MaBa 3. lmHamn4yeckue moaesnu 3BosfOLUNU

3.1. TepmuHoJ0OrUA

3.1.1. Oneparop, oToOpakeHne, ypaBHEHHE, OIIEPaTOP IBOJIOIIUU

Kak ckazano B 1. 2.1, nuHaMHU4YeCKOoe MOJECIMPOBAHUE TOJIpa3yMeBacT
3ajaHue D-MepHOro BeKTopa COCTOSHUS X =(X|,X,,....Xy), TOE X, —

1

JUHAMUYECKHUe NepeMeHHble, U npaBuwia @,, MO3BOJIAIOIIEr0 IO HAYaJIbHOMY
coctosiHuO X(0) OJHO3HAYHO OMPEACNIUTh COCTOSHHE X(f) B Oyaymiue
MOMEHTHI BPEMEHU:

x(t) = D, (x(0)) 3.1)

IIpaBuwiio @, npuHATO Ha3bIBaTh onepamopom s6omoyuu. «Oneparop — TO ke,

4T0 OTOOpaXkeHue... Omobpasicenue — 3aKOH, IO KOTOPOMY Ka)X/I0My 3JEMEHTY
X HEKOTOpOTrO 33JaHHOIO0 MHOXKEeCTBa X COINOCTAaBISIETCS  OJHO3HAYHO
OINpEENICHHbI JIEMEHT ) JAPYroro 3aJaHHOro MHoxectBa Y (mpu 3ToM X
MOeT coBnanatk ¢ Y). IlocnenHioo cUTyaluio Ha3bIBAIOT 0mobpadicenuem 8
cebsy [118] (puc.3.1,a,06). B mpuioxeHUn K OMUCAHUIO SBOJIOLUU COCTOSTHHS
JTMHAMHYECKON CHCTEMBbI (M300pakarolell TOYKA B MPOCTPAHCTBE COCTOSHU)
94acTO UCTOJB3YIOT TEPMUH «MOUYEYHOe OMOOPANCEHUE.

Dy

a)

§x
SN

x =xc08 (@I+¢) x=x.08 (@I-47)

E) r)
Puc.3.1. Paznuunbie BUIBI OTOOpaKEHWH: a) M3 OJIHOTO MHOXECTBa B Jpyroe; 0) B celsl; B)
(GyHKIMS BpeMEHH, ONKCHIBArOImIas KojeOaHWs MasTHHKAa Oe3 TpeHHs, T') (QyHKIOHS IBYX
MEPEMEHHBIX, OIMCHIBAIONIAS TAapPMOHHYECKYIO BOJHY, [[) HTEpalud KBaJIPaTUIHOTO

oroGpaxenns X,,, = Rx, (1—x,) npu R=3.5

-

.

[

Omneparop 5BOJIONMM MOXKET OBITh 3aJaH HEMOCPEACTBEHHO — Kak
0TOOpakKeHHE MHOXKECTBA HAYAJIbHBIX COCTOSIHUM X(0) B MHOXECTBO COCTOSIHUI

B TOCIICAYIOIINE MOMEHTHI X(Z), HO daile 3TO JENaeTCs OMOCPEAOBAHHO — C
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HIOMOILBIO YPaBHEHUH. «VpasHenue — 3alMCh 334l O Pa3bICKaHUU 3JIEMEHTOB
@ HEKOTOPOro MHOXeECTBa A, KOTOpPbIE yIOBIETBOPSIOT paBeHCTBY F'(a)=G(a),

rae F u G - 3amaHHble OTOOpaXEHUsS MHOXKECTBA A B MHOXECTBO B» ! [118].
Ecnu 3agano ypaBHeHue, TO onepaTop 3BOJIIOIMN MOXKET ObITh MOJIyUYeH MyTeM
ero pemeHusi. Tak, Juisi OOBIKHOBEHHOTO JU(PEpEeHIINAIBHOTO YpPaBHEHHS
TEOpeMa O CYIIECTBOBAHMM W €IMHCTBEHHOCTH PEIICHUSI TapaHTUPYET
CYLIECTBOBAaHME U B3aUMHYIO OJHO3HAuHOCTh oToOpaxenus O, B (3.1) mpu

ONPEJICIICHHBIX YCIOBUAX. MHOrIa y1aeTCcsl HAWTH €ro aHAIMTUYECKU. Eciu 310
HEBO3MOYKHO, TO PEIICHHE UITYT MPUOIMKEHHO B BUEC YUCICHHOTO aJrOpPUTMAa,
peanu3yIomero JABMXKEHUE u300paxaroneid TOYku B (a30BOM TMPOCTPAHCTBE
(cMm. puc.3.2,a).

X X
9.012 9.0} 2
| e, ™ X2 n41
| ] s ;
, k: a0 -
; N i
g -—-4-3!---. e 4.8 A Lan=%q np
[ N [\~ »
) Co s R 26|} [} Sp_at /
| 4 ,-1 %4' :\ \ | 075 :i I Il, 1 7 R 4.8 7
'II :. I\.-'\';/ T .l } X T ] T i ./'
\ \ x__?_'__,f j 1 i f V|V 2.6
"-‘ '-\\_‘.. /F. I.' I 1 | b 7
N S W 0.75 | 2 X3
e A X1l | =
| ez 1 1.4 4.3 2.0
__!.______ " v W
a) 0) E)

Puc.3.2. ®azoBoe MpoCTPaHCTBO JIMHEHHOTO AMCCUTIATUBHOTO ocimiuisTopa (3.2) u mepexon
K JIUCKPETHOMY OIMCAaHUIO: &) TOoJie CKOpPOCTEH, 3ajjaHHOe ypaBHEHUSMH (3.4); CTpenKu —
CKOpPOCTH M3MEHEHMs COCTOSHUS; 0) BpeMEHHas peanu3alus Xx,(f), 4YepHbIMHM KBaJapaTamu
BBIJICJIEHBI TOYKH, COOTBETCTBYyMoIIUE cedeHuro Ilyankape x; =0. OTu TOUKM pa3ieneHBI

UHTEpBAIOM 7 =71, a CBA3b MEXIYy HUMHU OIUCHIBACTCS OJHOMEPHBIM OTOOpaKEHHEM
MOCIICZIOBAHUS, TPEJACTABICHHBIM Ha pHCYHKE (B); B) OIHOMEPHOE OTOOpakeHHE
HIOCJIeIOBAaHMsI, TOCTPOEHHOE ¢ moMouibio cedeHus [lyankape nunmeit x; = 0. I'paduuecku

SBOJTIOIHIO YJI00HO MCCIIEIOBATh C TIOMOIIBIO quarpamMmmbl Jlamepest (cepble TUHIH)

3.1.2. ®yHKIIMU, HEOPEPBIBHOE U JUCKPETHOE BpEMS
OyHKIIMKM  HE3aBUCHUMBIX  mepemMeHHbIX (ogHoit  x(¢) =F(¢) wm
HeckonbkuX X(¢) =F(¢,r)) oToOpakatoT MHO>KECTBO 3HAUYCHHI HE3aBUCHMBIX

NEPEeMEHHbIX B  MHOXKECTBO  3HAYEHUM  3aBUCUMBIX  (JMHAMHYECKHUX)
nepemeHHbIX. Ha puc.3.1,B,r BpeMs ¢ 1 BEKTOp NPOCTPAHCTBEHHBIX KOOPAUHAT I
— HE3aBUCUMBIE NEPEMEHHbIC, @ OTKJIOHEHHE OT COCTOSIHHMSI PaBHOBECHUS X —
nuHamuueckas nepemenHas. Korma ¢ynkumst F 3aBUCHT SBHO OT HadajgbHBIX

1

Ecin A u B — 4nci0Bble MHOXKECTBA, TO BOSHUKAIOT ajredpanyeckue U TPaHCLEHICHTHbIE
ypaBHeHus. Eciu 310 — MHOKecTBa QyHKLMH, TO B 3aBUCHMOCTH OT XapaKTepa 0TOOpaskeHHi
nonyuyuM audQepeHnnanbubie, MHTerpajibHbIe U IpYTHe YpaBHEHUS.
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3HAYCHUW JUHAMUYECKUX TICPEMEHHBIX, OHa MOXKET BBIMOJHATH POJIb OIlepaTopa
3BOJIIONMH (CM., HaripumMep, popmyiy (3.3) HuKe).

Cocrosinue 00beKTa MOKET (PUKCHPOBATHCS HE HENpepbléHO BO BPEMEHH ¢,
a Ouckpemno — B OTAENbHbIE MOMEHTHI f,, OTCTOSILME IPyr OT Jpyra Ha

HekoTopblid mar At. B stom ciaydae Homep orcuera n =0,1,2,3,... Ha3bIBaIOT
Oouckpemuwvim 8pemenem. ECM OTCUETHI NEeNalOTCS 4epe3 paBHbIE HHTEPBAIIBI
BpeMeHn Af, TO CBSI3b MEXIy HENPEPBIBHBIM BPEMEHEM ! W JIUCKPETHBIM 7
nuHenHa: ¢, =nAt. Ilpu HepaBHBIX MHTEpBajlaX MEXAy OTCUETAMU 3Ta

3aBUCUMOCTb MOXET OBITh 0o0Jiee CIO0KHOM M JaXke HEOJHO3HAYHOIA.
AHaJIOTMYHO, BMECTO HEIPEPBIBHBIX IMPOCTPAHCTBCHHBIX KOOPJMHAT MOXKHO
HCII0JIb30BaTh MX AUCKPETHBIC BapHAHTHI: HOMEP IIara 1mo KOOpJAuHATEe, HOMEP
3JIEMEHTA B IICMIOYKE WM TPOCTPAHCTBEHHOMN PEIIeTKE | T.II.

3.1.3. OroGpakeHue mociieI0BaHUsI, UTEPALIUSI

HpI/I CIUCKPCTHOM MOJOCIIUPOBAHUI 3HA4YCHMUA JNHAMHYCCKUX
IIEPEMCHHBIX X ,, COOTBCTCTBYIONIMEC pPa3JIMYHBIM MOMCHTAM JHCKPETHOTO

BPEMEHH 7, MOTYT OBITh CBSI3aHBI OTOOpPaKEHWEM MHOXECTBa 3HAaUYeHUH X B
ceds (X — X): x,,, =F(x,,¢),rae ¢ — BEKTOp MapaMeTpoB. DTy peKyppeHMHYIO
gopmyny*  mis 3aMUCH  Omeparopa  JBOJIOIMH  HA3BIBAIOT  TaKKe
omoobpasiceHuem nocied068aHuUsl.

Jns  oToOpakeHWH  TIOMYJSIPHBI ~ aHAJTUTHYECKHE  WTEPAlMOHHBIC
npencrasieHus. Amepayus (0T JTaTUHCKOTO iteratio — MOBTOPEHHE) Pe3yJIbTaT
MOBTOPHOT'O MPUMEHEHUS] KaKo-InO0 MaTeMaTthyeckod omeparuu. Tak, eciau

F(x)=F"(x) ectb nHexoropas ¢yHKuEs OT X, OTOOpaXkaromas o001acTh
onpenenenust B ce6s, To ¢pynkumu FP (x)=F[F(x)], F®(x)=F[F? (x)], ...,

F (x)=F[F" " (x)] Ha3bIBalOT COOTBETCTBEHHO BTOpPOii, TPETbEH, ..., m-ii
urepanusamu pyukimn F(x). Mamekc m — HOMep urepaiuu. Hampumep, s

KBaJIpaTUYHOr0 OoTOOpaxkenusa x, ., =rx,(l—x,), rae r — napamerp, rpaQuku

MEPBBIX TPEX UTEPALU MTPEACTABIEHBI HA puUC.3.1,1.

3.1.4. IloTroku u Kackaapl, cedyeHue u oroopaxkenue [lyankape

B aunamuyeckux cucreMax, ONEepaTophbl BOJIOIUM KOTOPBIX 3aJ1al0TCs
muddepeHnanbHBIMU - YpaBHEHUSAMH, Bpemsi HempepbiBHO. B (dazoBom
MPOCTPAHCTBE 3THX CHCTEM JABUKEHHUIO M3 OJM3KMX HAa4YaJbHBIX TOUYEK (ha30BOTO
MPOCTPAHCTBA COOTBETCTBYET MY4YOK (Da30BBIX TPACKTOPHH, HATIOMWHAIOUTUI
JMHAU TOKa B MOTOKE XUAKOCTH (puc.3.2,a). Takue JuHAMHUYECKUE CHUCTEMBI

PekyppenTHas (opmyna — COOTHOWICHME BUIA X, , = f(X,,X, 15X, , 1), KOTOpOE
HO3BOJISIET BBIYUCIIUTH JF000M UIIEH MOCIEe0BATENbHOCTH, €CIIHU 33/1aHbI €€ MIEPBbIE P UICHOB.
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Ha3bIBAIOT MOMOKOGbIMU WU  NOMOKAMY, B OTIUYHE OT KACKAOO08 —
JUHAMHYECKUX CHCTEM, ONUCHIBAIOIIMUXCS TOYEYHBIMH  OTOOpaXKCHHUSIMU
X, =F(x,,¢).

Tepmunbl «ceuenue Ilyankape» u «orobpaxenue Ilyankape» o3HavaroT
cedeHue (ha3oBOTO MPOCTPAHCTBA JAMHAMUYECKOM CHCTEMBI MHOXKECTBOM Ha
€IMHUIy  MeEHbIIe pasmepHocty D —1  (Hampumep, TPEXMEPHOTO
MPOCTPAHCTBA —TIOBEPXHOCTHIO, JBYXMEPHOTO — JIMHHEW) U OTOOpakeHue
MHOXKECTBA TOYEK OJIHOCTOPOHHUX «IPOKOJIOB» JTOro ceueHus (a3oBoii
TpPAaeKTOpHUEH B ce0s1, KOTOPOE CBA3BIBAET TEKYIIHUNA «IIPOKOJI» CO CIETYOLIUM.

3.1.5. UnntocTpaTuBHBINA IPUMED

[TpoumtrocTpupyem PacCMOTpPEHHBIE TEPMUHBI Ha MpUMepe
MOJICIMPOBAHUS KOJICOAHUN epy3a Ha NpydcuHe 68 6:3Kol cpede. DTAITOHHOU
MOJIENIbI0 MaJIbIX KoJIeOaHUW B BA3KOM cpelie MOoj JEHCTBHEM BO3BpAlllalONICi
CHUJIbI, IPONIOPLUHUOHAIBHOW OTKJIOHEHHUIO OT IMOJIOKEHUSI PABHOBECHS X, SIBIIACTCS
00bIKHOBEHHOE MU (PepeHIInanbHOe YpaBHEHUE «JTIMHEHHOTO OCIIILIATOPAY:

d*x/dt* + 25 dx/dt + wix =0. (3.2)
0

Amnanornyno cucteme (2.1) ajist 0JHO3HAYHOTO 33/IaHUSI TPACKTOPUHU STOMH
JIBYXMEPHOM cHCTEMBI HEOOXOAMMO yKa3aTh HaudaibHble 3HaueHus x(0)=x, u

dx(0)/dt = v,. AHaTUTHYECKOE PEIlIEHNne YPABHEHUS UMEET BUI:

Vo +0 X, . s
x(t) =[x, -cosat + -~ "Csinot]le™",
@

(3.3)

v(t) =[v, - coswt — sinwtle ™,

@
e o= «/a)g — 5% . ®opmyna (3.3), onpenensiomas CBs3b MEX/Ty HAYaIbHBIM
COCTOSIHUEM X,,V, U HocienyromuMm x(¢),v(t), ecTb SBHOE BBIpaKEHHE JUIS
oriepaTopa 3BOJIIOIMU, KOTOPBIN 3adaemcs ypaBHeHUEM (3.2).

