUHEHHYIO IO C.
DTO UMEET MECTO JIJISl TAK HA3BIBAEMOT'O 0000OWEHHO20 MHO2OUICHA

p
Jf(x) =1;Ckfk(X) (10.7)

10 HEKOTOPOH cucmeme 6azucuvlx Qyukyui f,, f,,..., fp. [Ipu 3TOM 3amaua

(10.6) nuHeliHa ¥ HE BO3HUKAET MPOOJIEMBbI JOKAIBHBIX MUHUMYMOB. K Takomy
Croco0y OTHOCUTCS UCHOJb30BaHUE areOpanvyeckoro MHOIOWIEHA, MOPSIOK
KOTOPOTO YBEJIMYMBAETCs, MOKa He OyAeT HaljeHa ajJeKBaTHas MOJENb WU
MIOKa HE BBIMOJHUTCS JIpyroe yciaoBue (0 BEIOOpE pazmepa MoAenu cMm. 1. 7.2.3).
[ToapoGHOCTH 3TOTO TTOAXO0AA MPECTABICHBI B TabopaTopHoii padote [36].
10.2.1.2. PaamanbHble Oa3ucHble GYyHKHUM. OTO (GYHKIUU BUOA
¢k(x):¢Q\x—akH/rk), rae HH O3Ha4aeT HOpMY ([UIMHY) BEKTOpPa, B KayeCTBE
«MAaTEepUHCKOM» (yHKUMU ¢ OOBIMHO OepeTcsi XOpoIlo JIOKAIM30BAHHAS
dyHKUHs, HampuMep, «raycchaHa»  ¢(y)=exp(—y’ /2), BEIMYUHBl A,
Ha3bIBAIOT «IEHTpaMU», a 7, — «paauycamm». MogenbHas QyHKIus f

4 MpescTaBiIsieT co0oi 000OIIEHHBI MHOTOWIEH 10
cucteme GyHKIHi @, f(X,€) =D c; ¢, (x). Kaxmoe
k

CIIara€Mo€ CYIIECTBEHHO OTIMYHO OT HYJIS TOJIBKO
*; Ha PACCTOSHMM, He OOJbIIEM 7, OT LEHTpa a,

(puc.10.9). MHTyUTUBHO $CHO, YTO C TOMOIIBIO
TaKOM CYNEpPHO3UIMH MOKHO TNPUOIU3UTH OYEHBb
CIOXHBIH (HO Thaakuil) penbed. Paguanbhblie

Puc.10.9. I'paduxu

PATHATHHBIX asnonpx  OA3HCHBIC q)yHKufH/I UMEIOT MHOT'O
byHKmmii  (kavectBenno), ~ IPHBIICKATENbHBIX CBOWCTB M YacCTO HCIIONB3YIOTCS
3aBHCAIMX ~ OT  AByX B  IPAaKTHKe ammpokcuManud. OnHaKo  Mel
TIEPEMEHHBIX : TPM ~ OTPAaHUYMMCS  CKAa3aHHBIM M OCTaHOBHUMCH
«rayCCOBCKHX XOIIMa» HECKOJIbKO MOJIpOOHee Ha ABYX JAPYTUX, elle Oosee

pacmpocTpaHeHHBIX METOaX.

10.2.1.3. UckyccTBeHHble HelipoHHble ceTH. Mozaenu ¢ MHC (m. 3.8)
MIMPOKO ¥ YCHEIIHO WCHONB3YIOTCA MU peHIeHuss MHOTuX 3anad. OHu
MPEICTaBISAIOT cO00i HE cyMMy Oa3uCHBIX (DYyHKUMH, a komnozuyuto (cM. ¢.96-
97). B ornuume or 000OIIEHHOTO MHOTOYJIEHA, OHM 0053aTEeIbHO HEJTUHEHHO
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3aBHCAT OT OICHMBAEMBIX MapaMeTpoB. JTO «HaWOOJee YHHUBEPCATHHBIN
croco0 anmpokcuMaIuu GyHKIIMA MHOTHX TTEPEMEHHBIX B TOM CMBICIIE, YTO OH
HE TOJBKO TEOPETHUECKH OOOCHOBAH, HO M HEPEIKO YCIEIHO paboTaeT Ha
MIPaKTHKE.

Beenem 3aece MHC dopmansHo (B nmomonHeHue K 1. 3.8) Ha mpumepe
MHOTOCJIOlHOr0 nepcentpona. Ilycts X =(x,,..,x,) — apryMeHT HCKOMOH

¢ynkuu f. CocraBuM Ha0Op QYHKIHH [ j(l)(x) , J=1.,K;:

D
1000 S o 2o WP o) 109
i=1

(0)

rac IOCTOSHHBIC Wi (0)

J
aktuBanuy. OyHKIMS ¢ OOBIYHO HENMMHEWHA W MMEeT rpaduK CTYNEeHYaTOro
BUia. YacTto HCHoap3yeTrcs TaK Has3blBAEMBIM  KIIACCMUECKHM CUTMOMJ

Ha3bIBAlOT BECaMH, U — NOpPOraMu, ¢ — QyHKUIUEH

d(x) = 1/ (l—e_x). Bynem roBopuTh, 4t0 Kaxaas QyHKuus f /.(1) MPEICTABIISAET

BBIXOJI CMAHOAPMHO20 (HOPMATbHOCO HeUpoHAa C HOMEPOM j, Ha BXOJl KOTOPOTO
MoJIaH BEKTOP X (KMBOM HEHPOH CYMMHUPYET BHEITHHE CTUMYJIBI U pearupyer Ha
WX COBOKYITHOCTH TIOPOTOBBIM 00pa3oM, OTCIOJa W CBOWCTBA (PYHKIUU ), CM.

puc.10.10,a. Cucrema dymxumit f,,..., ¢ — s10 HaGop meiiponos mepeoro
cinos (puc.10.10,0). Ha3oBem 3HaueHus: pyHKkumii f j(l) BBIXOJHBIMHU 3HAYEHUSAMU

HeﬁpOHOB MepBoro cCJjaod " 0003HAYNM HX COBOKYITHOCTb BCKTOPOM y(l) C

1 1
KOMITOHEHTaMHU y§. )= f j( )(x).
HeHpOH 1-coitHad ceTk 3-crofiHadg ceTh
X " 1 cmodi 2 crodt 3 crioft
g —ul| ¥

.7C2 W @_% ==

2 v _f

T

a)
Puc.10.10. a) Cranmaptabiii hopManbHBI HeHpoH. 0) Cxema OJHOCIOWHON MCKYCCTBEHHOM
HEHPOHHOW CeTH C OJHUM BBIXOJOM (OAMH NPSIMOYTOJIbHUK — OAMH HEHpoH). B) Cxema
muorocionnor MHC ¢ onHUM BBIXOAOM

. 1
OmnpenenuB B KayecTBe PYHKIUH f TMHEHHYI0 KOMOMHALIUIO [ j( )| IOy M

TakK Ha3bIBaeMyto ooHocaounyro NHC:
K, K D
1 1 1) _ 1 0 0 1
S =2 wly P10 =% w! )¢[Z w®x, + v} >j + 0™, (10.9)
J=1 Jj=1 i=1

)

[e HapameTpsl W M

,U JOTIOJIHUTENbHBIE Beca U mopor. CBOOOIHBIX

napaMeTpoB B Tako wmomenmu P =K, (D+1)+(K,+1) wmryk. Oto
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OpeCTaBIeHUe TMOX0oke Ha 0000menHpii MuorowieH (10.7), mo HHC

(0) )

HEJIUHEWHO 3aBUCHUT OT mapamMcTpOB W n U

Paccmotpum  Temephr eme oaHy cucteMy (GYHKIUH  f j(z), j=L...K,,
umeromux Bux (10.8), Ho 3aBuCAImKX OT K, -MEPHOr0 apryMeHTa. OTO HEUPOHBI

BTOPOTr'oO CJIOA, Ha BXOA KOTOPBIX ITOJANOTCSA BBIXOAbI HeﬁpOHOB IEPpBOro CJIoAd

vy (puc.10.10,8). OGO3HAYMM MX BBIXOJHBIC 3HAYCHHS BEKTOPOM Yy

pasmepHoctu K, U ompenenuM (yHKIUIO [ Kak JIMHEWHYH0 KOMOMHAIMIO
BBIXO/IHBIX 3HAYCHUN HEUPOHOB BTOPOTO CJIOS:

K,
FR=w® y® 1@ = U0 3, w92 w<°>x 0@ |+00 L+ (10.10)
Jo=l Ji=1 :

Oto asyxcinoiHas MHC, koTopas BkitouaeT B ce0s yKe KOMIO3UINH (YHKIUH,
YTO CYUIECTBEHHO OTJIMYaeT €€ OT TceBaonuHernoil wmoxenu (10.7).
YBenuueHue Ynciia CiIoeB JIOCTUTAETCsl OUueBUIHBIM oOpa3zoM (cM. puc.10.10,B).
Yame Bcero [uisl pemeHUs 3a4ad  allpOKCHUMALMH  UCHOJb3YIOT
neyxcioitueie UHC (10.10), pexe — Tpexcnoitasie [115]. VBenuuenue uucina
CJIOEB HE MPUBOJIUT K CYIIECTBEHHOMY YJIyYIIECHHUIO. YIyUIIeHUs JOOUBAIOTCS
3a CuUeT yBEJIMYEHMS 4Mciia HEHpoHOB B cioAx K,,K,. Teopernueckas ocHOBa

ucrionb3oBanus HMHC — o0oOmieHHass anmpoKCHMallMoHHas Teopema (ee
YaCTHBIM Clly4aeM sBIIseTCs Teopema Belepitpacca), KoTopas yTBEp>KIaerT,
yTo Jr00as HenpepblBHAs (PYHKIUS MOKET OBITh CKOJb YTOAHO TOYHO
paBHOMepHO npubamxena ¢ nomouisto MHC, ctporoe uznoxxenue cm. B [63].

[Ipouenypa pacuera napamerpoB MHC myrem munummzanuu (10.6) — ee
«o0yueHue» — 3TO CIOXKHAs 3ajjaua MHOIOMEPHOW HETMHEHHONW ONTHUMH3AILUH,
JUIS pElIeHUsT KOTOpPOH pa3BUTHI CHELMAJIbHBIE «TEXHOJOTUW»: allOPUTM
00paTHOTO pacrpoCTpaHeHUs OMMOKH, 00yUeHHEe ¢ pacmucaHueM, O0yUYeHHUe C
IIyMOM, CTOXacTHYecKas ONTHUMH3aIus (TeHEeTHMYECKHE METOAbl, METOJ
MMHTAIMU OTXKUTa), CM. MoJpoOHOCTH U cchbulku B [79]. UHC Moxer comepxaThb
OYEHb MHOI'O JIMIIHUX 3JIEMEHTOB, U CTPYKTYpYy 3TOH MOJENIU (apXUTEKTYpy
CETH) XKEeNaTeNbHO cenaTh O0ojiee KoMIakTHOM. [[ist aToro HelWpoHbl, Beca U
HOpPOrM KOTOPBIX CJIa00 MEHSIOTCA B IpoLecce OO0yuYeHUs, MCKIIOYAKTCA U3
CETH.

Ecnu nmeercsa Heckonpko anbrepHatuBHbBIX MHC ¢ pasHON apXHUTEKTYypoH,
MOJIyYEHHBIX B pe3yJjibTaTe 00yUYeHHUs 10 TPEHUPOBOUHOMY Py, TO JIYUIIYIO U3
HUX OOBIYHO BBIOMPAIOT MO HAWMEHBLIEH TECTOBOM OIMIMOKE ammpOKCUMAaIuu
(m. 7.2.3.2). Jng mnody4deHUsS «YECTHOTO» IOKa3aTesisi MPOTHOCTHYECKON
3¢ HEKTUBHOCTH MOJAETH UCHOJB3YIOT €lle OAUH psAl (He TPEHUPOBOYHBIM U HE
TECTOBBIM, T.K. 002 OHU HCIIOJIB30BAIUCH JJI IOCTPOCHHUST MOJAEIH), KOTOPBII
Ha3bIBAIOT «3K3aMEHALIMOHHBIMY.

IIpeBocxoncto MHC Hang nqpyruMy KOHCTPYKLMSAMH IIPU PELIEHUM 3a1a4

275



Yacrts II. Mooeruposanue no epemennvim psaoam

MOJICTUPOBAHUS HEJIETKO MOHSTh MHTyUTUBHO [115]. Eciam monyuena xopoiio
paboraromas monenb ¢ MHC, To, kak mpaBuiio, HESICHO, 32 CUET Yero OHa TaK
xopoma. JTo mpodiieMa «IpO3pavyHOCTH CETH»: MOJENb «YEPHOTO SALIUKa» U
caMa OKa3bIBAETCS YaCTO «YEPHBIM SIIUKOM». TemM He MeHee, MOAEIb MOYKHO
KCCIIeIOBATh YUCIICHHO M MCII0JI30BaTh JJIS MPOrHo3a, cMm. m. 10.2.1.6.

10.2.1.4. JloxkaJdbHBIE MOJEJIH.

JIokanbHbIC MOJCIN CTPOATCA U3

COO6pa)KeHI/I$I MHUHHUMHU3AIIUN CYMMBI 77

S8 HIpEHUPOSOYHEEL pRd
W meRVigui ooy
88— Gnurcatiune coceou

kBagpaToB Tumna (10.6) B JoKadbHOU
obmactu  (Ha3oBOTO  MPOCTPAHCTBA.
Tak, nnst mporHos3a 3HaueHMs 77, ),
KOTOpO€ TOCIEAyeT 3a COCTOSHHUEM

_ 19
Xi - [ni’niﬂa“" 77i+D—1] o

WCIIONIb3YEeTCS clenyroast
npouenypa. W3 Bcex  BEKTOpOB
TPEHUPOBOYHOTO PSAZIa OTHICKUBAIOT k
Onudicatimux — coceodeti  TEKYIIETO
BEKTOpa X,. OTO BEKTOpbl C

1
(uepHble
HHACKCaMH n

BPCMCHHBIMHA

paccTosiHusL OT KOTOpPBIX JO X,

1

MeHbllIe Beero (aunanoau X, , puc.10.11, 10.12):

KBaJpaThl),
J?  TpEeHHPOBOYHOMY DSy

Puc.10.11. Mnmroctpanus 1js TpeXMepHOU
JIoOKaJapHOW Momenu (D = 3): Ommkanme
cocenu (UepHBIE KPYXKKH) BEKTOpa X;

HaWeHHBIE 110

x3
Hxn_,- -x,|<|x, -x,|, j=Lk, l#i, I#n;. (10.11) R
28]
3HaueHuss HaOMIOJaeMOW, KOTOpBIE CJIEI0BaId B
IPOILIOM 33 COCEISIMHM X, , U3BECTHBL [l0 HUM MOKHO X,
J
X
moctpouth wmomens  (10.5). OOBMHO  HUCHOJB3YIOT X o Xy
npoctyro  ¢yHKuuoo  f(X,€), mapaMeTpsl KOTOPOM 2 Xy & Xn 1
HaxomaT oObraHbIM MHK, X0oTs ucmons3yroT u 6osee Puc.10.12
HcC.1VU.12.
CIIOXKHBIC ~MCTOAMKM oueHku [260]. Ilomywennyro oo o o e
¢yHKIHIO f(X,€;) MCHONB3YIOT JIS MPOTHO3A 3HAYCHUS  (Gempie KpYXKKH)
n.,p, 1o dopmyre X,,=f(x;,¢), puc.10.12. Bekropa X; (4epHbIH
[Tapamerpbl €, cHaOXeHbl HMKHHUM HMHIEKCOM 1, T.K. KPYKOK) 4
cleAyroLue 3a HUMA
COOTBETCTBYIOT TOBKO OKPECTHOCTH TEKYIIETO BEKTOPA oo (Gerbie
X;. CormacHo Tak Ha3bIBACMOMY UMEPAYUOHHOMY  tpeyromphukn). Ilo
cnoco0y mporHo3za (cMm. 1. 10.3), yToObl mpeackazarb  ITHM JaHHBIM
OCYHICCTBIIAIOT
IIPOTHO3
19 CJIEYIOILETO
B INEPBYO OUCPCAb OOBLIYHO BO3HHKAET 3agavda — NpeaAcCKasaTb 3k €
BEKTOpa X,
MOCIEAYET Cpa3y 3a MOCIEIHUM 3HAYECHUEM 7) B TPEHUPOBOUYHOM | (depHbii '

Xy_ps1 =y_pstsMn-prasesTn]-
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CIIEAYIOLIEEe 3HAYEHUE 77;,,,,, HEOOXOAUMO NS HOBOI'O BEKTOpPA COCTOSIHUSA
Monenu X, = (7,151 p_1>X;sp) TOBTOPUTH NPOLENYPY IOMCKA COCENEH H
OIICHKA TapaMeTpoB. TakuMm oO0pa3oM, TIOJyYarOT HOBBIM  IPOTHO3:
xi+D+1 :f(xi-f—l’éi-f—l) .