Hpyroit ¢opmoit 3amucu cuctembl (3.2) sBiIsieTCs cHCTEMa JBYX
OOBIKHOBEHHBIX U (hepeHIIMATBbHBIX YPAaBHEHUI IEPBOTO MOPSIKA:

dx, /dt = x,,

34
dx, /dt =-26 - x, — ) x,, G4

rae x, =x, x,=dx/dt. Ona ynoOHa i rpaQuUecKux NPENCTABICHUH, T.K.
SIBHO 3aJ1a€T N0JIe CKOpOcTeil Ha (a3zoBoii mockoctu (puc.3.2,a). I'py6o rosops,
Jenas OYeHb MEJKWE IIard B HAMpaBJICHHH CTPEJIOK, MOKHO W3 HA4aJbHOTO
COCTOSTHUSI J00paThCs 10 TMOCIEAYIOMIMX, YTO M PEATH3yeTcs C IMOMOIIBIO
pPa3IMYHBIX ~QITOPUTMOB TIPU  UYWCICHHOM pEIIeHWHd ypaBHeHWH. J{s
MMOCTPOCHUS JHCKPETHOrO aHajora ypaBHeHui (3.4) TpeOyeTcss meperTd K
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JUCKPETHOMY BpeMeHH n=t/At. Jlng Toro, dYToObl B 0003HAYEHHUSX

JIMCKPETHBIX MEPEMEHHBIX HE 3allyTaThCsl ¢ MHAEKCAMH, NEPEOOO3HAYMM X; KAK
X, a X, Kak v. B mpocrelilieM BapuaHTe MOXHO INPUOIHMKEHHO 3aMEHHTH
NPOM3BOJHBIC HA  KOHEYHble  pasHoctH  dx(t)/dt=~(x,,, —x,)/At wu

dv(t)/dt =(v,,, —v,)/At ¥ TIONy4HTh ypaBHEHWs B KOHEYHBIX PAa3HOCTSIX,
KOTOPBIE TIEPENUCHIBAIOTCS B BUJIE JIBYXMEPHOTO OTOOPAKEHHUS MOCIIEM0BAHUS

n+l

n+l

X, =X, +v,AL,

) (3.5)
Vo, =v,(1=20-At)—wjx,At.

[Ipu nocratrouHo Manbix Af TPAeKTOPHSI ITOTO OTOOPAKEHHS] XOPOIIO
npuOmKaeT pemnieHue ypaBHeHud (3.4), T.e. otobOpaxenue (3.5) sBisercs
TOCTaTOYHO MOYHOU pasHocmuou cxemou. Ecinm Ha (Pa3oBOil IMIOCKOCTH
npoBectu cedeHue Ilyankape mpsmoil x; =0 (OCblO OpAMHAT), TO MOXKHO

YCTAaHOBUTH CBSI3b MEXAY IOCJIEIOBATEIbHBIMU «IIPOKOJIaMm» ocH (ha30BOi
tpaekropueit (puc.3.2). Ilomydaromieecsi onHoMmepHoe oToOpaxenue Ilyankape
UMeEeT BUI:

Vg =v,e 07, (3.6)

rne T=2rz/w. Tloms3ysce (3.5), MOXHO TMOJY4YHTH OOJice NETAIBHYIO

UHPOPMALIMIO O JBWKEHHH MOJCIUPYEMOIO OO0BEKTa, Ye€M C IOMOIIBIO
otoOpaxenus (3.6), KOTOpoe WLTIOCTPUPYET JUILIb (PaKT 3aTyXaHHUs KOJeOaHU.
Ho B ogHOMepHOM ciyyae yAO0OHO MCHONB30BaTh HAIVJHYIO JUarpammy

Jlamepes, nans TOCTPOEHUS KOTOPOM Ha INIOCKOCTH V,,V,,, IPOBOIAT

BEPTUKAJIbHBIE JIMHUM [0 rpaduka OTOOpakeHUsi, a OT HEr0 — FOPU3OHTAIH [0
QUaroHayy v, =v,., 1 T.1., KaK YKa3aHo Ha puc.3.2,B.

3.2. CucremMaTu3anus HEKOTOPBIX BUA0B MOAECJbHBIX YPABHCHUM

MarematukamMyd ~ pa3pa0OTaH  IMHPOKWAKA  apceHal  CPEACTB  JUIS
TMHAMHYECKOTO ONMHMCaHMs ABMKEeHWH. UTOOBI cmenath paccMOTpeHue Oomee
0003pHMBbIM, 3HAKOMCTBO C HUM Mbl HAUHEM C CUCTEMATHU3al[MU MO Pa3IMYHBIM
npu3Hakam. CHauaja MojoKMM B KauecTBe 0a30BOT0O MpU3HAKa ONUCATEIbHBIC
BO3MOKHOCTH arapaTa TPUMEHUTEIBHO K 00BEKTaM C Pa3jIu4YHOU CTETECHbIO
CJIO)KHOCTH TPOCTPAHCTBEHHOTO YyCTpoicTBa. JIF000M peasibHbIi 0OOBEKT B TOM
WM WHOW CTENEHU «Pa3BUT B MPOCTPAHCTBE». B 3aBUCHUMOCTH OT 4ucia U
pa3MEpOB  COCTABJISIFOIIUX JJIEMEHTOB O0BEKTa, OT WHTEHCHUBHOCTH HX
B3aUMOJICUCTBUS U CKOPOCTH, C KOTOPOM 3TO B3aMMOJICUCTBHUE MPOUCXOIUT, TPU
MOJIETTUPOBAHUU OOBEKT MOXKET PaCCMAaTPUBATHCS COCPEOOMOUEeHHbIM B OJTHON
TOYKE IIPOCTPAHCTBA WJIM B HECKOJIBKMX Toukax. llocnennee MoOKHO
paccMaTpuBaTh Kak MPOCTEHIIMI BapHaHT «HNPOCMPAHCIMBEHHO-PA3BUMOU
koH(urypamuu. Bo3MOXXHO U «BOBCce pa3MazaHHOE»  (HEMPEPHIBHOE)
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pacmpesiesieHne XapakTepUCTHK OOBbEeKTa B MPOCTpaHCTBE. B Takom ciyuae
OyzneM Ha3bIBaTh OOBEKT pacnpeoeneHHviM. TEPMHUHBI «IIPOCTPAHCTBEHHO-
pa3BuUTas CUCTEMa» U «paclpeiesieHHas CHCTeMa» YacTO HCIOJB3YIOTCS Kak
CHHOHMMBI. MBI OyJeM WUCIONB30BaTh Jaliee TEPMHUH «IPOCTPAHCTBEHHO-
pa3BuTas cucreMa» Kak Oosee oOliee MOHATHE, YaCTHBIM CIy4aeM KOTOPOTO
SBJISIETCS «pacTpeieTICHHAs: CHCTEMAY.

Kak cocpedomouennvii B OOHOW TOYKE MPOCTPAHCTBA  4acTo
paccMaTpuBaeTcs 00ObEKT C OJHOPOJHBIM MPOCTPAHCTBEHHBIM Paclpe/ieIeHuEM
JMHAMUYECKUX XapaKTEPUCTHK, KOTJA MOKHO OTPAHUYHUTHCS PACCMOTPEHHEM
UX U3MEHEHUs JIUIIb BO BPEMEHHU. JTO YMECTHO, €CJIH BO3MYIICHHUE, BHECEHHOE
B OJIHOW TOYKE, JOCTHTACT JIPYT'HX YaCTE CHCTEMBI 32 BpEMs, HE CYIECTBEHHOE
10 CPaBHEHHIO C BPEMEHHBIMU MaclITabaMH paccMaTpUBaeMBIX IpolieccoB. Ha
S3bIKE TEOPUU BOJIH 3TO O3HAYAET, YTO JJIMHA BOJHBI BO3MYIICHUS MHOTO
O6ompmie  anuHBL  00BekTa.  COCpPElOTOYEHHBIE  CHUCTEMBl  OMHCHIBAIOT
KOHEUHOMEPHBIMH MOJIENIIMH B BHJE PpA3HOCTHBIX WM OOBIKHOBEHHBIX
muQdepeHInaIbHbIX YPaBHEHUM.

Ecnu ans ogHO3HAYHOTO 3aJaHUsl MPOU3BOJIBHOTO COCTOSIHUS TpeOyercs
yKa3aTh KOHTHHYaJIbHOE MHOKECTBO 3HAUEHHH, TO CHCTEMa — pacIpe/ieieHHas..
KnaccuyecknuM anmapatoM [uis MOICTUPOBAHHS TAaKUX CHCTEM SIBIISIFOTCS
muddepeHanbHbple  ypaBHEHWS B YacTHBIX  MPOW3BOAHBIX, HWHTETPO-
muddepeHnnanbable  ypaBHeHHs, Au(depeHuuanbHble  YpaBHEHHS — C
3ama3/pIBaoNINM apryMeHToM. Hampumep, py ONMcaHuy JIBHKCHHS JKUIKOCTH
OTKa3bIBAIOTCSI OT y4eTa €€ MOJEKYJISIPHOTO CTPOEHHUS, CBOWCTBA CUUTAIOT
OJHOPOJHO «pa3MazaHHBIMU» BHYTPH «IJIEMEHTapHBIX OOBEMOBY» JOCTaTOYHO
OONBIINX MO CPAaBHEHHUIO C Pa3MEPOM MOJEKYJ, HO MajbIX MO CPaBHEHHUIO C
MakpoMmacmTabaMu CHUCTeMBbl (TaK Ha3bIBAEMbBIH Me30CKOonuueckull ypOBEHb
paccmotpenus’). Takue «0ObEMBbD» HUIPAKOT POJb AJIEMEHTAPHBIX YACTHII,
CBOWCTBA KOTOPBIX MEHSIOTCS B MPOCTPAHCTBE M BPEMEHH B COOTBETCTBHH C
ypaBHeHussmu HaBbe — CrTokca. DTH 3HAMEHUTHIE YpPaBHEHUS B YaCTHBIX
MPOU3BOAHBIX TPEJCTABISAIOT COOON ATAIOHHYI0 OCCKOHEYHOMEPHYIO MOJIENb
THJIPOAMHAMUKH.

IIpocmpancmeenno-pazeumuole CHCTEMBI MO>KHO MIPEICTaBUTh
pa3feneHHbIMM Ha YacTU (DJIEMEHTHI), Kak[ash M3 KOTOPBIX €CTh CHUCTEMa,
COCPEIOTOYEHHAass B CBOEHW TOYKE INPOCTPaHCTBA. Mozenu Takux CHUCTEM
MHOTOMEpHbI. O4eHb YacTO HCHOJB3YIOT CHUCTEMBI CBSI3aHHBIX OTOOpa)KeHUI
WIN OOBIKHOBEHHBIX UG EpeHINaTbHBIX ypaBHEHH, YpaBHEHUS! B YaCTHBIX
MPOU3BOJIHBIX. B 3aBUCHMOCTH OT MHTEHCHBHOCTH CBSI3M MEXIY JJIEMEHTaMH
CHCTEMBI Pa3MEpPHOCTh MOJIENH, TpeOyemas A OMHCAHUs IBMDKEHUS, M BUJ

3 .

OTOT ypOBEHb MPOMEKYTOUYHBIH MEXKIY MUKPOCKONUYECKUM, KOTJIa CIEKEHUE BEAETCS 3a
BCEMH 3JIEMEHTAMU CHUCTEMBI (HAIpUMEp, MOJIEKYJIAMH >KUAKOCTH), U MAKPOCKONUYECKUM,
KOTJ]a CHCTEMa BOCHPUHUMAETCS TOJBKO B LEJIOM (Yepe3 CPeIHNUE XapaKTEPUCTHKH).
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aJIeKBATHOTO armapara MOTYT CYIIECTBEHHO MEHSThCS. Tak, ecnu TmpH
OXJIAXJICHUM JKUJAKOCTH OHA  3aMEp3HET, JUIS  ONKMCAHUS  JIBIKCHHS
0o0pa3oBaBIICHCS JBAWHBI YXE HE TMOTPEOYIOTCS ypaBHEHHWS B YaCTHBIX
IPOU3BOJHBIX, a OyIeT I0CTaTOYHO CHUCTeMbl u3 Heckonbkux OJY s
BpaIaTeIbHOrO U MOCTYNATEeIbHOTO IBM)KEHUS TBepAoro Tena. Ecnu ke umeror
MECTO TOJBKO TIOCTyHaTeJIbHbIC JBHKEHHSA, TO JOCTaTOYHA JdaXe MOJeb
MaTepUalIbHOU TOYKHU.

[Ipr mpoxokaeHHH TO CHUCTEME CHUTHAJIOB, CIEKTP MOIIHOCTH KOTOPBIX
JOCTAaTOYHO IIUPOK (B YACTHOCTH, KOPOTKHUX HWMIIYJIbCOB), H3MECHEHUE
CTIEKTPAIBHOTO COCTaBa M CABHUT (pa3 TAPMOHUK BBUTUBACTCS B «PACTUIBIBAHUEY
U 3ama3AplBaHue curHana. «PacrbiBaHue» HWMeeT MecTo, €CiH  IoJjioca
NPOMYCKaHUsl HEIOCTaTOYHA JUIS TPOIMYCKaHHWsS BCEX KOMIIOHEHT CHTHala,
HamnpuUMep, W3-3a HWHEPIMOHHOCTH. Tak, €CIM HCIOJIb30BaTh O-BO3JIECHCTBHE,
HQJINYME WHEPUUOHHOCTH TPHUBOJUT K KOHEYHOM IIMPHUHE OTKIMKA (4eM
WHEPIHUOHHEE CHCTEMA, TEM LIMpE OTKIIHUK), & CIIBUT MOMEHTA €r0 MOSBJICHUS Ha
BBIXOJIE OTHOCHUTEIIbHO MOMEHTa TNOCTYIUICHHUS SIBISETCS OIICHKOH BpEeMEHH
3anepxkku  (puc.6.4,8). M UHEPUMOHHOCTb, M 3aJ€pKKa MOJICIUPYIOTCS
KOHEYHOMEPHBIMH MOJIENISIMH, HO 0OJiee €CTECTBEHHO SIBICHUE 3alla3/IbIBaHUsI
y4uTBIBaeTCS  TUPPEpEeHINATBPHBIMU  YPaBHCHUSMH C  3aIla3/(bIBAIONIIM
aprymeaToM ([Y3). OHu OGecKOHEUHOMEPHBI, MOCKOJIbKY TpeOYyIOT 3aJaHus
HA4anibHOU Kpueol Ha WHTEPBAIE 3a/IEPXKKH, T.€. HEMPEPHIBHOTO MHOXKECTBA
3HAYCHUN JUHAMUAYECKOU MEPEMEHHOM.

B cxeme puc.3.3. maremMaTHuecKkue CpeicTBa MOJEIMPOBAHUS HBOJIOLUH
BO BpPEMEHHM CHCTEMAaTHU3UPOBAaHBI B COOTBETCTBHHM C VpPOGHEM OOWHOCMU
(BO3MO>XHOCTH OMHCATh C €TO MOMOIIBIO OOJIbIIEe YHCI0 00BEKTOB U BAPUAHTOB
nwkeHnit). Kak mpaBuio, 3a OOMIHOCTh TPUXOAMTCS IJIATUTH POCTOM
BBIUMCIIUTENILHBIX 3aTpaT, HEOOXOAWMBIX [UIS pEIICHUS W HUCCIEAOBAHHUS
MO/JICJIbHBIX YpaBHEHUH.
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AEHEIE beHICmﬂ'l HeZaRHCHMEIX ITepenMeHHEIX
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Hoc/ie 0B AHHA
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JupPpepeHInIaIbHEIE pasHuC 1€
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rs CXEMEI
S HEMOYKH H Pele TKH
C a CBA3aHHBIX 0T00pasKe I
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€ 3aIIa3JbIE AF0LLEM ‘

apryMeHT oM
HETerpo-mddepenmamEHELE

¥YPAEHCHHA E "TACTHRIX ITPOHIEOTHEBIX

Puc.3.3. YcnoBHas cxema BUAOB JUHaAMUYeCcKUX Mojeneil. CHH3y BBepX omucaTelbHbIe
BO3MOXXHOCTH U TPeOyeMBbIe JIJIsl HCCIIeIOBAHYSI BBIYUCIUTENLHBIC 3aTPAThl YBEITUIUBAIOTCS

Cawmplii ipocToit Bua moaeneit — ¢pyuxyuu epemenu X =F(t). B nuHeHbIX

3a/la4ax WM B CICIMAIBHBIX YACTHBIX CIydasx TaKUE MOJIEIH MOXHO MOTYYHUTh
KaK agHanumuyeckue PEUIeHUs ypaBHEHHH sBomouuu. HecmoTpss Ha oueHb
OOJIBIIIOE YUCIIO UCTIONIB3YIOMUXCS QYyHKIHHA (CM. 1. 3.3), HX BO3MOXXHOCTH JJIS
OMMCAHUs CIOKHBIX (OCOOEHHO XAaOTUYECKMX) BPEMEHHBIX pealln3aluil BecbMa
orpanuyeHsl. YyTh Oojiee 0oOIIMM cllydaeM SIBISIIOTCS alreOpandyeckue WiH
TPAHCLIEHJCHTHBIC YPAaBHEHUS

F(x,¢)=0. (3.7)

Ecnu ypaBHenue (3.7) HE MMeeT aHAJIUTHYECKOI'O PEIIEHUs, TO FOBOPSAT, YTO
OHO ONpEENseT 3aBUCUMOCTb X(?) HESBHO.