Omupasice Ha  Teopemy  Teliopa,  HCHONB3YIOT  CIEAYIOIIME

annpoxkcuMupymoomue QyHKIMHA: KOHCTaHTa f(X,c)=c,; JUHEHHass QYyHKIUs
D
f(x,)=¢, + > ¢;,x;; MHOrOwIeHb Gonee BbicOKMX mopsankos K. C ommoii
J=1
CTOPOHBI, MOI'PEIIHOCTh AMIIPOKCHUMALIMA TEM MEHBIIE, YeM OJIMKE HailleHHbIE
coceu K TeKylieMy BekTopy. IloaTomy oHa MOKHA yMEHBIIATHCS C POCTOM
JUIMHBI psifa, T.K. MPOMCXOAAT Bce Oosiee OMM3KHE BO3BPAaThl B OKPECTHOCTD
Kaxaod Touku. C Jpyrol CTOpoHBI, Uil OOpbOBI C LIYMOM CIEIYyEeT
UCIIONIb30BaTh OoJjbllee uyucio cocened k.  Bo3Hukaer He0OX0IMMOCTb
coOMI0AaTh KOMIPOMHUCC: HENb35l UCIOJIb30BATh CIUIIKOM OQleKUX «COCEenen»,
YTOOBI MOTPEIIHOCTH ANNPOKCUMALIMA MHOTOWJIEHOM HHU3KOI'O MOpsAJIKa HE cTaja
CIIMITKOM OOJBIIONH, HO HENMb3d OpaTh W CIWIIKOM MAl0e YUCIo OIA3KUX
COCEJIEH.

JIoKaJIbHO-IIOCTOSIHHBIE MOJIEJIM MEHEe TPeOOBATENbHBI K YACITY JaHHBIX U
0ojee yCTOMYMBBI K JEHCTBHIO IIYMOB, T.K. OHU COJEP)KaT BCEro OIUH
CBOOOAHBIN MapameTp Uil KaKIoW okpecTHocTu. [Ipm HeOonpmMX mymax H
JIOCTaTOYHO OOJBIIMX JJIMHAX psAga (KOHKPETHbIE BEJIWYMHBI 3aBUCAT OT
HEO0OXOIMMOM pasMEpPHOCTH Mojaenu D) MpeuMyIEeCTBO HMEIOT JIOKAJIbHO-
JAUHEWHble Mojend. s uX MOCTPOEHHs] HYXHO HCIOJIb30BaTh MUHUMYM
k=D +1 coceneit, T.Kk. oHu coaepkat D +1 mapamMeTpoB B KaKIOH «STICHKEY.
[TorpemHOCTh anMpPOKCUMAITUU AJI HUX B CIIy4yae OYeHb JITUHHOTO U «YHCTOTO»

psana — nopsaka S°, rae & — XapakTepHOE pAcCTOSHHE MEXIy ONM3KUMM
BEKTOpaMH B TPEHUPOBOYHOM psize. JlokanabHble MOJEIM C MHOTOWIECHAMH
0osiee BBICOKOI'O TMOpPSAKA HCIOJB3YIOTCS KpallHE penko, T.K. OHU HMEIOT
MPEUMYILIECTBA TOJIBKO B (IIOYTH HEPEATMCTUYHOM) CIIyyae OTPOMHBIX OOBEMOB
OYEHb «UUCTHIX» JIaHHBIX.

B omucannoMm moaxome mozaenbHas (QyHKIMS f, KaKk TMPaBHIO, pa3pbIBHA,
T.K. Pa3JM4YHbIE «KYCKW» JIOKAJbHON aNmpoOKCHUMAIlMM HE CIIMBAIOTCS MEXKIY
coboii. MHOra 3TO MPHUBOAMT K HEXKEJIATENbHBIM OCOOCHHOCTAM JTMHAMHKH
MOJIENIM, KOTOpblE HE HAOMIONAIOTCA Yy MCXOAHOM CHUCTEMBl. Y CTpPaHUTH
Pa3pbIBHOCTh MOXHO C ITOMOILBIO TPUAHTYJIAIMK U Apyrux meronos [308]. [Ipn
3TOM MOJIeNb MPHOOpPETAaeT HEKOTOpble IIoOadbHble CBOWCTBA ( f CTaHOBUTCS
HEMpEephIBHON), U €€ TOIr/Ia Ha3bIBAIOT INI00ambHO-JIoKaIbHOH. HOo 3T0 cuiibHO
YCJOKHSET aJTOPUTM U PEIKO UCIIOIb3YyETCS Ha ITPAKTHKE.

JlokanbHplE MOJENIM YAaCTO MCHOJB3YHOTCS HAa NPAKTUKE Ul IPOTHO3A.
Ecth pa3znooOpasHbie BapHaHThl aIrOPUTMOB HMX IOCTPOEHUS, YUUTHIBAIOIINE
TOHKHE JETaJd. OJTO COBPEMEHHBIH BapUaHT MPOrHOCTHUYECKOTO METOAa
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«ananoroBy (cM. puc.10.11 u c.261-262). Ilo3zHakomMutTbcs mMOApoOHEE C
IPOLEAYPOH UX MIOCTPOEHUSI MOKHO B JTabopaTopHoii padoTte [36].

10.2.1.5. IHouck 0am3kux cocenei. [lonck coceneil MOXKET 3aHATH OYEHb
MHOTO BpPEMEHHU, €CIId TPEHUPOBOYHBIA psija Benuk. MckaTh paccTOsHUS OT
KaXJIOTO TEKYIIEro BEKTOpa J0 KaXKIOTr0 BEKTOpa B TPEHUPOBOUYHOM psijie U

BBIOMPATh HAMMEHBIIINE — OUEeHb JIONTo (YMCIIO omepanuil mopsaaka N2). 31ech
MBI U3JI0KHM 3 (HEKTUBHBIN alrOpUTM OBICTPOTo TIoMcKa [254], OCHOBaHHBIN Ha
MpeIBapUTEIILHOM pa30MeHUN TPEHUPOBOYHOTO MHOXKECTBA HA STYCUKH.
OrnurcaHHbIE BBINIE JOKAIbHBIE MOJACIHU — 3TO MOOENU C (PUKCUPOBAHHBIM
yuciom cocedei. PaccMOoTpuM 371ech Jpyrod (HO O4YeHb OJM3KWN) BapHaHT
JOKAJIbHBIX MOJENEH — Mmodenu ¢ UKCUPOBAHHBIM DA3MEPOM OKPECHHOCU.
CornacHo eMy Ul TEKYILEro BEKTOpa X; HILYTCS COCEOH, KOTOPbIE HaXOAATCA

Ha PAacCTOSTHUHU OT X, He OonbueM o (puc.10.12):

<0. (10.12)

Hxnj - Xz’

Yucno coceneil MoxkeT ObITH Pa3HbIM Ul pasHbIX X,. [J1aBHOE, 4TOOBI OHO
osuto He Mmenbiie D +1. Ecau cocenmelt ciMIIKOM Mayio, TO HAaJAO YBEIUYHUTH
pa3mep okpecTHocTH. [Ipy yBennueHun ypoBHS IIymMa U pa3MEPHOCTH MOJEIH
Uist  (DUKCUPOBAHHOW JJUHBI psifa N ONTUMAIbHBI pa3Mep OKPECTHOCTH
CABUTACTCS B CTOPOHY Oonbmiux O. OnTUManibHOE 3HAYEHHE O MOJOMPAIOT
meTogoM mpo6 u omubok. Hopmy Bektopa B (10.11) wmmm (10.12) moxHO
HCTIONB30BaTh JIIOOyI0. Yao0Hee Bcero HopMa HXH:maxﬂx1 },

MOCKOJIBKY OHa BBIUHcCIseTcs ObicTpo. J[ns Hee okpectHocTh (10.12) — 3T0
THUIIEPKYO CO CTOPOHOH 2 0.