«JIeBbli1 cTonmOen» 0OCyk’JaeMON CXEeMbl COCTaBIISIOT — Pa3InYHbIC
mudpepenunanbable ypaBHeHus (HY). DTo ypaBHEHHs, B KOTOpbIE BXOJIST
IIPOU3BOAHBIE OT JUHAMHUYECKHX NEPEMEHHBIX IO HE3aBUCHUMBIM IIEPEMEHHBIM
(Mo BpeMeHHu ¢ W MO NPOCTPAHCTBEHHBIM KoopauHaTtaM r). Hanpuwmep,
ypaBHEHUE NIEPBOT0 NOPsAJIKA UMEET BUA

F(x(¢,r),0x(t,r)/ot,0x(t,r)/Or t,r,¢) =0, (3.8)
r1€ X — BEKTOp JMHAMUYECKHX MepeMeHHbIX. [lepBbiMH ObLIM BBEIEHBI B
Hay4Hyo npaktuky Oy
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F(x(t),dx(t)/dt,...,d"x(t)/dt" ,1,¢)=0. (3.9

ONY Buma dx/dt=F(x,c)=0 HMEOT HAIIAIHYI0 TE€OMETPHUUYECKYIO

uHTeprperanuoo. OHHU 337af0T HANpPaBICHUE U BEIMYUHY CKOPOCTH W3MEHEHUS
COCTOSIHUSL 00BbEKTa V=dX/df B KakXIOH TOYKE KOHEYHOMEPHOIO (Ha3oBOro

npoctpaHcTBa (none cxkopocmeti). B mo0oit Touke BeKTOp V (ecid OH
HEHYJIEBOH) SIBIISIETCS KacaTelbHBIM K (ha30BOM TpaeKTOpWHU. 3aJaHuEe TOJSI
CKOpocTeil oOecreurBaeT OJHO3HAYHOE IMpescKa3aHue (Ha30BOM TPAeKTOPHUH,
CTapTyrouieil u3 J000ro HayaJlbHOIO COCTOSIHMS, T.€. OIMCaHHE BCEX
BO3MO>KHBIX JIBMOKEHUH B (Da30BOM mpocTpaHcTBe (puc.3.2,a).

[IpousBoHbIE AMHAMUYECKUX MEPEMEHHBIX HCIOJIb3YIOTCS B YPaBHEHMSIX
HECKOJIbKUX BHUJOB, CYIIECTBEHHO OTJMYAIOIIMXCS IO CBOMCTBaM peLIEHUN U
MeTojaM ux noxydeHus. Ha puc.3.3 onu 00beaMHEeHb! MUPOKONH BEPTUKATBEHOM
JMHUEH, KaK BETKH — CTBOJIOM JepeBa. Haxomsuuecs BBepxy «ctBosay OJY
OMUCHIBAIOT JAMHAMHUKY COCPEIOTOYEHHBIX (KOHEUHOMEPHBIX) CUCTEM, IJ€ HE
TpeOyeTCsl YUHUTBIBATh Henpepvi6Hoe pacnpeoeieHue CBOUCTB OOBEKTa B
npoctpanctBe. JIY B yacTHbIX nmpou3BogHbIX (AYUII), B KOTOphIX B KauyecTBe
HE3aBUCHUMOI TEPEMEHHON BBICTYIAIOT U MPOCTPAHCTBEHHBIE KOOPAMHATHI,
pacrnojyokeHbl B caMOM HuU3Y cxeMbl. OHM HaubOoiee YHHUBEpPCAJIbHBI, T.K.
OIMUCHIBAIOT U OECKOHEYHOMEPHbIE JIBUKEHHSI B paclpeesieHHbIX cucteMax. Ho
pemenue JAYUII tpeOyeT 3HAYMTENBHO OOJIBIIUX BBIYUCIUTEIBHBIX PECYpPCOB,
yeM pemienue O[Y. Kpome toro, IYUII TepsitoT HarisigHy0 reOMETPUUYECKYIO
WHTEepIpeTanuio, npucyuryo OY.

Anrebpo-muddepenimanpasie  ypaBHeHus (AJlY) — 310 o0benuHeHUE
O1Y u anrebpanvyecKux ypaBHCHUMN:

F(dx(t)/dt,x(1),y(1),t,¢) =0,

G(x(2),y(¢),t,¢) =0,
rae X — D-MepHbBIM BEKTOP COCTOSIHUSA, Y — K-MEpHbIA BEKTOp (HE BHOCHUT
JIOTIOJIHUTENBHBIX CTENEeHel cBoOOabl B cuctemy), F — BekTop-QyHKIUSA

pasmepHoctu D, G — BekTop-¢yHKuus pasmepHoctd K. Bropoe ypaBHeHue —
anredpanveckoe U omnpenenser (ObITh MOXKET, HESIBHYIO) 3aBUCUMOCTH Y(f) OT

(3.10)

X(¢) . MeToibl pabOThI ¢ TAKUMHU YPAaBHEHUSIMU OY€HBb CX0XkH co ciryyaem O/1Y.
VYpaBHeHUs ¢ 3ama3pIBAIOIINM apryMEHTOM UMEIOT, HallpuMep, BU

F(x(t),dx(t)/dt,x(t — 7),¢) =0. (3.11)

Otnanune or OY cocTOUT B HAIMYMHU B YPABHEHUM 3HAUYECHUN AMHAMUYECKUX
NEPEMEHHBIX HE TOJIBKO JUISl TEKYLLIEro, HO M JUIsl TPOLIJIOr0 MOMEHTa BPEMEHU.
OI1Y ectb yactHblil ciyyait /1Y 3 npu HyJI€BOM BpeMEHU 3ama3/IbIBaHMUS.

Huterpo-muddepennmansupie  ypaBHeHus MY He oTHoOcATCS, CTPOTO
roBops, K kiaccy JY. OHu BKIIOYAKOT B ce0sl HE TOJBKO MPOU3BOAHBIE, HO U
MHTErpaJibl OT JUHAMUYECKUX NIEPEMEHHBIX, HAIIPUMED,

95



Yacts [. Moodenu u npoenos

F| x(¢),dx(0)/dt,...,d"x(¢)/ dt" jk(t,t’)x(t’)dt’,t,c =0, (3.12)
rne  k(t,t') — sSApO JMHEHHOro HWHTErpaibHOrO mnpeoOpasoBanus. Eciu

IIPOU3BOJHBIX HET, TO YPABHEHHUs HA3bIBAIOTCS IIPOCTO UHTETPATIbHBIMH.
AY3 u 1Y Takxke obecneunBaroT OeckoHeuHOMepHOoe onucanue. /Y3 Bo
MHOT'HX CIy4asix MOXXHO pacCMaTpuBaTh Kak 4yacTHbIN ciydaid Y. Hanpumep,

UAY Buma dx(t)/dt =F(x(t))+ 0jgk(t,z-)x(z')a’r B ciyuae k(t,t)=0(t—7—1")

ceoautes kK J{Y3 dx(t)/dt =F(x(t)) + x(t — 7).
[Ipy mOCTpOEHMHM IHUCKPETHOTO aHajgora ypaBHeHHH (3.4) mepexomsT K
JIUCKPETHOMY BPEMEHH 71 =1/Af ¥ K KOHEYHBIM Pa3sHOCTAM. [IpH JOCTATOYHO

Manbix Af pa3HOCTHOE ypaBHeHHE (3.5) mMeeT perieHue, OJU3Koe K PEIIeHUI0
Y (3.4). Ho ¢ poctoM At pa3HOCTHOE YpaBHEHHE (TOYECYHOE OTOOpaKEHHUE)
IepecTaeT aJeKBATHO OTpaxarh cBoiicTBa ucxogHoro OJ[Y. OmHako MOXHO
HOCTPOUTH JMCKPETHbIE MOAEIM M JuId OOJbIIMX BpPEMEHHBIX IIaros,
JEMOHCTPHUPYIOLIME  XOpOIlee COOTBETCTBME  HCXOJHOW  cucreme. B
paccMOTpeHHOM mnpumepe ¢  ocuwuiaropom (puc.3.2) npu At=T
IIOCJIE0OBATENbHBIE  3HAYEHUs V,, COOTBETCTBYIOLIME BbIACICHHBIM Ha

puc.3.2,a,06 Toukam, CBSI3aHbI OJTHOMEPHBIM oToOpakenuem (3.6), puc.3.2,8. OHO
HMMEET Pa3MEPHOCTh, MEHBIIYIO PA3MEPHOCTU UCXOJHOM CHCTEMBI, U OTpPaXKaeT
MOHOTOHHOE 3aTyXaHUe€ KOJEOAaHWH M TEepexo] K COCTOSHHIO PaBHOBECHS, HO
IJIATOW 3a TPOCTOTY SIBISETCS MOTepss MH(POpPMAIMA O TOBEICHUU CHUCTEMBI
MEXIY OTCUETAMMU.

Cuctembl ¢ IUCKPETHBIM U HEMIPEPHIBHBIM BPEMEHEM 1IEHHBI CaMU 110 ce0e,
TaK 4YTO HE CTOWUJIO Obl TOBOPUTh O KaKUX-TO MPUOPUTETAX, HO MPaKTHUKA
MOJEIUPOBAHUSA W TPU3HAHUE CHEIUATUCTAMH HCTOPUYECKU CIOXKHWINCH B
nosb3y Y. 310 00BsicHIETCS TeM, 4TO J0 cepeaunbl XX Beka (u3uKa, KoTopas
ObLJIa B KOHIIE ATOTO MEPUOo/ia MPUMON Ha CIICHE HAayKH, ONMHUPaIach B OCHOBHOM
Ha JIY (B wuactHoctu, nuuednbie JIYUII) w wucnonp3oBasia pa3iuydHbIe
AHATMTHUYECKUE METO/Abl. BeIUUCIUTENbHAS TEXHUKA U IIU(PPOBHIE METOIBI, TS
KOTOPBIX ammapar pa3HOCTHBIX YPaBHEHUH «pPOAHOI», e€Ile HE UMEIu
COBPEMEHHOTO  ypOBHS  Pa3BUTHA, IIOATOMY  apceHal  OTOOpaKeHUH,
UCIIOJIb3YEMBIX B MOJICIMPOBAHMM, OBbUI  3HAUUTENBLHO OelnHee, YeM
aHAJIOTUYHbIE HAOOPHI ATAJTOHHBIX MOTOKOBBIX CHUCTEM. OJHAKO COBPEMEHHBIC
TEHJEHIIMU Bce Oosiee MIMPOKOTO HMCHOJIb30BAHUS HEJIMHEWHBIX YpaBHEHUN U
Pa3BUTHUE YHUCJICHHBIX METOJOB HCCIEIOBAHUS MHOTOMEPHBIX CHCTEM CO
CJIIOKHBIM  TIPOCTPAHCTBEHHO-BPEMEHHBIM  TOBEJICHUEM  OJaronpusTCTBYIOT
MpOrpeccy AMCKPETHBIX MOAXOJ0B. BecbMa MomyssipHbl B HACTOSIIEE BpEMs
JTUCKPETHBIC MOJENIN aHCcaMOJiel — peuwemxu CesA3aHHbIX OmMOoOPadiceHUll,
OOBCIMHUBIINE B  IMPOCTPAHCTBEHHBIC  KOMIUICKCHI  OOJIBIIOE  YHCIIO
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O0TOOpaXeHH ¢ HETPUBUAIBHOW COOCTBEHHOW BPEMEHHOW JWHAMUKOW (CM. TI.
3.7). Kakx monenu mpocTpaHCTBEHHO-PA3BUTHIX CUCTeM, oHU ycrymarT J[YUII
no OOUIHOCTH, HO HECPAaBHEHHO TPOIIE Ui YHCIECHHOTO WCCIEIOBAHMS.
CrennpuyeckuM BapuaHTOM MHOTOMEPHBIX CHUCTeM OToOpaxkeHuit mimu OY
SABIISIFOTCS UCKYCCMBEHHbIE HEeUPOHHbIE cemu, TIOTYYUBIINE B HACTOSIEE BPEMS
OYCHb IIUPOKOE PACITPOCTPAHEHHUE U B 3a7]a4axX anmpokcuMaruu (cM. 1. 3.8).

3.3. SIBHbBIE PyHKIIMOHAIbLHBbIE 3ABUCUMOCTH
Jlunamuyeckue MOJENH SBONIONMU B Buae ¢GyHKuuii Bpemenu X =F(¢),

MOTYT OBITh 3a/laHbl AHATUTHUYECKH, TPAPUUECKH WIN TAaOJUYHO W TOJTYYECHBI
T00BIM W3 ONMHMCAHHBIX B I 1.5 myTel, Hampumep, pemenueM Y wim myTtem
armpoOKCUMAIlUM IKCIIEPUMEHTAIBHBIX JaHHBIX (cM. m. 7.2). Ilepeuucnuth Bce
UCIOJIb3yEMbIE MaTeMaTUKaMHu (PYHKIMK HE TMpPE/ICTaBiseTcs BO3MOXKHbIM. Ho
JUISL LeJIel TaJlbHEeMIEero U3J10KEHUSI OCTAHOBUMCS Ha 3aBUCHUMOCTSIX, KOTOPbIE
COCTaBIAIOT 0a30BbIM Kiacc onemenmapHuix @yukyui. K HUM OTHOcATCA
anreOpanyeckue MHOTOWIEHbI, CTENEHHbIC, pPAlUOHAJIbHBIC, IOKAa3aTENbHBIE,
JorapuMuueckue, TPUTOHOMETPUYECKHE U OOpaTHbIE TPUTOHOMETPUYECKHE
bynkuun. Emy ke npuHapie:xkat GyHKINUU, TOTYYaOIIHecs U3 IePEUUCISHHBIX
C TOMOIBI0 4YEThIpeX apu(METHUECKUX OIEpaluii ¥ KOMIO3MIMH,'
MPUMEHSAEMbIX KOHEYHOE 4YHUCIO pa3. PaccMOoTpuM HECKOIBKO NPUMEPOB
areMeHTapHbBIX GyHKIHHA 1 Y, pemeHnsMu KOTOPBIX OHU SIBJISIOTCS.
1) JIuneitnas pyHxuust x(¢) = x, + v,¢ SBISETCS PELICHUEM ypaBHEHUS

dx/dt =v,, (3.13)

KOTOPOE ONMCHIBAET MPSIMOJIMHENHOE IBUKEHUE C IIOCTOSIHHON CKOPOCTBIO V, C
HauayibHBIM ycnoBueM x(0) = x,. Ee rpaguk — npsimas nunus (puc.3.4,a).

xV xw xu xW
a) ! 6 g ! N t

Puc.3.4. I'padukn HEKOTOPBIX DIIEMEHTApHBIX (DYHKUMA: a) MUHEWHOW , 0) CTEmeHHOMH, B)
3KCIIOHEHTHI ¢ ¢ > 0, T) CUHYCOHIBI

2) Anrebpanyeckuii MHOTOYJIEH Topsika K:

* «Cyneprosumms (koMmosurws) (GYHKIHI — COCTaBICHHE W3 ABYX (YHKIHIl CIOKHOM
¢dbynkiuu (pyHkmm ot GyHKImu)» [118]. B aToOM onpeneneHnn TepMUHBI «CYTIEPIIO3UIINS U
«KOMTIO3HIUS» BBICTYNAOT Kak CHHOHUMBL. OnHako cpenu (U3HKOB CyTeprio3ulrei
GbyHKUMHA f; ¥ f, 4YacTO Ha3pIBAIOT MX JIMHEHHYI KOMOMHauuio af, +bf,, rne a u b —
noctostHHbIe. [Ipy 9TOM 3HaYEHHS TEPMUHOB «CYMEPIO3ULUSI» U «KOMITO3UIMSD CTAHOBSATCS
COBCEM pa3IM4YHbIMU. J{J1s1 n30€)KaHuUs My TaHHUIBI MBI IPUMEHUTEIBHO K CIOKHBIM (DyHKIUSIM
UCIIONIB3YEM JIAJIee TOIBKO TEPMHH «KOMITO3HIIHS.
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x(t)=cy +eyt + o’ + .o+ ctt, (3.14)
rae ¢; — TocTosiHHbIe Kod(duimenTsl. OH SBISETCS pPELIEHUEM YypaBHEHUS

d Kx/ dt* =const . Jluneiinas GpyHKms — 4acTHHIH coydait (3.14) mpu K =1. B
3a/laye 0 paBHOYCKOPEHHOM JBM)KEHUHU Tella, MOJOPOIIEHHOTO BBEPX C BBHICOTHI
h ¢ HavyaabHOM CKOPOCTBIO V,, YpPaBHEHHE IBI)KEHHUS (M3 BTOPOrO 3aKOHA
HploToHa M 3aKOHA BCEMHPHOTO TATOTEHHUS) UMEET BUA d 2x/ dt* =—g/m, rae
OCh X HallpaBlieHa BEPTHKAIbHO BBEpX, M — Macca Tela, g — YCKOpPEHHE
cBoGoaHOro TazeHus. Ero pemenme: x(1)=h+v,t— gt’ /2 (puc.3.4,6). Ono

CIIPaBEJIUBO TPU OTCYTCTBHM TPEHHS U JI0 TEX TOp, MOKa TEJIO HE YMaaeT Ha
3emuio.

3) poGHo-panuoHanbHass (YHKIOUS — OTO  OTHONIEHWE  JABYX
anreOpanyeckux MHorowieHoB x(f)=P(¢)/Q(t). Ee 4acTHbIM ciydaem npu

O(t) = const sBIAETCA OMATH Ke ANreOpanvyecKuii MHOTOUJICH.

4) Crenennas GyHxims x(¢) =1, rie o — NPOU3BOILHOE IEHCTBUTEILHOE

yucino. Ecniu « He nienoe, To paccmarpuBaeTcs Tosibko ¢ > 0. [Ipu nensix a 310
BapHAaHT aIre0panyeckoro MHOrowieHa Wik JpoOHO-pallMOHaIbHON (QyHKIUY.

5) IokasartenbHas (3KcnoHeHUManbHas) Gynkuus x(¢) = x,e” (puc.3.4,8)

3HAMEHUTAa TEM, 4YTO CKOPOCTh €€ W3MEHEHHUs TMPOMOpIHUOHATIbHA CaMOi
¢yskimu. OHa sBIsETCS pelleHneM ypaBHeHWs dx/di =« -x, ¢ HadaJlbHBIM

ycinoBueM x(0)=x,, KOTOpO€ ONMCHIBAET, HAIPUMEP, TUHAMUKY UUCIECHHOCTH

OMOJIOrMYECKON MOMYJISIUM, & & — INOCTOSIHHBIA MapaMeTp, UMEIOLUN CMBICI
POXKIAEMOCTH.
6) I'apmonmnueckas GyHkuus x(f)=x,cos(wt +¢@,) — oaHa U3 ceMelcTBa

TpuroHoMerpuueckux QyHkuuii  (puc.3.4,r). OHa sBiseTCd pELIEHUEM
2 2 2 .
YPaBHEHUS TapMOHUYECKOro ociuuisiTopa d x/ dt” +ow°x=0 — smanounou

MoOenu KonebaHWH MaTepHalibHOM TOYKM 03 TpeHWs TMOoj JAeWCTBUEM
BO3BpAILAIOICH CHIIBI, TPOMNOPIHMOHAIBHOW OTKIOHEHHIO X OT MOJOKEHUS
paBHOBecusi. Ee mocTosiHHBIE mapameTpbl X, — aMIUIMTyJa KoyiebaHui, @ —

yrioBas 4acToTa, ¢), — HaudanbHas ¢as3a. ['apMoHumuyeckas (yHKIMS JBYX
nepeMeHHbIX X(t,z) = x,cos(@t — kr + ¢§,) onucbiBaeT Oeryiyo BAOIb OCH F
MOHOXPOMATUYECKYK BOJNHY miuHbl A =27/k (puc.3.1,r) u sBisercs
pellleHreM YpaBHEHHUS IPOCTOM BOJIHBI Ox/0t + V Ox/0r =0.

> Homyuarommiics mpu @ > 0 SKCIOHEHIMATBHBI POCT YHCICHHOCTH TOMYIISAINH HA3bIBAKOT
MaJbTy3UAaHCKHM POCTOM, MOCKOJBKY KaToinudeckuid MoHax Manbryc B XVI B. mepBeiM
MOJIy4YMJI 3TOT pe3yibTar. OH cnpaBeIuB OO TEX IMOP, MOKA YMCICHHOCTb MOMYJISALUU HE
CJIMIIKOM BEJIMKA, TaK YTO MOYKHO CUUTATh, YTO IMUIIEBBIX PECYPCOB XBATAET BCEM.
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[TomynsipHOCTh TPUTOHOMETPUYECKUX (PYHKIMI BO MHOTOM OO0YCJIOBIIEHA
TEM, 4YTO COTJlacHO Teopeme Beiiepmtpacca m00yr0 HENpPEepHIBHYIO
NePUOINYECKY0 (GYHKIHMIO X(f) MOXKHO CKOJb YTOJHO TOYHO MPHUOIU3UTH

MpUSOHOMEMPUHUECKUM MHO20UYIEHOM

K
x(t) =Y ¢, cos(27k/T + ¢, ), (3.15)
i=0

rne K — mnopsnok MHorowieHa. Hemnepuoguueckyro (yHKLIHIO MOXKHO

NpUOIH3UTH C TOMOIIBI0 TAKOTO MHOTOYJIEHA HA KOHEYHOM OTpPE3KeE.
AHanorudHas TeopeMa O BO3MOXKHOCTSIX MpHUOMMKeHus (QyHKmid Oblia
nokazaHa Bediepmrpaccom u s anreOpamdeckoro MHorowieHa (3.14).
AnrebpandecKkuii 1 TPUTOHOMETPUICCKAN MHOTOWICHBI IIUPOKO HCIIOIB3YIOTCS
Ui OpUOJIM)KEHHOTO ONMCAHMsI 3aBUCHUMOCTEH. OTO MNpeAMeT TEOopuu
anmnpokcuMaluu (KOHCTPYKTUBHOM Teopuu (yHKUMI), moapoOHee cM. 1m.7.2.
KoHKypeHIMI0 UM COCTaBIISIFOT B MOCJIEIHUE TO/IbI HCKYCCTBEHHbIE HEWPOHHBIE
cetu (mm. 3.8, 10.2.1.3), pamuanbhble Oa3ucHble ¢GyHkuuu (m. 10.2.1.2) u
BeiBneTsl. [locnenHue mMoMy4ywsid OYeHb IIUPOKOE PpaclHpoCTpPaHEHHE Ha
MpPaKTUKE U MOJPOOHEEe pacCMOTpPeHbI B 1. 6.4.2.2. 31ech CKakeM TOJIBKO, YTO
3TO — XOPOIIO JIOKATU30BaHHbIE (DYHKIMU C HYJEBBIM CPEIHUM, HaIpUMED,

2 2
x(t)=e"' /2 (1/2)e_t 5
K paccMoTpeHnio Bompoca O APYTUX (HE »JIeMEHTapHbIX) (QYHKLIUAX U
pacHIMpeHNsX Kilacca 2IeMeHTapHbIX (yHKIMI MBI BepHeMcs B 1. 3.5.

3.4. JInHEeHHOCTHh ¥ HEJIMHEHHOCTH

«HenmuueliHOCT,  BCeNpOHUWKAMOIIA M BE3/ECyla,
MHOTOJIMKa ¥  Heucuepmaemo MHorooOpaszHa. OHa
NOBCIOMy: B OONBIIOM ¥  MaJOM, B  SIBJICHHSX
OBICTPOTEYHBIX W JUIIIMXCS SMOXH... HemuHeiHOCTH —
HOHITHE €MKOE, C MHOXXECTBOM OTTEHKOB W TI'paJallHid.
Hemuneitnocts addexra wmm sBICHUS O3HAYAET OJHO,
HEJIMHEWHOCTh TEOPUH —IPYTOEM.

0. A. Jlanunos. «Henunetinocmoy [71]

3.4.1. JInHEHHOCTh M HETUHEWHOCTh (DYHKIIUNA U YpaBHEHUN

Ha  yyBcTBeHHOM  ypOBHE  CJIOBO  (JIMHEWHBI»  ONM3KO K
CIIPSAMOJIMHEUHBINY, aCCOLMUPYETCS C MPSIMOW JIMHHUEH, C MPONOPUHUOHATIBLHBIM
M3MEHECHUEM TPUYUHBI U CJIEICTBUSA, HEM3MEHHBIM KypcoM, rpaikoM B BHIE
npsiMoii, kak Ha pwuc.3.4,a. OgHako, B COOTBETCTBUU C TEPMHHOJIOTHEH,
MPUHATOW B MAaT€MaTUKE W HEJIMHEWMHOW NUHAMUKE, JTUHEUHBIMH SIBIIIFOTCSA BCE
pPacCMOTpPEHHbIE B MpeIbLAyIleM Maparpade IUHAMUYECKUE CHCTEMbI, XOTs
rpaguku UX pPEIIeHU — OTHIOAL He mpsimble JiuHuM (puc.3.4,0-r). JIunenHb
OTIEPATOPHI IBOIIONUN ATUX JTUHAMHUYECKUX CUCTeM — nuddepeHInanbHbie WiIn
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Pa3HOCTHBIC YPABHEHUSI U OTOOpPa)KEHUS MOCIIENOBAHUSA, HO He UX peuleHus — He
(GYHKIIMY BPEMEHH, ONKCHIBAIOIINE BPEMEHHBIEC PeaM3allUu.

Uro xe 0011ero Bo BCeX MPEACTaBICHHBIX B 1. 3.3 ypaBHEHHSIX YBOJIIOLHH?
Bce onu nopumnssitores npunyuny cynepnosuyuu. Ecim QyHKIUM HE3aBUCUMBIX
nepeMeHHbIX X,(f) U X,(f) SBISIOTCA PELICHUAMU YPABHEHUSA, TO M UX

NUHENHas KoMOMHauus ax,(¢)+bx,(t) — 2TO TOXe peleHue, T.e. OyAydu
[OJICTABJIEHA B YpaBHEHHE BMeCTO x(Z), OHA IPEBPAINAET €ro B TOXKIECTBO. B
IpaBBIX U JEBBIX YaCTAX JHHEHHBIX /IY MOTYT CTOSATH TOJIBKO IEPBBIC CTEIICHH
JIMHAMMYECKON MIEPEMEHHON U €€ MPOU3BOIHBIX: X, dx/dt, ..., d”x/ dt" . Ho Tam

HE JODKHO ObITh UX 0Oojiee BBICOKMX CTENEHEH U  MPOU3BEICHUH.
COOTBETCTBEHHO, B JIMHEMHBIX PA3HOCTHBIX YPABHEHUSX MOTYT CTOSITh TOJIBKO
MEPBbIE CTENEHW KOHEYHBIX PA3HOCTEM WM 3HAYECHUM JUHAMUYECKOU
IIEPEMEHHON B JIMCKPETHBIE MOMEHTHI BPEMEHH. YPAaBHEHUS JIIOOBIX BHJOB
JUHEHHBI, €CIM OTOOpaKeHHsI, OIpeleNeHHble Ha MHOXECTBE 3HAUYCHHM
JUHAMHAYECKUX TEPEMEHHBIX, CTOAILIME CJIEBa M CIIpaBa OT 3HAKA PABEHCTBA,
auHenHbl. Hapymienwe 5Toro mpasuia O3HAa4aeT HEJIMHEWHOCTb YPaBHEHMS.
Hanpumep, nuneiinsl ypaHenus (3.2), (3.4)-(3.6), (3.13). Henuneiino
ypaBHenue (2.1). 3ameruMm, 4YTO JMHEWHbIE HEAaBTOHOMHBIE (C SIBHOM
3aBHCHUMOCTBIO OT BPEMEHHU) YpaBHEHHsI MOTYT BKJIIOYATh B Ce€0sl HEIMHEWHbIE
(GYHKIIMM HE3aBHCHMOM IepeMeHHOW (BpemeHu). Hampumep, HeaBTOHOMHBIN

JIMHEHHBINA ocIuIATop d 2x/ dt* + 28 dx/dt + oix = Acoswt .

Jlunetinas QyHKIUSA «BeAeT ceOs» OYEHb MPOCTO — MOHOTOHHO YOBIBaeT
WIA BO3pacTaeT C HM3MEHCHHEM apryMeHTa WJIU SIBJISETCS TocTOosHHOW. Ho
JMHEHHOCTh TUHAMHYECKUX CHCTEM HE O3HAYaeT, YTO JEMOHCTPUPYEMbIC UMHU
JIBWKCHHUST O00SI3aTEIbHO TMPUMUTUBHBL. JTO BHJIHO JaXe W3 HECKOJIbKUX
MPHUBEACHHBIX Ha puc.3.4 TpUMEpOB. YUWTHIBAas BBIMOJIHCHUE TPUHITUIA
CYNEpIIO3UINK, JIJII MHOTOMEPHBIX JIMHCHHBIX YpaBHEHUH C IOMOIIBIO
KOMOWHAIIMKA  CTCHICHHBIX, OKCIIOHCHIIMAJIBHBIX W  TPUTOHOMETPUYCCKUX
(GYHKIUH, SBISIONIMXCSA HUX PEHICHUSMH, MOXKHO MOJA00paTh pEIICHHE B BHUJIC
OYeHb CIIO)KHOW 3aBHCHMOCTH OT BPEMEHHM, HAa KOHEYHOM WHTEpBAJC
HEOTJIMUMMOW BHEITHE OT OecrmopsIouHor, XaoTwdeckod. Ho nmHelHbIe
CUCTEMBI «HE MOTYT ITO3BOJIUTH ce0e» MHOTOr0: U3MEHEHUsST (POPMBI KOJICOaHMIA,
TpeOyIOIIero  MOSBICHUS  HOBBIX  TapMOHMK, JHHAMHYECKOTO  Xaoca
(OecropsIOUHBIX PEIICHUH ¢ SKCTIOHEHITUAIBHON YYBCTBUTEILHOCTBIO K MAJTBIM
BO3MYIICHHSIM), MYJbTUCTAOUIBLHOCTH (HAJIMYMs HECKOJBKHX BapUaHTOB
YCTAHOBUBILIUXCS IB)KCHHH ), U T.I.

Cucmemvol, npoyeccol, 3Qgexkmol, s61eHUs KIACCUPUIUPYIOT Kak
JIUHeliHble VA HeluHeliHble, B 3aBUCUMOCTH OT TOTO, ONHCHIBAIOTCS JM OHU
aJIeKBaTHO JIMHEHHBIMU  VPAGHEHUAMU WIH HEOOXOAMMO HCIIOJIb30BaTh
VpaeHenuss HeMUHEHHbIe. MUp HETWHEHHBIX OIepaTOpOB HECpPaBHEHHO Ooraue,
9YeM JIMHEWHBIX: HEeJMHEWHBIX NTUHAMUYECKHMX CHCTEM W BHJIOB WX TOBEICHUS
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HECpaBHUMO Oouibilie. MeCTO «JIMHEHHOr0» B MPEHMYIIECTBEHHO HEIMHEHHOM
OKpPYXaIOIIeM MHUPE, «4aCTHOCTHY JIMHEWHBIX MPEACTABICHUHN CIEAYET XOTS OBl
U3 TOrO, YTO HEJIMHEWHBIE CHUCTEMBbI MOTYT OBITh CBEIEHBI K JIMHEWHBIM —
JMHEAPU30BaHbl — TOJIBKO MPH MAalbIX aMIUIMTyAax Kojebanuii (M Korga
pasloKeHUe HEIWHEWHBIX (QYHKIWMHA B psag Telmopa COACPKUT JIMHCHHBIC
wienbl). Jlnst 3Toro TpebyeTcss 3aMEHUTh B YPaBHEHUSX JIMHAMUYECKUE
IEPEMEHHBIE X, Ha CYMMY HX CTalMOHAPHOM M NEPEMEHHOM YacTeil

X, =Xo4 + X, TOE Xo, >> X, , M IPEHEOPEYb MAIBIMH YICHAMH — CTETNICHAMH X,

BBIIIE NIEPBOM, TPOU3BEACHUAMU MaJbIX U T.[I.