21 X5 |5eees| X

Pacuer paccTosiHMII OT TEKYILIEro BEKTOpa X3 S e
0 BCEX BEKTOPOB TPEHHPOBOUHOIO psa fionepa
TpeOyeT 3HAYUTENIbHBIX 3aTpaT MAaIlUHHOTO }{i:
Bpemenu. JKemarenpHo  ObUIO OBl HE ,}ej}.:}*’ Do:o
paccuuThIBaTh PACCTOSIHUSI JO TE€X BEKTOPOB ”,Cjiﬁlﬁ'-‘lo
TPECHUPOBOYHOI'O psga, KOTOPHIC 3aBEAOMO HE 5%{;@@1"“ 000088
MOTYT OBITH coceAsMu. [l 3TOro BEKTOPHI :J’ ;-?m:“ X,
TPEHUPOBOYHOTO psana IIPEABAPUTEIIBHO x
copmupyrom. Jlnsi COPTUPOBKH HCIIOJIB3YIOT ! P
MEPBYIO U MOCJIEIHIOK KOOPIAUHATHI BEKTOPOB.  Ppc.10.13. BeKTopb!
IMycts 7, ¥ 7, — MHHUMAIbHOE W  TPEHHPOBOYHOIO psza
MakCHUMalbHOE 3HAa4deHHs HaOmogaemoii B~ COPTHPYOTCA IO SHAUCHHAM
TPEHUPOBOYHOM psiae. Torma Ha IMIOCKOCTH nepsont M HocHeAHEn

KOOpAWHAT: CO3JacCTCA

(x,,xp) (as3oBas TpaeKTOpus JEKUT BHYTPH KBaJ[paTHBIi MAccs, B
KBajgpara co CTOpOHAMM  JJICMEHTBI KOTOpOro

3amuchiBaeTcs HMHGoOpMalus o
KOJIMYECTBE BEKTOPOB B

xl = nmin’xl = nlnax’xD = nmin’xD = 77maLx (CM‘
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puc.10.13). DTor KkBagpar pa3OuBaeTcs Ha KBaJpPaTHBIE SYEUKH pazMepoM O.
Onpenensercs, Kakoil BEKTOp B KaKyro sueiiky nomanaer. Co3aercs Maccus,
3JIEMEHTBI KOTOPOTO COOTBETCTBYIOT siUeiikam pa30ueHus. B kaxaplii 7eMeHT
3aMUChIBAIOTCS BPEMEHHbIE WHJEKChI BEKTOPOB, MOMNAaBIINX B
COOTBETCTBYIOIIYIO siUeiKy. Temepb, 4TOOBI OTHICKATh OIDKAMIIMX coceaei
BEKTOpa X, HYXKHO OIPEIECINTb, KAKOW SYEHKE NPHUHAIIEKUT ITOT BEKTOP, U
paccuMTaTrh pPAcCTOSIHMS OT HETr0 TOJBKO N0 TEX BEKTOPOB, KOTOPHIE
MPUHAJIEKAT TOU K€ sUeiKke WM MMEIONIMM C Hell o0Iyo BepIIMHY (BCEro
HY’)KHO TMpPOBEPUTh MAaKCUMyM 9 sueek). Takol ajnropuTM CyIIECTBEHHO
YCKOPSIET MPOIIECC MOUCKa coceneil u TpedyeT Bcero mopsaaka N omepanuil npu
OTCYTCTBUHM CJIMIIKOM TYCTO W CIHIIKOM PEIKO «HACEIEHHBIX» o0yacTell B
BOCCTaHOBJIEHHOM IPOCTPAHCTBE.

10.2.1.6. lIpakTnyecknii mpumep nporuosa. Habmomaemblil nporecc —
XaoTuyeckas [uHamuka jazepa (puc.10.14) — Obul npeuiokeH opranu3aTopaMu
koH(pepenniuu B Canrta-®e (CIIHIA) B 1993 romy BceM IKeNarOIIUM
MOCOPEBHOBATLCA B 00JIACTM TPOTHO3a CJIOXXKHBIX CHUTHAIOB [326]. ABTOpHI
JOJIKHBI ObUTA MIPEACTABUTH MPOJOJDKEHUE Psiia, KOTOpOe He ObUIO UM 3apaHee
m3BecTHO (100 crmemyrommx touek mo umerommmcs 1000 toukam). Konkypce
BbIMIpan acnupaHT . Ban, xotopeii wucnoss3oBan HMHC  mpsamoro
pactpoctpanenus [335].

HHTEHCHBHOCTD

0 Bpewa, mxc 60
Puc.10.14. JlanHbIE ¢ KOJTBIIEBOTO Jlazepa B XaoTuueckoM pexume [243], At =40 ue

Ha puc.10.15,a npeacrasnens! rpaduku HaOmM0AaeMOr0 psija (MyHKTUP) U
nporHo3a (CruioniHas JuHUs) ¢ nomoulsto Moaenu ¢ MHC s paznuunbix
CTapTOBBIX MOMEHTOB. bBJIHM3KyI0 TOYHOCTH MpPOTHO3a, a IO HEKOTOPBIM
rapaMeTpamM | JIydllle€ BOCHPOU3BEICHHE JHUHAMUKH [326], oOecneuniu
JOKalbHO-TUHEWHbIe Mojenu [298], cm. puc.10.15,6. JlokanpHO-IMHEHHAS
MoJienb «paboTtaeT» nuib uyTh Xyxke MHC nnsa craptoBeix momentoB 1000 u
2180 u syumie nusg apyrux Tpex ciaydaeB. OTHOCHUTEIBHBIN yCIEX MOJEIBHOTO
MPOrHO3a Ha Pa3HbIX OTPe3Kax 3aBUCUT OT TOro, HACKOJBKO TOYHO OHHU
MPEICKa3bIBAIOT MOMEHT MEPEKITIOUEHUs KOJIeOaHU ¢ BHICOKOAMIUTUTY IHBIX Ha
HU3KoaMIUIUTYJHble. Kpome Toro, okaspiBaeTcsi, 4YTO JIOKajbHas JUHEHHAS
MOJIeb JIy4Ille€ BOCIPOU3BOJIUT JOJATOBPEMEHHYIO JMHAMHUKY, YTO MOXKHO
yBUAECTh Ha BepxHed manenu puc.10.15,0, roe mpencraBieH WTEpallMOHHBIN
nporHo3 Ha 400 Touek BHepel W BHUJHO XOpPOILIEE COOTBETCTBUE C
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JKCIIEpUMEHTOM Ha BceM uHTepBaie, a1 MHC pe3ynbTaThl HECKOJIBKO XYXKE
[298, 335]. Takum 0O6pa3om, B JTaHHOM cliydae MojieibHbIe oToOpaxenus ¢ MHC
Y JIOKAJIbHOM JIMHEMHOM alllpOKCHUMAalMed MPUMEPHO OAMHAKOBO xopomu. Mx
OpUMEpPHO oJuHaKoBas 3()()EKTHBHOCTH HAOMIOMAETCS U BO MHOTHX JPYTHX
clryqasix.

Pan npumepoB mpuMEHEHUs JOKAJIBbHBIX MOJENEH IJsl MPOTHO3a MOKHO
Haitu B [224, 254, 260]. Monenn ¢ MHC npumeHsIIOTCA BCe K€ HECKOJIBKO
yaie, T.K. OHU MeHee TpeOoBaTeNbHbl K JUIMHE psja U YPOBHIO HIyMOB. EcTb
MpUMEpPbl UX YCIEUIHOrOo MPUMEHEHUs JUId MpOorHo3a B reodusuke u 06sacTu
¢unancoB (kypcel BamoT) [99, 112]. VYcnemnble pe3ysibTaThl MOCTPOEHUS
mozaenei B Buze (10.5) cm. taxxke B [251, 308].

250( 9,027 o #0007

o n -
1000 1010 1020 1030 1040 1050 1060 1070 1080 1090 llil‘l:l 1000 nsn 1100 1150 1200 1250 1300 1350 1400

B

1] - .. - - R MRS | = - J
Z1E0 219 2z 221 2210 2230 21240 2250 2260 27m 2280 2180 2230 2280 2330 2380

30 g5

2

u = e - L -
3870 3880 390 3000 3010 3020 3030 3040 3050 3040 3870 38T v AT 4z 407
1= — - — - - -

J

1| S - - ————t—————t——— -
ElLLT 40 4 4030 440 U0 40600 407 40 400 4100 4l 40=0 4100 4150 4200

- )
00,16 0.111

2

Q0 Fob  Emo0 &0 50 ©a0 50 S0 & Ese sisn 5230 B 5330 380
a) 6)

Puc.10.15. IlporHo3 HMHTEHCHBHOCTH Wu3IydeHus nazepa: a) mozens ¢ MHC [335], 6)
JIOKaJbHO-IMHENWHad Moiens [298]. Tlo ropu3oHTaIbHOM OCH — BpeMs B €MHUIIAX MHTepBaJia
BbIOOpKU. TOHKHME JMHUM — W3MEpEHHbIE 3HAUCHMS, >KUPHbIC JMHUU — IMPOrHo3. PasHble
MaHeTu COOTBETCTBYIOT MPOTHO3Y C Pa3dUYHBIX CTapToBbIX MomeHToB: 1000, 2180, 3870,
4000, 5180. Yucmo B IEBOM BEpXHEM YTy KaXIOW MaHETN — CPEJIHUI KBAJApaT OIIUOKH
mporHo3a Ha mnepBbix 100 Toukax mpeacraBieHHOTO (QparMeHTa. Bepxnue mnaHenH
MOKa3bIBAIOT (PparMeHT, KOTOPHIA TpeboBalOCh MpeicKa3arh B copeBHOBanmu 1993 rona
(touxu Ne 1001-1100)

10.2.2. MoaenbHble quddepeHInaIbHbIC YpaBHEHUS

[lo ckamspHomy BpeMeHHOMY psay wmozenbHbie OJY wacto cTposrT,
BOCCTAHABIIMBAsl ~ BEKTOPbl ~ COCTOSIHUSL ~ METOJIOM  MOCJIEAO0BAaTENIbHBIX
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NPOM3BOIHEIX [17,d7/dt,....d" 7177/ dt®?'] B Tak HasbIBaeMO CTaHIAPTHOMN
dopwme (1. 3.5.3):

dPx/dt® = f(x,dx/dt,....d" "' x/dt" ¢), (10.13)

rae HaOmomaemas 77=x. O BbIOOpE aNMPOKCUMHUPYIOMIEH (GYHKIHH 37eCh

MOKHO CKa3aTh BCE€ TO € camoe, 4To u Bbimie st moxaenu (10.5). Ho 3xeck
game HaOMIOJAIOTCS  «IUIaBHBIE»  ANMPOKCHMHUPYEMBIE 3aBUCUMOCTH U
UCIOJIb3YIOTCA aNreOpandecKue MHOTOUJICHBI

K

D, D
fG XX, = > ¢, o [Ix7, 20 <K (10.14)
0 o A

l] ,12 ..... lD:

[Toutu He ucnonp3yrot moaenbHsie OY (10.13) ¢ UHC u 1.mm. [309].

Hekotopeie cuctemMbl MOTYyT OBITh MPUBEACHBI K CTAHIAPTHOMY BHUIY
(10.13) naxe ananutuuecku. Tak, FTalOHHAsg XaOTHYECKas CHUCTEMa — CHCTEMa
Peccnepa — nmeer Bun:

dx/dt=-y -z,
dy/dt=x+C,y, (10.15)
dz/dt =C, — Cyz + xz.
MoxHO 1OKa3aTb, 4TO €€ MOXHO CBECTH K TPEXMEpPHOU K€ CHUCTEME C
MOCJIEI0BATEIbHBIMU TIPOU3BOJIHBIMUA KOOPJAMWHATHI ) U MHOTOYIEHOM BTOPOTO
NOPsKA B IIPABOM 4aCTH:
dx, /dt = x,,
dx, /dt = x;, (10.16)
dxy/dt =—C, — Cyx, + (C,Cy = D)x, +(C; — Cy)xy — Cpx; +

rame x;,=Yy. I[J'IH MOCJICAOBATCIIBHBIX ITPOU3BOAHBIX KOOPAMWMHAT X W Z TAKIKC

MOXXHO TmoayuuTh ypaBHeHus (10.16), HO ¢ JapoOHO-palMOHATBLHBIMU
¢yHKIMAMU B ipaBoi yactu [232, 37].

CrangapTHele MOJIENIA YacTO MCIOJIb30BAIUCH HA MpakTUke [65, 66, 135,
178, 231-233, 265-267], HO yCcEXOB OCTAETCS CYUUTAHHOE Yncio. O4eHb 4acTo
ctpykrypa (10.13) c anre6pandeckum MuorousieHoMm (10.14) B mpaBoi yacTu
MPUBOAUT K TPOMO3JIKUM YPABHEHHUSIM.

[Ipu noctpoennn O/1Y 1o BEKTOpHOMY psily HYKHO allpOKCUMHUPOBATh [
CKaIpHBIX (yHKIUH, a He oxHy (cMm. 1. 9.1). Ilpaktmdeckue mpuUMepbI
nocTpoeHus MoienbHBIX OJ1Y mpenacraBieHsl B 1abopaTopHBIX padoTax [37].
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10.3. IIporuos ¢ mnoMobI0 Pa3jJInYHbIX BUJI0B MO/1ejIel

Bpocast oOmuit B3rmsg Ha npoOsieMy NPOrHO3a BPEMEHHBIX PAJIOB U
COTIOCTABJISISI pa3jIMYHbIe MOJXOJbI, CIEAYeT CKa3aTh, YTO HOBBIE METOJBI,
pa3BUTHIE B paMKaxX HEJIMHEWHON TUHAMHUKU M 00CY KIaBIIUECS BBIIIE, HEPEIKO
oKa3bpIBaloTCsl HanOosee A(PPEKTUBHBIMU MJISi MPOTHO3A CIOXKHBIX PEATbHBIX
IPOIECCOB. ITO UMEET MECTO B TE€X CIydYasx, KOTJAa JOCTaTOUYHO OTPAHUYUTHCSA
MOJICJIbIO  HEBBICOKOM  pa3MEpPHOCTA. MHOTOYHCICHHBIE  «HEJIMHEHMHO-
JMHAMUYECKHE» MOAXOABl MOXKHO OTIMYaTh MO IEJIOMY psSAy TNPH3HAKOB:
UTEPAllMOHHBI NPOrHO3 — NPSIMONM MPOrHO3; MOJENIbHBIE OTOOpPAKEHUS
pa3IuMYHOrO BHUAA (Hampumep, T00ajgbHbIE MOJENM — JIOKAJIbHbIE MOJEIN);
MojienbHbIe oTOoOpakeHuss — MoaenbHble OJ1Y. Jlamee Mbl KpaTko 00Cyaum
NpeuMyIIecTBA W HEAOCTAaTKW pa3jMYHbIX BapuUaHTOB. 3a0eras BHepes,
OTMETUM, YTO Hanbosee 3p(HEeKTUBHBIM HHCTPYMEHTOM MPOTHO3a, KaK MPABHUIIO,
ABIIAIOTCS  MOJEIbHBIE OTOOpakeHus (TiIoOanbHBIE WM  JIOKAJIbHBIE, B
3aBHCHUMOCTH OT O00beMa JaHHBIX U HEOOXOAMMOW Pa3sMEPHOCTH MOJAENH) MPHU
UCTIOJIb30BAaHUU HWTEPALMOHHOTO, TPSAMOTrO WM KOMOMHUPOBAHHOTO Crocoba
OporHo3a (B 3aBHCHUMOCTM OT HeoOxoaumoro ympexnaeHus). Ho chHauana
BCIIOMHMM U 0 00JIe€ «CTapbIX» MOAXO0/aX.

Memoowi, ne ucnonvzyrowue HeauHeunylo ouHamuxy. Jns odeHb IpOCThIX
CUTHAJIOB 3a/iaya MPOTHO3a MOKET YCIIEUIHO PEIIaThCs J1aXKe C MTOMOIIbIO SIBHBIX
¢yHKuui BpeMenu (rnasa 7). s HeperyaspHbIX CTallMOHAPHBIX CUTHAJIOB 0e3
NPU3HAKOB  HEJIMHEHHOCTH  Haumbojiee  YMECTHbl  JIMHEWHbIE  MOJIENH
aBTOPETPECCUU — CKOJb3sIIero cpeanero (mim. 4.4, 8.1, naboparopHsie pabOThHI B
[39]), XOTsI 3TM BO3MOKHOCTH BeCbMa OTpaHWYeHbl. MOJXKHO MOKa3aTh, 4TO
nporHo3 ¢ nomoinbio JuHeiHo APCC-monenu Moxxet ObITh OoJiee WM MEHee
TOYHBIM TOJBKO Ha MHTEpBAJIC NOpPsIKa BPEMEHM KOppessLuu mpoluecca 7,

[12] (310 BpeMs criajiaHus aBTOKOPPENSIIIMOHHON (DYHKITUH, CM. 1. 2.3, puc.2.8).
JUI XaOTHYECKOro psifia BpeMsl KOPPEJALUU 7,,, MOXKET ObITh OYEHb MaJIo,

a MOTOMY U JaJIbHOCTh MporHo3a ¢ nomoiisio APCC-moznenu Oyaet mana. XoTs
XAO0TUYECKUI MPOLECC B NPUHLMUIIE HENb3sl MPEACKa3aTh OYEHb NANEKO, A
HEJIMHEHNHBIX MOJEJNIeH NalbHOCTh MPOTHO3a MOKET OBITh 3HAUUTENILHO OOJIBIIIE
7., - HAIOMHUM, YTO 3Ty JaJbHOCTb IIPOrHO3a MOKHO OLICHUTB U3 IIPOCTHIX (HO

HE BCer/ia BepHBIX, oapoOHee cM. 1. 2.4) coobOpaxenuit [96, 318] nmo ¢popmyne

(2.34): Ty = (1/2A1)1n(0'§/0'5 + O'f, + oy ) Ecim mymsl ¥ morpemHoctu

MoAaCIIM HC BCIUKHU, TO 7T MOXCT 3HAYUTCIIbHO IIPCBLIIIATL BPCMsI

pred
KOPPEJIALIN, KOTOPOE MOKET OBITH Tpy0O OIEHEeHO Kak 7, ~ 1/A, .