Hctopuuecku, B JOKOMIBTEPHYIO SIOXY, JUHEWHbIC YpaBHEHUS HMEIH
HEOCIIOPUMOE TMPEUMYIIECTBO B HAayyHOW TMpaKTUKE HaJ HEJIMHEHHBIMU,
MIOCKOJIBKY MOTJIA OBITh CTPOT'O MCCIICOBAHBI M PEIIEHbI aHAIUTUYECKH. Jonroe
BpeMs JTa)Ke€ CYIIECTBOBAIO YCTOMYMBOE MHEHHE 00 OTHOCHUTEIHHO OOJBIIEH
BOXHOCTM M TMPEJCTABICHHOCTH B TPUPOAEC JIMHEWHBIX (PEHOMEHOB U
CaMOJIOCTaTOYHOCTH JIMHEMHBIX NOAXO0A0B [71]. Pa3BuTHE BBIYMCIUTEIBLHOU
TEXHUKH, YHUCJIEHHBIX METOJOB pEILICHHS HEIMHEWHBIX YpPAaBHEHUU U
BO3MOXKHOCTEH ~ WX  Tpaduyeckoro  mpeicTaBieHus,  (HOpPMUPOBAHHE
COBPEMEHHBIX  MATEMATMYECKUX  KOHLEMIMUH, B  YAaCTHOCTH, TEOpPUU
JTUHAMUYECKOr0 Xaoca, CMECTUJIM Yallly BECOB B MOJIb3y HEJIMHEWHBIX METOJIOB
U TIPEJCTABICHUI U OTHOIICHUIO K JTUHEUHBIM CUTYyallUsIM, KaK K BaXXHOMY, HO
YaCTHOMY CITy4aro.

3.4.2. Ilpupoaa HEMUHEHHOCTH

HenuneliHOCTh eCcTECTBEHHA W OPraHUYHO MPUCYLIA MUPY, B KOTOPOM MBI
CYIIECTBYEM, €€ TMpUpoJla MOXKET ObITh pa3IMYHOM U  OIpeAeNsaeTcs
cnenupuueckuMu cBoicTBaMu 00bekTOB. Ckopee Halo ObUIO Obl TOBOPUTH 00
YCJIOBUAX MPOSIBIICHUS JIMHEMHOCTHU, @ HE HEJIMHEHHOCTH, HO, B COOTBETCTBUHU C
UCTOPUYECKH CIIOKUBIIUMUCSA TpaaulusMu (cM. Bbime m.3.4.1), mosiBieHue
HEJTMHEHHOCTH YacTO OOBSICHSIOT KOHKYPEHIIMEH COOCTBEHHBIX MOJ KOJeOaHU
JMHEAPU30BAHHOW CHUCTEMbl WM 3aBUCUMOCTHIO MapamMeTpOB HM3HAYAIBHO
JIMHEMHOW CHUCTEMBbI OT BEJIMYMHBI JWHAMHUYECKOW nepeMeHHou. llocnenuss
3aBHCHMOCTh YacTO JKM3HEHHO HEoOXoauMa W MOXKET peaJn30BaThCs,
HampuMep, 3a cueT oOpaTHhIX cBsi3ed. Eciam Obl 4yBCTBUTENHHOCTH OPTaHOB
3peHus WK ciiyXxa Obuta ObI ITOCTOSIHHOW M HE 3aBHCENIa OT YPOBHS BO3JCHCTBUS
(YpOBHS OCBEIICHHOCTH WJIM TPOMKOCTH 3BYKa), HEJIb3s OBLIO OBI YCITEHTHO
OPHUEHTUPOBATHCS B CYMPAKE U HE CIEMHYTh COTHEYHBIM JHEM, CIbIIIATh HIOPOX
MOAMOJI3AKIIECH 3MEU U HE IJIOXHYTh OT IPOMA. «... bHOJIOTHMYECKHE CUCTEMBI,
KOTOpPbIE HE CMOIVIM OXBAaTHUTh TPOMAJHBIA JMANA30H >XU3HEHHO 3HAYMMBbIX
BO3JICUCTBUI Cpelbl, TMOMPOCTY BBIMEPJIM, HE BbIAEpkKaB OOpbOBI 3a
cymectBoBanue. Ha mx mormnax MoxHO Obuto Obl Hammcath: «OHU OBLIH
CIMIIIKOM JIMHEeWHbIMU it dTtoro wmupa» ([71] co cceuikoit Ha A.M.
MomnyaHoBa).
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Tak, ecnmu Obl KO3 (PUIMEHT pa3sMHOKEHHS Kk B TOMyJSIUH  OBLI
IIOCTOSSHHBIM M HE 3aBHCEI OT YUCIEHHOCTH X, OCO0eil (n — IUCKpeTHOoe

BpeM}I), TO B COOTBETCTBUU C JIMHEWHBIM 3aKOHOM 9BOJJIOIINUHA
= kx (3.16)

xn+1 - n

npu k>1 ¢ TeueHHeM BpeMeHHU HaOmromaincs Obl ee HEOrpaHWUYEHHBIH pocT. B
3TOM ciiyyae ObU1o Obl HEeM30eXHO mepeHaceneHue, a npu k <1, Ha0O0OpOT,
rpo3wio Obl TOJIHOE WCYE3HOBEHHE MOMyJSIHUU. bolee peamucTHyHa
3aBUCUMOCTh IIapamMeTpa k OT mepeMeHHoW x,, Hampumep, k=r(l-x,),

Belylias K HEIMHEHHOCTH omepatopa »Bomtouuu: X, =7x,(1-x,).

HerpuBnaneHble, BKIIOYas XAaOTHYECKHWE, CBOMCTBA OTOW  ATAJIOHHOMN
OJIHOMEPHON JUHAMUYECKONM CHUCTEMbl — JIOTUCTUYECKOIO0 OTOOPaKEHHSI —
XOpOUIO U3BECTHBI, CM. II. 3.6.2.

3.4.3. Mimroctparuys Ha MasiTHUKAX

[Ipu3HaHHBIMU 3TaJOHHBIMH OOBEKTaAMH AJIi WUIIOCTPALUU JIMHEWHBIX U
HEJIMHEWHBIX KOJIeOaTeNbHbIX (DEHOMEHOB SIBJISIIOTCA Pa3jIMYHbIE MAsTHUKA —
CUCTEMbI, COBEpIIAONIME KOJEOAHHUA OKOJO TOJIOKEHUS YCTONYHMBOTO
paBHOBecus. VX mpocTenime MexaHnYeCKUe MPeICTaBUTENIN: MACCUBHBIN TPY3,
NOJIBEIIICHHBIA Ha HUTH WK cTep>kHe (puc.3.5,a), rpy3 Ha npyxuHe (puc.3.5,8),
[IApHUK, KaTaIOIIMNCSA B SIMKE, OYThUIKA, IUIaBaolasl Ha BOJAE, KHUIKOCTh B U—
00pa3Hoil TpyOKe U MHOXKECTBO APYTUX. DIEKTPUUECKUM MAsSTHUKOM HA3bIBAIOT
Lenb, COCTOSIIYI0 W3  KOHJEHcaTopa M  KaTyIIKM  HMHJIyKTUBHOCTH
(xonebarenbHbli KOHTYp, puc.3.5,0). ['OBOpAT M O XMMHUYECKOM MAasTHUKE —
CMECH XMMMKATOB, BCTYIAIOIIUX B KOJEOATEIbHYIO PEAKIIHIO, IKOJIOTUYECKOM —
JIBYX B3aMMO/ICHCTBYIOIINX MOMYJISLMIX XUIIIHUKOB U )kepTB [163].

[IpenocraBiennblii camomy cebe (cobcmeerHvle IBUKEHUS) PpealbHBIN
MasiTHUK OKa3bIBAETCSl, B KOHIIE KOHIIOB, B COCTOSIHUM YCTOWYUBOTO PAaBHOBECHUS
(puc.3.5). B 3aBucMMOCTHM OT HAYaNbHBIX 3HAYEHUH JIUHAMHUYECKUX
NIEPEMEHHBIX (OTKJIOHEHHS OT TMOJOXKEHUs YCTOWYMBOIO PABHOBECHA X U
CKOPOCTH €ro M3MeHeHHs dx/dt) ¥ CBOMCTB OOBEKTA 3TOMY IPEILIECTBYIOT

pasnuyHbie BapuaHThl ABWkKeHWH. Ha pwuc.3.5 BwimeneHsl 1aBe 00JacTd, B
KOTOPBIX JBUKEHHUSI KAueCTBEHHO pAa3JIMYHbL: JieBas, 3alllTPUXOBaHHas,
COOTBETCTBYET OTHOCHTEIHHO OOJNBIIUM X, TPH KOTOPHIX CYIIECCTBEHHA
HEJIMHEWHOCTh, a IpaBasg — MaJIbIM, «JAHEHHBIM». BpeMeHHbIe peann3anuu
MajbIX KoJieOaHWW MJIEHTUYHBI JJIE BCEX pPaccMaTPUBAEMBbIX MAasiTHUKOB:
KoJIeOaHUs uzoxponHsl (KBazunepuol 7; He 3aBUCUT OT TEKYLIETO0 COCTOSHUS) U
OJNIM3KU K 3aTyXarolleil CHHYCOHWJE — PEIICHHUI0 JTUHEHHOro ypaBHeHus (3.2),
OMUCHIBAIOIIETO MaJible KoJieOaHusl Bcex paccMaTpuBaeMbix cucteM. [locneanee
00CTOSITEILCTBO SIBISIETCA 3aKOHHBIM OCHOBAaHMEM JIJisi TOTO, YTOOBI Ha3bIBATh
9TH  KoneOaHus  JUHEWHbIMH. MOHOTOHHOE  3aTyXaHue  KoJeOaHil
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MOJEJIUPYETCSl M JIMHEHHBIM OJHOMEPHBIM OTOOpaXKeHHWeM Xx,,, =ax,, TOe

a= exp(— o7 ) <1 (puc.3.2,B).

no

S s

B)

R AT RV s

¥
il 'i_,:f

6)

Puc.3.5. KauecTBeHHBIN BUI BpEMEHHBIX PEATU3alMA X U X MasSTHUKOB: TPy3 Ha CTEpXKHE (),
Koyie0aTeNbHbI KOHTYp C auojioM (0), Tpy3 Ha mpyxkuHe (B). T) OauHakoBas AJis BCeX
IPUMEPOB JIMHEWHas cTaJusl KojeOaHWi MpeJCcTaBiIeHa B yBEIMYEHHOM MacluTtale, 17 Hee
MPUBEACH M MOPTPeT Ha ($Ha30BOH IUIOCKOCTU (x, dx/dt): TOYKa, U300pakarouasl COCTOsHHUE

CUCTCMbI, ABHMIKCTCA II0 Cpr‘-IPIBElIOH.IGfICSI Criupajin K aTTPakTOpy — TOUYKC YCTOf/JILII/IBOFO
paBHOBECHA B HadaJI€ KOOpAMWHAT. B ob6nacti OONIBIINX 3HAUESHHI KoopAuHAaT 1 CKOpOCTCﬁ
Q)aSOBbIC NOPTPETHI MAATHUKOB CUJIbHO PA3JIMYANOTCA U 0oJlee 3aMBICTIOBATHI

[To cpaBHEHHMIO C €IUHBIM «CTAaHAAPTOM» JIMHEWHBIX KojeOaHuit (3.2),
MHOT000pa3ue TUTIOB HEIMHEHHOTO MOBEICHUS OYCHb BEJIHMKO M OIMPEHeISeTCS
CBOMCTBAaMM Ka)KJJOTO KOHKPETHOro MasTHUKa. Tak, B Tpex mnpuMepax Ha
puc.3.5 npu MONMHOW HMAEHTUYHOCTH JHHEHHOW ctamuu (puc.3.5,r) xapakrep
Y4aCTKOB HEJIMHEWHOTO MOBEICHUS CYIIECTBEHHO PA3IMYaeTCs. JTO CBSI3aHO C
OCOOEHHOCTSIMU KaXKJIOTO M3 MAasiTHUKOB, C XapaKTepOM HMX HEIMHEHHOCTH —
BUJIOM 3aBHUCHUMOCTH TapaMeTPOB CHUCTEMBI OT KOOPJAMHAT M CKOPOCTEH.
Hampumep, B cnydyae MasTHHUKAa Ha crepxkHe (puc.3.5,a) HEITWHEHHOCTH
OTIPEIIISIETCS CHUHYCOUJAIBHOM 3aBUCUMOCTBIO MOMEHTA CHJIBI TSKECTH
OTHOCUTEIILHO OCH BpAIllEHUs OT yTJjia MOBOPOTa. B aieKkTpudeckoM MasiTHUKE C
MTOJTYTIPOBOTHUKOBBIM KOHJEHCATOPOM (BapaKTOPHBIM JHOAOM, puc.3.5,0) oHa
CBs3aHA CO CBOMCTBAMHU p-n TMEPEXO0Ja, UHKEKUUEH M KOHEYHOCTHIO BPEMEHHU
YKU3HHM HOCHUTEJICH 3apsija, a B IPYKMHHOM MasTHUKE (puc.3.5,B) — 00yclIoBIcHA
BUJIOM 3aBUCHUMOCTH CWJIbI YIPYTOCTH OT BEJIWYUHBI JAePOpMAIMK TPYKUHBI.
Hamnpumep, npu cHUJIBHOM CKaTWUM BUTKH TMPY>KUHBI CMBIKAIOTCS, TaK YTO CUJIA
YOPYrOCTH PE3KO BO3pPACTaeT MO CPaBHEHHUIO C OKHUJAaeMou 1o 3akoHy ['yka:
NpY>KUHA «CTAHOBUTCA Oosiee skectkoi». [lpm sTomM mepwon konebaHMit
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YMEHBIIIAETCS TPH YBEIWYEHUH HX pa3Mmaxa. [lo aHaJoOrum HETWHEWHOCTh
JTF000r0 OCHMIUIATOPA, MPUBOIAIIYIO K YMEHBIICHHUIO (YBEIHMUEHUIO) TIEpUO/ia C
pPOCTOM aMIUIUTYJbl KOJICOAHWH, CTald Ha3bIBaTh HEIWHEWHOCTHIO THIIA
arcecmrotl (MASKOU) NPYHCUHBL.

3.5. Moaean — 00bIKHOBeHHbIe TU(epeHIHATBHbIE YPABHEHUS

3.5.1. Bunpl peuienui

[TosiBnienre OOBIKHOBEHHBIX UG GEpPeHIMATBHBIX yPaBHEHUH U HUX
ucropusi cBs3aHbl ¢ mMmeHamu Hprorona u Jleiioamma (XVII-XVIII BB.).
BnocnenctBum B paMkKax =~ aHaJIUMTHYECKOM  MEXaHUKM U TEOpUHU
TP depeHINaIbHbIX yPAaBHEHUH pa3BUBAJIUCh OOLIME MOPOUEAYphl  JUIS
NOJTyY€HHUsI MOJIETIbHBIX YPAaBHEHUH U pa3padaThIBAJINCh METOJIbI UX PELICHMUS.

3.5.1.1. DaemeHTapHble pemeHus. Pemenue auddepeHmaIbLHOTO
YpPaBHEHHUS B BHJIE DJJEMEHTApPHOW (YHKIMU HA3bIBAIOT 3JIEMEHTAPHBIM
pemienueM. OrpaHuuuMcs Ui WUTIOCTpauuu npuMmepamu u3 m.3.3. Bo Bcex
npuMepax (QYHKIUHU-PEHICHUS Jal0T HMCUYEPIBIBAIONIYI0 HHOOPMALHUIO O
IUHAMHUKE Mojaenu. HHTepecHO, 4YTO B HBIOTOHOBCKHE BpEMEHA IMOHSThH
MOBEJICHUE TUHAMUYECKOM CHCTEMBI O3HAa4yajJ0 HMMEHHO 3amucaTb (GopMyiy
pemieHus x = F(¢). DTOT MOAXO0/ MOTYYMII Aa)Ke Ha3BaHHE HbIOTOHOBCKOM (MU

JamacoBckoi) mapanurmsel [291]. Pedp nuta o KOHEYHOM (TIPEANOYTUTENBHO,
KOPOTKOM) BBIPaK€HUM, COCTABJICHHOM W3 PaJuKaJIOB (KOpHEWU #n-OW CTEMEHH),
IpOOHO-PaMOHATBHBIX, MOKa3aTeIbHBIX, norapuMUIECKUX u
TpUroOHOMEeTpHuecknx (QyHKImii. Bce pemenns, paccmoTrpeHHble B 1. 3.3,
UMEIOT TaKky1o popmy.