Umepayuonnsviti, npsamor u KOMOUHUPOBAHHBIU CHOCOObI NPOCHO3A.
[IpenckazaTe 3Ha4YeHUs HAOIIOJAEMOM, ClenyIolMe 3a TMOCIEIHUM B PAIe
3HA4eHUEM 77,,, C IOMOIUBIO (HenuHeiHoM) Mmogenu (10.5) MoxHO yxe
ynoMsiHyTeIM (11. 10.2.1.4) umepayuonnwvim ciocodbom:
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1) mosry4aroT MPOrHO3 Ha OMH IIAT BIIEPE]

XNH = f(XN—DH 9é) = f(nN—DJrl sTIN-D+25++5 1IN 9é) ’ (1017)
2) NpUHMMAIOT NPEACKA3aHHOE 3HA4YCHHE R,,, B KadeCTBE IOCIEIOHEH
KOOPJAMHATBI HOBOT'O BEKTOPA COCTOSHUSA X 5.y = (My_piasTTv_pizseos TN sXna1) »
3) HCHONB3YIOT BEKTOP X ,_p,, KaK apryMeHT (YHKIUHU f, IOJy4aroT
HOBBIH IPOTHO3 £, = f(Xy_p,s,¢), U TAK JAJIEE.
B urore nosry4um mporHos £, ¢ J0OBIM yNIPEKAEHHEM / (4HCIIO IaroB)

Ectes u anmpTepHaTHBA: IS MPOTHO3a C YMOPEKICHUEM [ MOXKHO BMECTO
[-xpaTHOTO WUTEPUPOBAHUS dhopmyibl (10.5) CTPOUTH MOJIENb,
aNNpOKCUMHUPYIOILYIO HenocpeocmeeHno (IpsAMO) 3aBUCHUMOCTb 77,,, OT X,.

®dopma 3TOM 3aBUCHUMOCTH IIPU OOJBIIOM / MOMET OBITh OYEHb CIIOXKHOH B
Cllydae XaOTHUECKOM TMHAMMKH M3-3a UyBCTBUTEIbHON 3aBUCUMOCTH OyayIIero
NIOBEJICHUS 77,,, OT HAYAJIBHBIX YCIOBHUH X;. B pe3ynbrare ms oueHb OONBIIOTO

[ Oyner moaydeHa MojebHas QYHKITUS MPUMEPHO paBHAs CPEIHEMY 3HAUCHUIO
. 20
HaOnromaemMon  f z<77>, T.€. COBCEM HEBBICOKAasi TOYHOCTH MporHo3a.” OmHaKo

JUTsl YMEPEHHBIX [ PSMON METO MOYKET UMETh ITPEUMYIIIECTRA.

Kak 3aBHCHT mambHOCTH MPOTHO3a JUIsI OOOWX CIIOCOOOB OT JITMHBI
TPEHUPOBOYHOTO psia N u Apyrux ¢akropoB? Ha 3TOT BOIPOC MOKHO OTBETUTH
TEOPETUYECKU I JIOKAIBHBIX MoJened ¢ MHorowieHoMm mnopsanka K. Ilo

oueHkam [224, 206] ommOka NporHo3a Mpu UTEPAMOHHOM METOJIE PAacTeT C

A, lAt (K+1)H At
9

YIIPCKIACHUEM [ xak Oay "€ , a IIpH MIPSIMOM METOIC — KaAK Oy, - €

rae H —cymMma TOJIOKHTEIBHBIX JISITYHOBCKHX ToOKaszaTeneid. OTcioma BHUIHO,
YTO CKOPOCTh POCTa OMIMOKH JIs TIPSIMOTO MeTo/a OoJblie (MpUuYrHa yKa3aHa:
TPYJIHO allPOKCHUMHUPOBATH 3aBUCUMOCTb 0a/1ek020 OyaylIero OT HACTOSILETO).
OpHako cieayromuii 0TCI0/1a BBIBOJ O MPEUMYILIECTBE UTEPALIMOHHOTO criocoda
IPOrHO3a CHPAaBEUIMB HE BCErJa, a TOJBKO IPU HEKOTOPBIX YCIOBUAX, a
UMEHHO, MOJeJb [JOJDKHA JaBaTh OJHOLIATOBBIM MPOrHO3 € OOJdBIION
TOYHOCTBIO, JUISl Yero Hy>K€H, KaK MpPaBUJIO, OYEHb IJIUHHBIA TPEHUPOBOUHBIN
BPEMEHHOM PSAJl M OTCYTCTBHE IIYMOB. Eciu jke 3TH yCJIOBUS HapylUIaroTcs, TO,
KaK MOKAa3bIBA€T IMPAKTUKA, I MPOTHO3a C YNPEXKACHUEM [/, TIPEBBIIIAIOIINM
OIMH 1IIIar, HO MEHBIIUM XapaKTEPHOTO BPEMEHH pa30eraHus OJIM3KUX
TPACKTOPHH, JIyUIlle UCITOIB30BaTh MpIMoi MeToa [251]. DTo oOBsACHIETCS TEM,
YTO «OJHOIIAroBas» HsMmnupuueckas wMojeiab (10.5) MoxeT coaepxaTh
CUCTEMAaTUYECKUE OIIMOKM (Hampumep, H3-3a HEyJayHOro BbIOOpa BuUIA
(YHKIUI 17 anmpoKCUMAalMM WM HEJOCTaTOYHOM pa3MEpHOCTH MOJIEIH),

20
HetpynHo yBuaeTs, 4to ais /, NpEBBIIIAIONNX [UIMHY TPEHUPOBOUYHOTO BPEMEHHOTO psija,
MIPSIMON METOJ] MCII0JIb30BATh HEBO3MOKHO H3-3a OTCYTCTBUS HYKHBIX TaHHBIX.
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HAKOTUJIEHHWE KOTOPBIX MPU UTEPAIMSIX MOXET AaTh OONBIINK BKJIAJ B OUIMOKY
IPOrHO3a, YeM OIIMOKa armpoKCUMAIIMU MIPH MPSMOM criocole.

Jnst ynydumieHuss NpPOrHO30B € YMEPEHHBIM YIPEKACHHEM MPEIJIOKEH
KOMOMHHMPOBAHHBIN MOJIXO]] «IIPEAUKTOP — KOppEeKTop» [251], KOTOPBIi cCOCTOUT
B cienyromeM. JlenaloT NPOrHO3 HUTEPALUMOHHBIM WM MPSAMBIM IIyTEM C
MOMOIIIBIO MMEIOIIEHCST MOJIENIN, HA30BEM €€ «0a30BbIM IPEIUKTOPOM». 3aTeM
«MOAMPABISAIOT» NPEICKAa3aHHbIE 3HAYEHHMs] C TOMOIIbIO JOMOJHUTEIBHOIO
MOJIETBHOTO OTOOPa)KEHUS — TaK Ha3bIBAEMOI0 «KOPPEKTOpa», — KOTOpPOe
CTPOUTCS MO TPEHUPOBOYHOMY PsSIy U CBS3BIBAET OLIMOKH MPOrHO30B 0A30BOI0O
MpenuKTOpa Uid YHpexnaeHus [ ¢ caMuMU HporHozamu. J[inst koppekropa
UCIIOJIb3YIOT 3HAUUTENBHO 0o0Jiee MPOCTYIO CTPYKTYpYy, u4eM Juii 0a30BOro
npenukropa. KoMOuHammss «HIpeaukTop — KOPPEKTOp» MOXET JAaTh
CYILIECTBEHHO 00Jiee TOYHBINA MPOTHO3 MO CPABHEHHIO C «YUCTHIMUY MPSMBIM H
WUTEPaIMOHHBIM CITOCOOAMH.

HakoHnen, oTMETMM OZHO CYIIECTBEHHOE, C TOYKH 3pEHHUs IPOTrHO3a,
paznuure MexXIy auHamMudeckumu MozensmMu  tuna (10.5) u  sBHBIMH
¢ynkuusmu  BpeMenu (1. 7.4.1.3). B oTiumume oT SABHOU skcmpanonayuu
BPEMEHHOM 3aBUCUMOCTH JuHamuueckas wmojenb (10.5) onmpaercs Ha
uUHmMepnoaAYulo 8 hazoeom npocmparcmee U MOTOMY OKa3bIBAETCS HAMHOTO
spdexTuBHee. J[eHCTBUTENBHO, 3HaUEHUE BEKTOpPA COCTOSIHUS X;, C KOTOPOTO

HY>KHO HauYWHATh MPOTHO3, JIEKUT OOBIYHO «MEXIY» MHOTMMU BEKTOpPaAMH
TPEHUPOBOYHOTO Psifia, KOTOPHIE UCIONB3YIOTCS ISl MOCTPOCHUSI MO/ (CM.,
Harpumep, puc.10.12). Ho eciam mpu uTepanusix MOICIBHOTO OTOOPaKCHUS
3HAYCHHUE X BBIMJIET M3 00JIACTH, B KOTOPOH JIeKAT BEKTOPHI TPEHUPOBOYHOTO
psoa, TO JalbHEWIIEe MCHOJb30BaHUE MOJEIN JUIsl TPOTHO3a O3HAYaeT
aKkcmpanonayuro 8 ¢azoeom npocmparcmee. Torma HaAeKHOCTh MPOTHO3A
PE3KO CHUBHTCS, a TPACKTOpUS MOJEITH MOXKET BECTH cebsi 0e3 BCIKOTO
CXOZACTBa C HAOJIOJAEMBIM IPOIIECCOM, HAMPHMEp, YUTH Ha OECKOHEYHOCTD.
[Tocnennee 0cOOGEHHO YaCTO UMEET MECTO MPU UCTOIB30BAHUM aITreOpandecKux
MHOTOYJICHOB, KOTOPBIE OYEHB IIJIOX0 IKCTPATIOIUPYIOT.

Paznuunvie 8UObL MOOENbHBIX omobpasiceHull. ConocraBum
MPOrHOCTUYECKUE BO3MOXKHOCTH Mozened (10.5) ¢ pa3nuyHbIMH BUJIAMU
byHKINH f.

Anrebpanyeckue  MHOTOWIEHbl  YMEpPEHHOro rmopsiika K — oueHb
3¢ deKTUBHBI IS anmpoKcUMauu (YHKIUH OJHOTO MEPEMEHHOr0, MpUYeM
IUTABHO MEHSIONIMXCA — 0€3 CKayKOB M HM3JIOMOB. Jlydille HMX B 3TOM cllydae
TOJIBKO cIUTaiiHbl mopsigka 3 u Beime [85, 153]. Yem Oosbiie HeoOXxoammas
pa3MepHOCTh Mojeau D U MOpsIoOK MHOrowieHa K, TeM MEHbIIE BEPOSTHOCTh
ycnexa.

JpoOHO-pannoHabHble (QYHKIMKA >(QQPEKTUBHBI B TEX K€ ClydasX, HO
MOTYT JIy4Ill€ ONUCHIBATh 3aBUCUMOCTHU € 00IACTAMH OBICTPOTO U3MEHEHHS.
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Tpuronomerpuyeckre MHOTOUICHBI M BEUBIETHI (TI. 6.4.2) TOXE SIBISIFOTCS
crocobamu cnaboi anmpoKCUMAallMK U XOPOIIH JJIs allllpOKCUMAIMK (PYHKIIHMA ¢
ompe/ielICHHbIMH CBOMCTBaMHU (11. 7.2.4).

Pamuaneueie  Oasuchbie ¢yukmuu [250] HecpaBHHMO 3(deKTHBHEE
YHOMSIHYTBIX ITOAXO/0B IPU OOJIBIION pa3MEPHOCTH MOAEIN (OpUEHTUPOBOYHO,
oospmie 3). MHC wumeroT mpuMepHO Takue K€ CBOWCTBA, a MO HEKOTOPHIM
ykazanusm [206, 335] MHC annpokCUMUpPYIOT CIIOXKHBIE 3aBUCUMOCTU JIaXe
ayumie. TpeboBanus kK 00BE€MYy JMJAaHHBIX M YPOBHIO IIymMa JJsi BCEX
MEPEUUCIICHHBIX MOJIENIEll OTHOCHTEIBHO HE CTPOTrHe, T.K. 3TO TJ00aJIbHbIE
MOJIETIH.

JlokanpHO-TMHEHHBIE MOJENU OYeHb A(P(GEKTUBHBI TMPH yMEPEHHBIX
Pa3MEpHOCTSAX BEKTOpa cocTosiHusg (Oosbiie 1, HO MEHbBIIE HEKOTOPOTO
HEOOJIBIIIOTO YHCTIa, 3aBUCSIIETO OT JUTMHBI TPEHUPOBOYHOTO pPsifia), IITHHHBIX
psaax (4roObl HAMTH 3HAYUTENIHLHOE YUCIIO OJIM3KHUX COCENEH Ka)XI0ro BEKTOpa)
U MajJoM H3MepuTeNbHOM Iyme. TpeOoBaHMsS K 00bEMY NaHHBIX M YPOBHIO
IIyMa O4Y€Hb CTpOrue. JIOKaabHO-MOCTOSSHHBIE MOJENH JIy4dllle, YeM JIOKAJIbHO-
JVHEWHbIE pU O0JIbIIEM ITyMe U 00JIee KOPOTKOM psife.

Bce mnoaxoapl cTpamaloT OT YK€ YIOMMHABILETOCS  «IIPOKJISATHUS
pasMepHocTU». OdYeHb  BBICOKOpa3MEpHbIE CHCTEMbI  (OPUEHTHPOBOYHO,
pazMepHocTH 0K0J10 10 U BbIIIE) HA HACTOSILEM 3Talle HE MOTYT OBITh CKOJIBKO-
HUOY/Ib YCIIEITHO OMHCAHBI TAKUMH SMITUPUIECKUMH MOCIISIMU.

Conocmasnenue MOOenbHbIX OomoobpaxdceHuil. U  Oug@epenyuaibHbix
ypaenenuti. B o0mem ciaydae OTOOpakKeHHsI JAlOT JIYUYIIUH MPOTHO3 C
yMepeHHbIM yrnpexaeHueM, uem O1Y [309]. DTo MOXHO MOHSTH 1O aHAJIOTUH C
TE€M, YTO WTEPAIMOHHBIM TIPOTHO3 XYyXE€ TMPSIMOT0 TPH 3HAYUTEIHHBIX
norpemHocTsx Mozaenu (10.5), obecneunBaromei 0 JHOIIIAarOBOE MpeACKa3aHue.
Monensabie OJIY cTposT Tak, 4TOOBI TOYHEE ANIPOKCHUMUPOBATh CKOPOCTb
M3MEHEHUsI BEKTOpa coctosiHusl dX(f;)/dt B 3aBucumoctn ot X (9.3) wu,

CJIeIOBATEIBHO, J1aTh HAWIYYIIHHA IPOTHO3 Ha OJMKANIIMK MOMEHT BPEMCHH:
x(t,,,) = (dx(t,)/dt)At . Ecnu memomb3osats OJ[Y j1st porHo3a Gosiee 1aekoro

OyZIyuiero, 3TO MOXOXKE HAa WTEpPalMOHHBIA TPOrHO3. OH MOMKET OKa3aThbCs
COBCEM HE TOYHBIM MpPHU HAJIUYMH CHUCTEMATHYECKOW MOTrPEIHOCTH
anmpokcumanuu OJ1Y.

JI1st 1ONTOBPEMEHHOTO OMHUCAHUSl JAUHAMHUKUA SMIIUPUYECKUE MOJCIIbHbBIC
OTOOpaXeHMsI TOXKE 3a4acTyro okaszbiBatoTcsi ayuiie [309]. Kpome Ttoro, ux
MIPOLIE CTPOUTH U UCIOJIB30BATh — HE HYKHO YUCIEHHOTO JU((PepeHIIUPOBAHMS
PSAI0B U YMCIEHHOTO UHTEIPUPOBAHUS YPABHEHUH.