3aMeTUM TOJIBKO, YTO KJIACC DJIEMEHTAPHBIX (PYHKIMH (M 3JIEMEHTapHBIX
pelieHuit) 4acTo pacuupsioT, H00aBisisi B HETO aneebOpauyeckue (QyHKYyuu —
peleHus anredpandecKux ypaBHEHUH

a, (Ox" () +a, (OX" @) +...+a,)x({)+a,(t)=0, (3.17)

rine n — uemoe, a,;(t) — anredpanmueckue MHorowieHel. Bce npoGHO-

panMoHaNbHBICE  (PYHKIIMM W paJuKaibl  SBISIOTCS — alreOpandecKuMu
bynkmmsimu. OOpatHoe — HeBepHO. Hampumep, cymiecTByIoT anreOpandeckue
GbyHKIMH, KOTOPBIC HESBHO 3a/1af0TCs ypaBHeHUEM (3.17).

3.5.1.2. Pemienusi B 3aMKHYTOM popme. Jlanieko He BCe ypaBHEHHS] UMEIOT
snemMeHTapHble perieHus. CylecTBYIOT 3JIeMeHTapHble (QYyHKIIMH, UHTETPAJIbl C
NEPEMEHHBIM BEPXHHUM MPEACIIOM OT KOTOPBIX HE SBISIFOTCS 3JE€MEHTaApHBIMU
q)yHKumMI/L OnuH 13 caMbIX IPOCTHIX MPUMEPOB — DIUTMNTUYECKUN UHTErpal

e

WuTerpan cymecTtByeT, HO 9TO He dieMeHTapHas ¢yHKuusa. OH

104



I'maa 3. {lunamuueckue mooenu 3800yuu

dx 1
SABJISETCA pelmeHuemM npocroro Y — =-——
dt 1+¢*
OT 3JIEMEHTAPHOU (PYHKIMH U HE SIBISIETCS 3JEMEHTapHON (QyHKIUEH, ¢ HUM
MOXXHO 3¢@deKTuBHO paboTaTh — €ro 3HAYeHUS MOXKHO BBIYHUCIUTH
IPUOIMKEHHO C TOMOIIBIO N3BECTHBIX YMCIEHHBIX METOTUK.
Boipaxxenue pemenuss B Buae (GopMysi, COIEp)KalIMX HMHTETPaabl OT
AJIEMEHTAPHBIX (YHKIUH, HA3bIBACTCS UHMeESPUPOSAHUEM 6 K8aopamypax H
TAK)K€ CUUTAETCS MOJIHBIM PEIIEHUEM YpaBHEHUs. Tak, pelieHne ypaBHEHUs

. OnHako, naxke eciau MHTErpal

dx/dt +e" x=0 (3.18)

L
npu x(0)=x, wumeer Bux x(¢)=x, exp(— [e drj. Pesynbrar HazbIBaOT
0

pelIeHUEeM 6 3aMKHYymou ¢hopme. DIEMEHTAPHOE pEIIEHHE — €ro YacTHBIN
CITy4amu.

Vxe JIMyBwuIb IOKaszan, 4To HEKOTopble Y He MMET penieHud B
3aMKHYTOM (popme. Hanpumep, oueHb IPOCTOE BHEIIHE YPABHEHUE

dx/dt +x* =t (3.19)

HE pemiaeTcss B KBaaparypax. PeleHue cymecTByer, HO HE MOXKET OBITh
BBIPKEHO B 3aMKHYTOH (popme. OOmIeit mpoteaypsl A1l HAXOKACHHUS PEIICHUS
B 3aMKHYTOH (popme HeT, XOTs pa3paboTaHO OYEHb MHOTO YaCTHBIX METOJIOB.
[Tomyuynth pemeHne B 3aMKHYTOW (hOpME 3a4acTyl0 OYE€Hb TPYIHO WM BOBCE
HEBO3MOKHO.

3.5.1.3. Anaautuyeckue pemeHusi. Korja penienue B 3aMKHyTOM (hopme
OTCYTCTBYET, MOXKHO CHEJATh CIEAYIOMIMI 1Iar Ha MyTH YCIOKHEHUSI METOJIUKU
U TBITaTbCSl HAWTU pEIICeHHEe B BHUJE OECKOHEYHOTO CTENEHHOro psja.
Hamnpumep, Oynem uckarh penieHne ypaBHEHUS

d’x/dt* = 2tdx/dt —2x =0 (3.20)

B BUJIE
x(t)=ay +ajt+ayt’ +..=> at’ . (3.21)
0

[ToncTaBuM 3Ty (GoOpMyJly B HCXOIHOE YpPaBHCHHE H CTPYIIIUPYEM WICHBI C
OJIMHAKOBBIMHM CTETICHSAMU TIpu ¢. [lpupaBHSIEM HYJIIO OTAETHHO KaXI0e€
cmaraemMoe. B wuTOore TONyYMM ~ PEKYpCHBHOE  COOTHOIICHHE  MEXKIY
kodhuumenramu: a,,, =2a, /n+2. KosbuuueHrs: a, u a, ONpenestoTcs

Ha4YaJIbHBIMHU YCIIOBUSIMMU. TaK, L a, =lmn a = 0 I[MoJIy4Yum

x(O) =1+ +14 20+ 31+ .. . (3.22)
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MosxHO 3aMCTUTh, YTO B 3TOM YAaCTHOM CJIy4aC MbI IIOJIYYHIIX B OTBCTC DA

2
Teiinopa qus Gynxiuu x(¢) = e’ . Eciiv mony4eHHbI CTENEHHOM Pl CXOIUTCH,

yTOo OBIBa€T HE BCerja, W HaijeHa dopmyna mis Kod3hUIHEHTOB, TO TaKoe
pelIeHNE Ha3bIBACTCA aHAIUMUYECKUM peuleHueM WU PELICHUEM B BUIE psla.
OHO cuMTaeTCs <«JIy4dIIUM» TIOoclie perieHuil B 3amMkHyTod (opme. Ho ecnm
MIOCTPOECHHBIN Pl CXOIUTCS MEIJIEHHO, TO €r0 MPaKTUYECKOE HCIOIb30BaHUE
HE peanbHO. B yacTHOCTH, Takas CUTyalus UMEET MECTO B 3HAMEHUTOU 3ajaue
TpeX Tel, KOTOpas UMEET MPaKTUUECKH OECIIOIE3HOE aHATUTUYECKOE PELICHNE B
BHJIE OYEHb MEJICHHO cxopsierocs psaa [336].

3.5.1.4. Ynciaennole pemeHusi. OOpaTtuTe BHUMAHHME, YTO MPEAMETOM
3a00T B TOJBKO YTO PACCMOTPEHHBIX paszzesiax ObUIM CPABHUTEIBHO IMPOCTHIE
YpaBHEHHS C SBHOM 3aBHCHUMOCTBIO OT BpPEMEHHM U  DJIEMEHTapHOMN
HEMHENHOCThIO. B 001eM cityuae, Korja 3ajada He CBOJIUTCS K JTUHEHHON WIIH
HEKOTOpOMY HW30paHHOMY KJIacCy YpaBHEHHH, PEIICHUE HIYT MPHOIMKEHHO
YHUCJIEHHBIMH METOJIaMU (IIPH 3a/laHHBIX HAYAIbHBIX U TPAHUYHBIX YCIOBHSIX).
[lepBeiM 1 Hanbosee MPOCTBIM METOAOM perieHus Y Obu1 meron Dinepa, Ha
UCI0 KOTOPOro TaK MM HMHAuYe OMMPAIOTCS BCe OOJee TOYHBIE M CIIOKHBIE
coBpeMeHHbIe MeTo1bl. OueHb nomysipHbl MeToibl PyHre — KyTTel. 13 npyrux
clenyeTr ynoMsiHyTh MeToabsl Afamca u bynupma — [ltoepa, uMmeromue cBou
MperMyIlIEecTBa M HEJAOCTaTKW, HO Yalle MPEeBOCXOASIINE METoAbl PyHre —
KyTThl 10 ckopocTu paboThl U TOYHOCTH peweHus [289, 85, 153].

CornacHo ynomsiHyTOM HBIOTOHOBCKOM NapaJurMe YHUCJIEHHOE PEIICHHE
OBbLJIO BOBCE HE YJOBJIETBOPUTEIBHO, MOCKOJIbKY OHO HE MO3BOJISJIO MOHSTH
KauyeCTBEHHBIC YEPThl TUHAMHUKH, W MOTJIO OBITH IOJIE3HO TOJBKO IS IIeei
MIPOrHO3a TOBEIEHUS CHUCTEMbl. OTOT B3IVIAJ HW3MEHWICS C MOSBICHUEM
MOIIHBIX KOMIIBIOTEPOB U OOTaThIX CPEACTB KOMIBIOTEPHON IrpadUKu, KOTOPHIE
MO3BOJISIFOT HAaM CEroJIHd COCTaBUTh KaK KauyeCTBEHHOE IIPEJCTABICHUE O
MOBEJICHUU MOJENIM, TaK W BBIYMCIUTH JOCTATOYHO TOYHO MPHUOIMKEHHOE
pemieHue. IloCKOIbKY YHMCIEHHO MOHO UCCIENoBaTh 3(PQPEKTUBHO OUYEHBb
IMIMPOKUH KJIacC HEJIMHEWHBIX YpaBHEHUH, TO B HACTOsIEEe BpeMs Bce OOJbIlIee
BHUMAHUE UCCIIEA0BATENICH YAETAECTCS BOIPOCAMH MOJTYUYEHUS MOAEIbHBIX Y.

Bo3MoxHO wHcnonb30BaHuE JIOOOTO W3 YETHIPEX IMyTeH, YNOMSHYTHIX B
m 1.5. B cB3u ¢ TeMm, 4TO OOJIBIIMHCTBO HM3BECTHBIX B (PU3HKE 3aKOHOB
npuposl uMeroT Gopmy Y, na u cam anmapar Y Obut co3nman asis onmucaHus
byHIaMEHTAIBHBIX 3aKOHOMEPHOCTEM MEXaHUKH, HauOojee TMOIMyIsIPHBIM
METOJIOM HUX TIOJyYEHHUsS MOXKHO CUMUTaTh IMYThb OmM 00we20 K YACMHOMY.
BonpmmHCcTBO MOAenel, paccMaTpuBaeMblx (DU3MKAMU, — ACUMOTOTHYECKHE,
MOJTy9YCHHBIC Yepe3 OTpaHUYCHUs, BBOJUMEIC B YHUBEpPCAIBbHBIC (DOPMYITUPOBKU
c yderoM crnemuduku 3amauu. MHOTIA TOBOPAT, YTO MOJETH IMONYYAOT «H3
IIEPBBIX IIPUHIMIIOBY), UMEs B BHUAY IOJ IEPBBIMU NPUHLMUIAMHU HEKOTOPBIE
o0IllMe COOTHOIIEHUS JJIS paccMaTpuBaeMol 00JIaCTH SIBICHUM, U3 KOTOPBIX
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BBIBOJISITCS. KOHKPETHBIE MOJIETH (XOTSl TEPMUH «IEPBBIC MPUHIIUIBD) B TaAKOM
yHIOTpeOJICHUN KPUTHUKyeTCs ¢ Tno3unuid  ¢dumocoduu). DTO — 3aKOHBI
COXpAaHEHHUS, YpaBHEHHUS HEIMPEpPhIBHOCTH, 3aKOoHBl HbIOTOHa B MeEXaHWHKe,
ypaBHenus HaBre — Crokca B TuApoJWHAMUKE, ypaBHeHHMs MakcBemia B
ANIEKTPOJAMHAMUKE, TPOU3BOJHBIE OT HUX O0o0Jieeé YacTHBIE MpaBWJIa THUIA
ypaBHeHuid Kupxroda B Teopuum DdJICKTPUYCCKUX IIemmer, W T.1. Maccy
HECTAHJIAPTHBIX MPUMEPOB ACUMITOTHYECKOTO MOJEIMPOBAHUS MPAKTUYECKH
BaXHBIX (PU3NYECKUX M OMOJOrMUECKUX OOBEKTOB MOXKHO HAWTH, HAaIIpUMEp, B
y4eOHUKE H3BECTHOIO MareMaTuKa, crenuaiucra no mojaenuponanuio FO.M.
Heitmapxka [127].

Omnupuyeckuil N00X00 K TMOTyYeHUI0 MOAETBHBIX Y (pexoHCTpyKIus 1Mo
BPEMEHHBIM  psiIaM)  pacCMaTpuBaeTcss BO  BTOPOM  4YacTH  KHUTH.
MonenupoBaHue 1O MyTH «OT MPOCTOTO K CIOXKHOMY» — co30anue ancamoneu —
TUTIUYHO TIPY MCTOJh30BaHUM ammapata /[Y. OHO MUPOKO UCTIOIB3yeTCs s
OMHCaHUsI TPOCTPAHCTBEHHO PAa3BUTHIX CHCTEM U TIO3BOJISIET OXBAaTUTh TEM
Oosee IMIMPOKHHA KJacc SBICHUM, 4YeM OONbIIEe 3IEMEHTOB BKIIOYEHO B
aHcam0Omb. Kiaccmueckumu nmpuMepaMu MOTYT CITY>KUTh aHCAaMOJIM CBS3aHHBIX
OCLUMJUISITOPOB  — TPOBEPEHHBIM NYyTh IMOCIEJOBATEIBLHOTO  YCIOXKHEHUS
paccMaTpuBaeMbIX SIBJICHUH B y4eOHUKAX MO TEOPUU KOJIeOaHH.

3.5.2. llonynsipHbIN KJIaCcC MOAEIBHBIX YPABHEHUN — OCHHILISITOPBI

Bri6upast mokaszaTenbHbIi IpUMEp ONMUCATEeNbHBIX BO3MOXXHOCTENH MOenen
C OIEPaTOPOM 3BOJIIOLMH, 3aJaHHBIM (D PepeHINaTbHBIMI YPABHEHUSMH, MBI
BHOBb OCTAaHOBMJIMCh Ha Kilacce ocImuisiTopoB. [louemy cronb ogHOOOpa3zeH
BBIOOp W3 «Mopsi» Moxeneit? Jleno B TOM, YTO CKOJBKO OBl pa3TUYHBIX
MPUMEPOB OOBEKTOB WIIM KJIACCOB CHUCTEM MBI HHM PAacCMAaTPUBAIH, ITO HE
OXBaTHUT BCETO crenuduueckoro, 4To MOryT aeMoHcTpupoBath Y. Bece paBHO
IpeICTaBICHHOE OyIeT JUIIb (PparMEHTOM OOIIEeH KapTHUHBI, HO JEHCTBUTEIBHO
oOmee OyJeT MPUCYTCTBOBaTh M B HeM. llo3ToMy M3 METOAMYECKUX
COOOpaXXeHU €cTh CMBICI OOpaTUThCS K HpHUMEPY, MPEABICTOPUS U 0a3oBas
uH(pOopMaLKg 0 KOTOPOM UMEETCS y IHUPOKON ayAUTOpUHU (IIEPBOE 3HAKOMCTBO C
HUM Y MHOTHX COCTOSUIOCH Ha IIKOJbHBIX YPOKaXxX (DPU3HKH).