Mopenbabie OJ[Y MOryT OBITH XOPOIIH, €CITU OHU «POJHBIC» JIJIsT 00BEKTA,
T.€. €ro JMHAMHUKA JIEUCTBUTENIBHO MOYTH TOYHO noauuHsercsa cucreme O/Y co
CTPYKTYpOH, HUCITOIB3yeMOH TIpu MojaenupoBanuu. Ho 3To Oonee THMUYHO ISt
MMOCTAHOBKH «IPO3PAYHBIN» WM «CEPBIA SIIMK» M OYEHb MaJOBEpOSITHO O€3
arpuopHOH MHGOPMAITUH.
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Tor ¢akr, 4yT0O MHOTME aBTOPhI BCE-TAKH 3aHUMAIOTCS IMOCTPOCHHUEM
MoaenbHbIX OJIY 1 «4epHOro SIIHMKa», OTYACTH CBS3aH C MPoOJIeMOit
«mpo3payHocTu». [locie momydeHus «XOpomieil» MOJEIU KeJaTeIbHO MOHSTh,
KaKk OHa «paboTaeT» W (PU3NYECKH HHTEPIPETUPOBATh €€ IEPEMEHHBIE U
napameTpsl. s OY ¢ MHorowieHamMyd B MPAaBOM 4YaCTH €CTh HaJEXKIa Ha
Takoe (U3NIECKOE HCTOJIKOBAHWE, T.K. ACUMITOTUYCCKHUE MOJEIH MHOTUX
peanbHBIX TmpoiieccoB uMmeroT Buia OJIY ¢ MHOrouwsieHoM B MpaBOMl 4acTH,
HalpuMep, B YPaBHEHUSI XUMHUUECKON KMHETUKH U JUHAMUKHU Ja3epoB. [loTtomy
e gacto ucnoib3yoT OJ1Y ¢ nmocnenoBarensHbiMU mipou3BogHbIME (10.13), a
HE BEKTOpaMU 3aJEpKEK: MOCIEAOBATEIbHBIM MPOU3BOJHBIM MOXHO MPUIAThH
CMBICJI CKOPOCTH, yCKOpeHus ¥ T.1. Ho oObluHO Hagexaa Ha (Pu3MUECKHe
WHTEpIIpETallM HE ONpaBAbIBacTCA: eciu B cTpykrypy OJY 3apanee He
3a5iokeHbl (pusudeckue coodpakenus [38, 194], To «BuITAUTEY (HU3MUESCKUI
CMBICI W3  anreOpamdeckoro  MHorowineHa (10.14) wmm  momoOHOM
YHUBEPCAIbHOU CTPYKTYpPhl HEBO3MOKHO.

10.4. ImarHocTuyeckasi IpoBepKa Mo/1eJu

XOTsi B TPEINONOKEHUHM O HATUYUKU JUHAMHUYECKOTO IIyMa YMECTHO
OPOBOJUTh aHanu3 ocmamkoé (IPOBEpKa UX HEKOPPEIMPOBAHHOCTU MU
HOPMaJIBHOCTH, M. 7.3), MPH MPOBEpPKE aJECKBATHOCTH TUHAMHYECKHX MOJIEIeH
OOBIYHO OMHPAIOTCS HA pPacyeT U COIMOCTaBJICHHWE C DSKCIEPUMEHTOM TeX
XapaKTEPUCTHK MOJIENN, KOTOPbIE MOMYJISPHBI B TEOPUU JUHAMUYECKUX CHCTEM.
[lepeuncarM OCHOBHBIE BO3MOXHOCTH.

1) Jlns neTepMHMHUpPOBAHHOW MOJENIHU OQIbHOCMb NPOSHO3d MOXKHO

OLCHUTH MO (opmyse 7.4 = (1/ 2A1)ln(0'§ / ol + O'fl + Oy ) Ora OlICHKa

COBMAJIaeT C HKCHEPUMEHTAJIbHO MOJYYEHHOM BETUYMHON [UIsl aJeKBAaTHOM
MOJIETIH.

2) Kauecmeennoe cxo0cmeo npoexkyutl mpaekmopuili Ha NI0CKOCMU
PA3TUYHLIX NepeMeHHblXx. DTO — CYOBEKTUBHBIM KpUTEpHi, XOTS U OYEHBb
BaxHbIH. OH HampaBlIeH Ha OLEHKY CXOJCTBA CYUEeCMBEHHbIX 0COOeHHOCmel
ounamuky o0beKTa u Mojenu. PasHbie BapuaHThI MpUAAHUS €My 00Jiee TOYHOTO
KOJIMYECTBEHHOTO BBIPAXKEHUS MPUBOAIAT K pPa3HbIM croco0aM IPOBEPKH
aJIecKBaTHOCTU MOJIEJIM U yKa3aHbl HUXKE, clieays 003opy [233].

3) Cpasnenue uneapuanmmusix mep (IUNIOTHOCTEN pacIpesieieHHs] BEKTOPOB
B IIPOCTPAHCTBE COCTOSHUI) WJIM MX MPOEKIHMH — MJIOTHOCTEW pacrpeaeaeHus
0J1HO 13 nepeMeHHbIX. [1oaX0a MPUMEHUM U JIsl CTOXaCTUYECKUX MOJEIEH.

4) CpasHenue cmapuieco 1anyHO8CKO20 nokazameis MOJEIN C OICHKOM,
MOJTyYEHHOM 10 HaOJII0JaeMOMY BPEMEHHOMY PSITY.

5) Cpasnenue ¢hpaxmanvHvix pazmeprocmeli U HMPONULl ATTPAKTOPA
MOJIETH C OIICHKaMH, TIOJYUYEHHBIMHU 10 HAOII0A€MOMY BPEMEHHOMY PSIITY.

6) CpasHnenue monono2udeckux ceolcmg. ITO TOHKHM TOAXOI,
OCHOBaHHBII Ha TOMCKE M aHaJIM3€ HEYCTOMYMBBIX IEPUOJUYECKHX OpOUT,
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BJIO)KCHHBIX B aTTPAKTOP, M Ha OMPEIEICHUU MX B3aUMHOTO DPACTIOJOXKCHHS B
dazoBoMm mpoctpancTBe. OH MNPUMEHHUM, CTPOTO TOBOPS, TOJBKO IS
JNETEPMUHUPOBAHHBIX CHCTEM Pa3MEPHOCTHU HE BBINIE 3 M MPEACTaBIISIECT COOO0M
OUYCHb CTPOTHM TecT Ui Mojaenu. Ecim oHa BOCIPOM3BOAUT OOJBIIYIO YacTh
HEYCTOWYHMBBIX OpOUT, HAMICHHBIX 1O HAOIIOMaeMOMY BPEMEHHOMY PSIY, 9TO
YK€ CYILIECTBEHHOE CBHUJIETEIHCTBO B MOJIb3Yy €€ a/ICKBATHOCTH.

7) Cpasnenue omobpaxcenuti Ilyankape. ITO JErko chaenatb s
ONHOMEpHBIX oToOpaxkenuit Ilyankape. Kak mnpaBwio, aHaIM3uUpyeTcs
3aBUCUMOCTh  CJCAYIOIIETO MaKCMMyMa  HaOJI0JaeMOil  BEIUYHMHBI  OT
npeabiaymiero. [logxoa nMeer OTHOIIEHUE K aHAIM3Y TOMOJOTHYECKUX CBOMCTB
aTTPAKTOPOB U YACTO UCIOJB3YETCS B CBS3KE C HUM.

8) Cumnxponusayus moodenu cucHaiom om obvekma. Monenb TpU3HaeTCS
aZIcKBaTHOW, €CIIM OHAa CHHXPOHM3yeTcs (C  3aJaHHOM  TOYHOCTHIO)
HAOIOIaeMBbIM ~ BPEMEHHBIM  PSIZIOM TPUH  yMEPEHHOHM  WHTCHCHBHOCTH
BozaericTBus [201].

9) Ilpennaranoch TakXe BBISICHATh, MUMEET JM MOJEIb TO € Camoe
KOJIMYECTBO aTTPAKTOPOB TOTO K€ THUIIA, YTO U OOBEKT; PACHOJIOKEHBI JIU ITH
aTTPAKTOPbl B  COOTBETCTBYIOIIMX 00JacTsX (ha30BOr0  MPOCTPAHCTBA;
COBMNAJAIOT JU OacCeHbl UX MPUTHKEHUA. DTO OYEHb CTPOrHe TpeOOBaHUS K
MOJZCIM M HHU OJHA HMIUPHUYECKass MOJelb B THUIMYHOM Cllydae HUX HeE
BBIJICPIKUT.

B 3akmouenue rnaBbl 10 OTMETHM, YTO MBI TIOYTH OOOIUIA BOMPOCHI
MOJICTTUPOBAHUSI  PACIpENEICHHBIX CUCTeM B Buae Au(depeHInaIbHbIX
ypaBHEHUHN B YACTHBIX MPOU3BOAHBIX U JIPYTUX KOHCTPYKIIMM, XOTS 3TOM 3a/1aue
B MOCJIE/IHEE BpeMs yJensieTcss mpuctaibHoe BHUMaHue [189, 284, 306, 330].
MBI TONBKO KpPAaTKO KOCHYJHUCh TMOCTPOCHHUS CTOXACTHUYECKHUX MOICIBbHBIX
ypaBHenu#t [329, 327, 307]. PazHooOpa3Hyto 1osie3Hnyo WH(PpOpMAIUIO 110 3TUM
U CMEXHBIM BOIIPOCAM MOKHO HAWTH B CTAaThsIX, IOMELICHHBIX Ha calThl [341,
349, 348, 342].
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