OcuwinsiTopaMd  Ha3bIBAlOT M 00beKkmbl, CIOCOOHBIE  COBEpILIATH
KojeOaHusi OKOJIO TIOJOXKCHHSI paBHOBECHS (OCIWIUISIUN) W YPABHEHUs.,
MOJEIHUPYIOIINE WX JABWXKEHUS. JIBHKEHHE OCHWUISTOpAa MPOUCXOIUT B
HEKOTOPOW TMOTCHIMAIBLHOW SME TpU HAIWYUM TPEHHWs WM 0e3 Hero.
DTaJOHHBIM yYpaBHEHHEM OcLMILIsATOpa sABsieTcs 1Y BToporo nopsaka:

d*x/dt® + y(x,dx/dt)dx/dt + f(x)=F(1), (3.23)

TJIe BTOPOE CJIaraéMoe B JIEBOW YaCTH CBS3aHO C JUCCUTIAIMEH (CHIIaMH TPSHUs),
TpeThe — ¢ noTeHnuanoM U(x) U moreHmuanbHoi cunoil —oU /ox = —f(x), a

ImpaBasd 4acCcTb IMPCACTABIIACT c000ii BHEIIHIOIO Cuily. HccnenoBanuio Pa3INYHBIX
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BUJIOB OCIMJUISITOPOB TOCBSIIIEHA Macca CTareid, 0030pOoB, AUCCEPTAILMMA, CM.,
Harpumep, [300, 340]. JIuneliHble AUCCUTIATUBHBIE OCHMIUIATOPHI, JJIs1 KOTOPBIX

y=const u f(x)= a)gx (mocyenHee 03HaYaeT KBaAPATUYHOCTh MOTEHIIMAIBHOM

siMbl U(x) ~ x”), B OTCYTCTBUE BHEIIHETO BO3ICHCTBHS AEMOHCTPUPYIOT TOJBKO
3aryxatomue (nmpu ¥ >0) wim, Ha000pOT, HEOTPAHUUYEHHO HapacTarolue (Mpu
7 <0) cobcTBeHHble koyieOanus. [lpy HaMMYUU TEPUOTUYECKOTO BHEUTHETO

BO3JICHCTBUSI yCTAHABIWBAIOTCS IEPUOJMYECKHE KOJEOaHUS C TIEPHOJOM
BO3JICHCTBUSI U HabOJI01aeTcs siBJIeHWE pe3oHaHca. [Ipu HamumYum HeTMHEHHOCTH
B JIMCCUMNIATUBHOM YJICHE, HallpuMep, Kak B ypaBHeHuu Ban nep Iloms:

d’x/dt* —a(l - fx*)dx/dt + 02x =0, (3.24)

OCLUMJUIATOP MPHOOpPETaeT CIOCOOHOCTh K COOCTBEHHBIM NEPUOAMYECKUM
KoneOaHusiM (peXKUM aBTOKOJeOaHWi), a B HEAaBTOHOMHOM BapHaHTEe —
JNEMOHCTPUPYET  KBa3UIIEPUOJMYECKHE KOJICOaHWs] WM CHUHXPOHHU3ALMIO
aBTOKOJICOAHMI BHEUITHIUM CUTHAJIOM.

OTnuuue TNOTEHUMATbHOW SMBI OT KBaApAaTUYHOW TOXKE MPUBOAHUT K
HEJIMHEWHOCTH YPABHEHUS U CYLIECTBEHHOMY pPaCIIUPEHUIO BHJIIOB €r0
pemieHui. Jlaxe NMpu rapMOHMYECKOM BO3ACUCTBUM HEIMHEHMHBI OCLUAIUISTOP
CHOCOOEH JEMOHCTPHPOBATh LEIYH0 HEpPapXUI0 KOJIEOATENIbHBIX PEKUMOB H
HEJIMHEWHBIX (PEHOMEHOB, TAKUX KaK MEPEXOJ] K Xaocy, MyJIbTHCTaOMIbHOCTD,
rucrepe3uc B 00jacTH pe3oHaHca. Crnenu@uueckue CBOMCTBA Pa3IMYHBIX
HEJMHEWHBIX OCHWUISATOPOB OMPENCNIAIOTCS KOHKPETHBIM BHJIOM BXOJSLIMX B
ypaBHenue (3.23) ¢yukumii. J{ns  BbIsABIEHHUS ~ OOIIETO  MPOBOMASITCS
CUCTeMAaTHU3allMM: 10 3aBUCUMOCTH MEepHoja KoJeOaHWW OT aMIUIUTYIbl —
OCIHUJUISITOPBl C «MSITKOW» WM <«OKeCTKOM mpyxkuHamm» [300, 129, 325], no
MOpSAIKaM MHOTOWICHOB, 33/Jal0IIUX TMOTEHIMAIBHYIO MYy, Kak B TEOpPUHU
karactpod [103, 261], u T.x1.

[Ipyn ypoOBHSIX OUCCUINALIMM, UCKIIOYAIOUIUX aBTOKOJIEOaHUs, WA CHUJIaX
BO3JICHCTBUS, IMOJABISAIOIIMX ABTOKOJEOaHMsI, A CTPYKTYpbl MPOCTPaHCTBA
YIPaBJISIOMUX MAPAMETPOB 3TUX CUCTEM B PEKMMAaX BBIHYKJIECHHBIX ABUKCHUI
TUOUYHO  HaJIMYuMe B  MPOCTPAHCTBE  MapaMeTpoB  KOHQUTyparuii
OM(ypKaLMOHHBIX MHOXECTB, MOJIY4YMBIIMX B padorax [205, 275] HazBaHue
«crossroad areay («IEPEKPECTOK» — MEpPEeceKaroTcsi 00JacTH CYLIECTBOBAHUS
JBYX IHMKJIOB, OTPAHUYMBAIOIINAE 3T OOJIACTH JIMHUM YIBOCHHS TIEPUOAA HIIYT
BJIOJIb TPAHHMII «KIIFOBA», 00PAa30BaHHOTO JIMHUSMH CEJJI0-y3JIOBBIX TEPEXOIOB,
BHYTPH KOTOPOTO UMEET MECTO OMCTAOMIIBHOCTh) M «Spring areay» («3aBUTOK» —
JUHUS yIBOSHUS, UAYIIas BJOJIb YIOMSHYTOTO «KJIIOBa» JIETACT XapaKTEPHBIN
000pOT BOKPYT TOYKH, KyJa YNHUPAETCS KIIOB, TOUKH KATaCTPOPbl «COOpKay),
puc.3.6. DOTu yHuUBepcalbHble KOHPHUTypall CaMOIMOJ00HO 3arOIHSIIOT
IIPOCTPAHCTBO MapameTpoB cucteMsbl [282, 300]. dparMeHT TUIMUYHOW KapTUHBI
B IPOCTPAHCTBE MApaMeTpPOB MPOCMATPUBAETCS YK€ Ha puc.3.6: mnpasas
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CTpyKTypa spring area, oOpazoBaHHasi Ha 0a3e LMKIA YJIBOSHHOTO IEpHOJa,
«BCTPOCHA» B AaHAIOTUYHYIO BEPXHIOIO CTPYKTYpy, HO Ha 0a3e LUKIIa-
«TIPaPOIUTEIISD, KOTOPBIM YIBOWIICS MPH JBHKCHHUH TI0 IJIOCKOCTH TTapaMeTpPOB
BHU3. CM. TakKe CTPYKTYpbl Ha KapTe pekuMoB puc.3.11.

e
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Puc.3.6. Tunnuneie KOHPUTYpanK OUPYPKAMOHHBIX TUHUN — crossroad area u spring area
Ha IJIOCKOCTH mapaMeTpoB. OOJIacTH yCTOHYMBOCTH LUKJIOB BBIZICICHBI OTTEHKAMH CEpOTO
nBeta. Jluann Oudypkanuu cemo-y3en 0003HaYCHHI sn, OM(ypKaIuy yIBOCHUS Tepruoaa —
pd, orepu cuMMeTpuu — sb. B ckoOkax yka3aHbl OTHOILICHHS YHUCJIA MEPUOJIOB BHEIIHETO
BO3JICUCTBHS 71 K YHCITY KBa3HIIEPUOIOB COOCTBEHHBIX KOJICOAHUH M1, «YKJIaIbIBAIOIIMXCS» Ha
MEpUOJIe IUKIIA, TEPSIOUIEr0 YCTOWYMBOCTh HA JaHHOW JHUHHUU. A U B — yCIOBHBIC JUCTHI,
WCTIONBb3YyEeMbIE JUTSI BBIIEIECHUS OMCTaOMIBLHOCTH

[IpencraBineHHble  CaMOIIOJOOHBIE  THUIIOBbIE  KOH(Urypauud  He
UCYEpIBIBAIOT Ppa3HOOO0pa3uss BO3MOXHBIX OM(YpPKAIMOHHBIX CTPYKTYp B
MPOCTPAHCTBAX MapaMeTpoOB oOcHWUIATOpOB. Hampumep B mnpocTpaHCTBE
MapamMeTpoB OCHWLISTOPOB C CHJIBHOM JTUCCUNALMEd U MOTEHIHAIbHON SMOM,
CYILIECTBEHHO OTJIMYAIOUICICS OT KBaJpaTUYHOM, HIMEET MECTO crenuduyueckas
KOHGUTypalu o00JIacTH CYIIECTBOBAHUS W JBOJIOLMU K Xaocy J00ro
KOJIEOATEIbHOTO PEeXHMMa B BUJEC AANEKO OTXOMASIIMX OT OCHOBHOW Y3KOM
obmactu  (pparmMeHTOB — «yxa», puc.3.7. VYpaBHEHHE B030YyKIaEMOT0
FapMOHMYECKOM BHEIIHEHW CUJIOM OCHWLIATOpA € MOTEHIMaaoM Tomawl, st
KOTOPOTO IIOJIydeHa OINHChIBacéMasi CTPYKTypa IPOCTPaHCTBA IIapaMeTpOB
BHEIIIHETO BO3/ICHCTBUS, UMEET BU/I:

d’x/dt® +ydx/dt +e* —1= Asinor . (3.25)
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O0603HaYMM HOPMHUPOBAHHYIO YaCTOTY
Bosaeiicteust N =w/w,, toe ®, -
9acToTa MaJTbIX COOCTBEHHBIX
koneOanmii. Jlns  cucremnl  (3.25)
@, =1.

Eme c¢ oxHOM yHHBEpCAIBHON

KOH(uUrypanuein OudypKanOHHBIX

MHOECTB B MIPOCTPAHCTBE o N 2
YHPaBJIAIOTIIX 11apaMeTposB Puc.3.7. Ilnockoctes mapamerpoB 4 — N
HEaBTOHOMHBIX OCHMJLIATOPOB, MOXKHO  (oiynngrona  Toms  (3.25): A —
MIO3HAKOMMTBCS. HIKE B M. 3.6, T HA  awmuryna  Bosgmeiictus, N —
puc.3.9,6 mpencTaBieHa IUIOCKOCTH  HOPMHMPOBAHHAs YacTOTa BO3JACHCTBHMSL.
mapameTpoB JUTS oroOpaxkeHust  LlBetom TIOKa3aHbl obnactn

OKPY)KHOCTI/I. OHa COOTBCTCTByeT CylIeCTBOBaHUA pa3.]'II/I‘-IHBIz( PCKHUMOB.
CHTYAITHH, KOr1a MepUOIHIECKOe Hudper — nepuon konebaHuii B eAMHATIAX
BO3ICHCTBME  OKa3bIBaeTCSI HAa  OCHMJUIATOpP, CIIOCOOHBI  COBEpIIAThH
aBTOKOJICOaHMs. YHUBEpCabHAS KOHPHUTypalus B MPOCTPAHCTBE IapamMeTpOB
BO3JICHCTBUSI TIPEACTABISIET COOOW MEpapXui0 KIIOBOOOPA3HBIX 00JaCTeH,
M3BECTHBIX KaK «S3BIKM ApHONBAA», TAC HMEET MECTO CHHXPOHHU3AIHS.
budypxanmronnpie THHANA BHYTPH KITIOBA UMEIOT CTPYKTYpY crossroad area.

B kauecTBe «cyXxoro ocraTka» oT 3TOro naparpada noadepkHeM

1) Gomnpmioe pazHooOpasue IBOJIOIMHOHHBIX (PEHOMEHOB, KOTOPHIE MOTYT
MOJIETTUPOBATHCS yPaBHEHUAMHU oclLISATOpoB 1 OZ1Y BooO1IIE;

2) CHOXHOCTh HAONMIOJAEMBIX KapTHUH, KOTOpbIE MOXKHO TBITaThCS
CHCTEMaTH3UpPOBaTh M pacmu(pOBHIBaTh, OMHPASCh HAa PE3yJIbTAThl YXKe
MPOBEACHHBIX HCCIENOBAaHUNA, B YeM MOTYT IIOMOYb «KapThD» THUIIOBBIX
CUTyallud M YYeT 3aKOHOMEpHOCTed mnoao0us («CKEeMJIMHTa»), ¢ KOTOPBIMH
ya00HO mo3HakoMuThes 1o [282, 300, 103, 129, 102, 101,340];

3) BO3MOXKHOCTh OOHApY>KE€HHUSI HOBBIX KOHGUTYpaluili u crenuuueckux
0COOEHHOCTEH JIUIS IPYTUX BUIOB HEIIMHCHHOCTEH.

3.5.3. «CrangaptHas (opma» OOBIKHOBEHHBIX aU(hepeHIInaTIbHbIX
YPaBHEHHMN
ITpu BceM mMHOroo6pazuu Buaos OJ[Y Hanbosiee monyJsspHON M UMEIOLIEH
IMPOCTOC TCOMCTPHICCKOC TOJIKOBAHUC ABJIACTCA CICAYIOIIAsA (bopMa 3alluCH
dx, /dt = F}(X{,X5,...,X, ),

de/dt:FZ(xlﬂXZP"axn)a (3 26)

ey

dx, |dt = F,(X|,Xy,...,X,,).
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K »at0if dopme moxkHo mnpuBectn 0Oy cuctemy OY, paspenieHHYIO
OTHOCUTEJIBHO CTapIIMX NPOU3BOJHBIX, JIaXKE€ €CIM OHA COJAEPKUT SIBHYIO
3aBHCUMOCThH OT BpemeHH. Cuctemy (3.26) myTeM 3aMeHBI epeMEeHHBIX (OBITH
MOJKET, 3@ CUET YBEJIIMYCHHS PAa3MEPHOCTH) MOKHO MPUBECTH K BUIY

dy,/dt =y,,
dy,/dt =y,
y,/ V3 (3.27)
dyD/dt:F(ylayza'"’yD)a
rae y, — INpou3BOJIbHAs Iiajgkas (yHKUusS BekTropa X: ), =h(x,Xx,,...,X,),

Hanpumep, y, = x,. Dopma (3.27) uHorna HazelBaeTcsi cmanoapmuou [232, 233]

U [IUPOKO  HUCIOJB3YeTCS TMPH  OMIUPUISCKOM  MOJEITHPOBAHUH  C
BOCCTAaHOBJICHHEM BEKTOpPa COCTOSHUS IO CKASIPHOW HAOIIOZaeMON METOJIOM
nocnenoBarenbHoro auddepenmuposanms (1. 10.2.2). Ho He Bcerma MoXHO
nonyuuth Qyskuuio F B (3.27) B sBHOM Buae. BO3MOXHOCTH mNpuBENCHUS
moboit cuctemsl OJlY k ¢popme (3.27) nokazaHa rojUIaHACKUM MaTeMaTHKOM
@nopucom TakeHcoMm. VYcioBUS TEOpeM W HEKOTOpPblE KOMMEHTapHH
npexacrasiiensl B 1. 10.1.1.

[TponmmtocTpupyeM cBeaeHHEe K 3THM (opmMaM Ha TIpUMEpe ypaBHEHHS
JUCCUTIATUBHOTO OCITUJUIATOPA TI0JT CUIIOBBIM TAPMOHHUYECKUM BO3IEHCTBUEM

d’x/dt* + y dx/dt + f(x)= Acos(wt). (3.28)

VYpasaenne (3.28) ¢ y =const MOXHO TPEICTaBUTh B BHJIE JIBYXMEPHOUH
HEaBTOHOMHOM CUCTEMBI

. (3.29)
Xy ==y — f(x,) + Acos(ar),
TI€ X, = X, AJIU TPEXMEPHOU aBTOHOMHOM CHUCTEMBI
X; = o,
TI€ X; =X, X; = @, WA YETBIPEXMEPHOU «CTAHJAPTHON» CUCTEMBI
xz = X3 9
X3 = Xy, (3.31)
, df (x,) d’f(x) 2 2
Xy =—ygXy t| o+ X e o f(x),

dx, dx;
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rae x, = x. JJns noxyuenus popmyisl (3.31) ypaBuenue (3.28) cienyer aBax/abl

npoaudpepeHpoBaTh MO0 BPEMEHU U MOACTABUTH B IMOJYUYEHHOE YpaBHEHHE
BMeCTO Acos(wt) JIeBYH YacTh MCXOTHOTO ypaBHeHHs. OOpaTthTe BHUMaHUE,

YTO MPHU 3TOM, KPOME YBEJIMUYEHHUS YUCIIA JUHAMUYECKUX NEPEMEHHBIX MOJIEIH,
YCIOXKHWJICS BUA (YHKIMU B TMpPaBOM YaCTU MOCIEAHErO YpPAaBHEHHS 10
CpaBHEHHUIO ¢ ucxoaHou (opmoi. Ho 3aTo Bce AMHAMUYECKUE TMEPEMEHHBIC
CBSI3aHBI TOJBKO C BEIMYMHOW X (3TO €€ TMPOU3BOAHBIC), YTO MMEET
CYIIECTBEHHBIE MPEUMYILECTBA MPU MOCTPOCHUU TAKOMW MOJIETU MO BPEMEHHOM
peanu3anuu X.

3.6. Moaeiun — ToueYHbIe 0TOOPaAKEHUS

3.6.1. BBenenue

Kak u 1Y, oroOpakeHUs TOCIEIOBAHUS TMPEICTABISIOT COOOH «CIO»
MaTeMaTHYeCKON KyJbTypbl CO cBoed wuctopuel u crneuupuxoin [128]. B
JAHHOM  paszeie Mbl  MPEICTaBUM  CIIEHHUAIM3MPOBAHHOE  BBEJICHUE,
OPUEHTUPOBAHHOE Ha MPWJIOKEHUS ATOTO armaparta uisi MOJEIUPOBAHUS IO
BPEMEHHBIM psiJIaM.

BecbmMa  pacmpocTpaHeHHBIM — METOJOM  MOJYYEHHUS  MOJEIbHBIX
OTOOpaXEHUH SIBJIAETCS aANIPOKCUMALUA JUCKPETHBIX IOCIEI0BATEIbHOCTEN
SKCIEPUMEHTAJIBHBIX JaHHbIX. [IpM  acUMNTOTHYECKOM MOJEIUPOBAHUU
OTOOpaXXeHMsI 4allle BCEro IMOSBISAIOTCA B pe3ylbTaTe nepexoga ot Y k
Pa3HOCTHBIM CXeMaM WM B pe3yibTare TUCKPETH3alMH PELIeHUH 3THUX
YPaBHEHUH, HaIpUMeED, ¢ NMoMolblo ceueHun [lyankape, o uem yske 1uia peds B
m. 3.1. Co3manme aHcamOJied OTOOPaKEHWW — IOMYJISPHBIA IMyTh IMOCTPOCHHS
MOZeJIe TPOCTPAHCTBEHHO Pa3BUTHIX cucTeM. OOBIYHO TaKME MOJEIH UMEIOT
BUJ LIEMOYEK WM PEUIETOK OTOOpaXEHUH C pa3Iu4yHON apXUTEKTYypOH CBs3el
(JloKanbHBIE CBA3M — TOJIBKO MEXAY «COCEOsIMU», IJI00AIbHbIE — «BCE CO
BCEMU», U T.1I.).

[IpocroTa 4YHMCIEHHOrO WCCIEAOBAHUSA, HAIVISIAHOCTD U BO3MOXHOCTh
rpaUUecKoro «perieHus» B OJHOMEpHOM ciydae (m. 3.1), pasHooOpaszue
PEXHMOB TMOBEACHUS (OT PAaBHOBECHUS JO Xa0ca) Jaxe MPOCTBIX OJHOMEPHBIX
OTOOpaXeHHH, YIOOCTBO CO3MaHMS aHcaMOJedl W3 MPOCTHIX 0a30BBIX
AJIEMEHTOB, KaK W3 KHUPIHUYUKOB, CHENaId OTOOpaKeHHs, MOXKaIyH,
JOMUHUPYIOIIMM MaTeMaTU4YECKUM anmnapaTtoM HEJIMHEHHOW JUHAMUKH —
MOJIHOLIEHHBIM KOHKYPEHTOM TIOTOKOBBIX CHCTEM. PaccMOTpUM HEKOTOpbIE
STAJIOHHBIE OTOOPAKEHMS.

3.6.2. DTaNoOHHbIEC HETUHEHHBIE OTOOpaKEHUS

3.6.2.1. KycouHo-iuHeliHble oTOOpa:keHusi. Haubomnee nmpocTeiMu mocie
JUHEHHOTO oToOpaxkenus (3.16), KoTopoe IeMOHCTPUPYET TOIBKO MOHOTOHHOE
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HapacTaHWe WM YyObIBaHWE 3HAYEHUS IIEPEMEHHOW, IO BCEH BUIUMOCTH,
SBISIFOTCS  KyCOUYHO-JIMHEWHBIE OTOoOpaxkeHus. PaccmMoTrpuM Tpu BapuaHTa,
VMMEIOIIMX MTO3HABATEIBHY IO U MPUKIIAJHYIO [IEHHOCTD.

1) «3y6 nuner» — orobpaxenue Xx,., ={2x,}, rae (QurypHoie CKOOKH

03HAu4alT JOpoOHYI0 yacTh uucia. Ero rpaduk npuBenen nHa puc.3.8,a. OT0
0TOOpaXeHHe 3aMeYaTeIbHO TE€M, YTO MO3BOJIIET CTPOrO U HATIIATHO JT0Ka3aTh
HIMYME IUHAMUYECKOTO Xaoca B MPOCTBIX HEIMHEHHBIX cuctemax. [lpu
UTepaIy YUCEeN, 3alaHHBIX B JIBOMYHOM CHCTEME CUMCIIEHHUs, OTOOpakeHHe 3a
OJIMH ILIAr peaju3yeT CABUT TOYKH, pa3AesIolei eyl U IpoOHYI0 YacTH, Ha
OIMH 3HaK BOpaBo (caBur bepHymnu) u orOpacbiBaHue nenaod ydactu. [lns
WUTIOCTPAllMM  MPUCYLIEH XAOTHYECKUM JABMXKEHUSM OECHOPSI0YHOCTH U
«CBEPXYYBCTBUTEIBHOCTUY» K MaJblM BO3MYLICHUSM 33JaJUM HadajJbHOE
3HaYeHHUE B BUJI€ OECKOHEUHON HENEepPUOJUYECKON IBOMYHOM IpoOH, HApUMEp,
x, = 0.0100101010001010010001011010... (mppauuonaibsHoe 4mciao). Torma

reHepupyemas 0TOOpaXeHHEM MOCJIEI0BATEIbHOCTh X TaKXKe

n
HEIEPUOJINYECKAs, & U3MEHEHHE X, CHCIIAHHOE B 3HAKE, CKOJIb YTOAHO JAJIEKOM
OT pasleistoleld TOUYKH (T.€. CKOJIb YTOJHO MaJloe), 4epe3 KOHEUYHOE YHCIIO
11aroB IPUBEIET K U3MEHEHUSM 3Ha4eHUs X, mopsaka 1.

Xat1 Ka+1 Xnt1
1 1
1
/
18
0 L
0 X, 1 &8 A4 C X K
a) 0) B)
Xu+1

! i
iR iRy R
X, 0 Ll 245

2, Ay Ay A

r) a)

Puc.3.8. OgnomepHbie oToOpaskeHus : a) «3y0 muiby, 0) MoJenb HelpoHa, B) 0TOOpaxeHHe
Ui 3amucu MHQOpMAalMM, I) KBaJIpaTUYHOE OTOOpaKEHHE C pa3IUYHBIM IOJI0KEHHEM
MakcuMyMa, 1) «aepeBo deliren6ayma» UIsl KBaJIpaTUUHOTO OTOOpaKEHUs

2) «Mooenv netipona». MopenupoBaHue TUHAMUKKA HEHPOHOB — 3ajaua,
aKTyajbHas HE TOJbKO B OMO(HU3MKE, HO M B TEOPHH KOJICOAaHUN M HEeTWHEHHOMN
TUHAMUKE, CM., Hampumep, paboter [245, 82, 83, 130, 255], rme
paccmarpuBaroTcs, INIaBHbBIM oOpa3zom, mogaenbHele OJIY. Ho B mocnennee
BpEMsI pPa3BUBAIOTCS U MOJENIU B BHJIE OTOOPaKEHUH, YUCIIEHHOE UCCIIEJOBAHHE
JUHAMHUKU KOTOPBIX TPEOyeT MEHbBIINX 3aTpaT MAIIMHHOTO BPEMEHHU, a TOTOMY
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PaCIIUPSIIOTCS BO3MOKHOCTH MOJICTTUPOBAHUS OOJIBIINX aHCAMOJIeH CBS3aHHBIX
HelpoHOoB. [IpennokeHbl MPOCThIE MOJEIbHBIE OTOOpa)XEHUs, CIIOCOOHBIC, B
YaCTHOCTH, T€HEPUPOBATHh «CIAWKU» M «OepCThD» (T.€. OTACIbHBIE KOPOTKHE
UMITYJIbCBI W «IMAYKM» HUMITYJIbCOB). B umcie mnuoHepckux paboT B ITOM
HaIpaBIICHUH, paccMaTpuBaIOIIUX JIBYXMEPHOE KYCOYHO-TJIaJIKOE
oTOoOpakeHHe, CleqyeT  ykazarb crathkl  [296].  KycouHo-nmuHeilHOE
oToOpaxkeHue, mpeanoxkeHHoe B [2] (cMm. rpaduk Ha puc.3.8,0) Takke CIOCOOHO
JEMOHCTPUPOBATh YIMOMSHYThIE 4epThl JUHAMUKH. OHO JBYXMEpPHO, MOITOMY

n300paxkeHHass 3aBUCHUMOCTb X,,, OT X, HEOJHO3HauHa: BHIOOp BETBU

«PETYJNHUPYETCS» BTOPOU MEPEMEHHOW MoJeiau y (TpOMO3JKHE YPaBHEHHUS MbI
3/1eCh HE MMPUBOJIUM).

3) Omobpaosicenusa ona 3anucu u obpabomxu ungopmayuu (puc.3.8,B).
OTOT MpuUMEp WUIIOCTPUPYET BO3MOKHOCTH IMPAKTUYECKOTO HCIIOJIb30BAHUS
KYCOYHO-JIMHEHHBIX OTOOpPaKEHUH — pealn3aluio 3anucu HHopMaluu C
MOMOIIBI0 MHOXKECTBA T€HEPUPYEMBIX UMM IUKIOB [75, 3]. IIpuueM aBTOpamu
ATOr0 TMOAXO0/a YK€ pean30BaHbl W BHEIPEHBI MPOTPAMMHBIE TMPOMYKTEHI,
MTO3BOJISTFOIINE 3aTIOMHHATH M U30MPaTEIbHO 00pabaThIBaTh C MOMOIIBIO OJTHOTO
oTOOpakeHHsI 00beMbl MH(POPMAITMU, CPAaBHUMBIC C XPAHAIIUMHUCS B OOJBITHAX
ouonmmorekax (cM. calt [343]).

3.6.2.2. OpHoMepHoe KBajJpaTu4yHoe oToOpa:keHue. Haubonee
€CTECTBEHHBII W INPEACTABICHHBIM B IPUPOAE BUJ HEIMHEUHOCTH —
KBaJpaTUYHBI — OTpPaXaeTcsl WENbIM KJIACCOM OJHOMEPHBIX OTOOpa)keHHI
X, =/f(x,), XapakTepu3yoLUMXcsl HaIUUUeM Yy (QYHKUMU f KBaApPaTUYHOIO

MakcumyMa. Haumbomee «UMEHHTHIN» TMpEeACTaBUTENh OSTOTO Kilacca —
JoructTuyeckoe oroopakenue (puc.3.8,r, kpusas 1):

X, =rx,(1-x,). (3.32)

n

B nuHammke momymnsuuid  mapameTp # WUrpaer  poiib  KoddduimeHta
pasMHOXKeHHs. K JIOTHCTHYECKOMY OTOOPaKCHHIO CBOAMTCS, HANpHUMEp, W
3aKOHOMEPHOCTh pPOCTa HAKOIUICHWH Ha cyeTe B OaHKe C «IUIaBaIOIIAM)
NPOIIEHTOM, BBEICHHBIM W3 COOOpaKCHWH HEIOMYIICHHUS HEOTPAaHUYCHHOTO
oOoraienus Bkaaauukos [176]. Tak, ecnu x, — cymma Ha GaHKOBCKOM CYETE B

n-OM TOJy, a TOAOBOM MPOLIEHT & = const , TO TPU MTPOCTOM TPOIEHTE CyMMa Ha
cyeTe B CIEAYIOUIMH roa cocTaBUT X,,, =(l+&)x, u OyneT HeorpaHUYEHHO

pactu. Ilpum 5TOM Mainblii HavalnbHBIM BKJIAJ HE OOCMIAeT CYIIECTBEHHBIX
U3MEHEHUI 01arocoCcTOsIHUS BKJIAJUMKa B OJIMKailliie rojbl 10 CPaBHEHHIO C
XOpOLIMMH NEPCHEKTUBAMM TOTO, HA YE€H CUET IOJIOKEHA COJIMJHAS HadalbHas
cymma. Ecam w3  «cooOpakeHHMH CHpaBeAJMBOCTH» BBECTU IUIABAOLIMMA
IPOLICHT, TO MOIy4uM ortobpaxenne x,,, =&,(1-x,/x,..)x,, KOTOpoe

3aMEHOW MEepeMEeHHbIX Zz, =X,&,/ X, (1 +&,). CBOIUTCS K JIOTUCTUUECKOMY C

max
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nmapamMeTpoM 7 =X

o (1+&)°/g,. Tlepeuncinenne HOMOOHBIX IIPUMEPOB W3
pa3HbBIX 00acTel 3HaHUN MOXKHO OBLIO OBbI MPONOIIKUTH. JIF060Ee 0TOOpakeHue

X, =/f(x,) ¢ MHOrOWIEHOM f BTOpOr0O MHOpSAKAa, MOXET OBbITb CBEACHO K

dopme (3.32) Wi K Apyroii 4acTo paccMaTpHBaromeiics gopme x,,, = A —x.
(puc.3.8,r, kpuBas 2). Cpenu «3aciyr» KBaIpaTUIHOTO OTOOPAKEHUS BBIJCITUM
CleIyIOIIHE:

1) oOHapyxeHHEe Ha ero mnpuMepe CIeHapus Mepexoja K Xaocy uepes
MOCJIeIOBATENbHOCTh ~ OM(ypKaluuid  yJABOGHHS  TEpUOJila U OMNHCAHHE
M. delirenbayMoM yHHUBEpPCaIbHBIX 3aKOHOMEPHOCTEH Ha MOpOre Inepexoia K
xaocy [165, 100]. Ha  pwuc.3.8,4  mOpeacTaBI€eHO H3BECTHOE «JIEPEBO
OeiirenbaymMa» — 3aBUCUMOCTh  YCTAaHOBHUBIIMXCS — TOCIE€  HEKOTOPOTO
MIEPEXOJHOTO MPOLECCa 3HAYCHUH TUHAMUYECKON NIEPEMEHHON X, OT 3HAYEHUH

napamerpa A. YHUBEpCAIbHBIMH OKa3aJIMCh, B YACTHOCTH, COOTHOIICHUS MEXTY
Ou(ypKaMOHHBIMU 3HAUYECHUSIMHU TTAPAMETPOB B OKPECTHOCTH TOUKH MEPEX0/1a K
xaocy A,. Tak, mpu n>>1 OudypkauuoHHble 3Ha4YEHHs] MapaMerpa

MOAYMHSIOTCS TipaBuny A, = A, —const-o0 ", rae 0=4,6692016091...;

2) oHO sBuseTcs O0a30BBIM DJIEMEHTOM JUIsl TIOCTPOEHUS MOjemei
HEJIMHEMHBIX CUCTEM B BHJE Ilenodek W pemeTok [102] u ans wurocTpanuu
SBJICHUWA TIPU MEPUOJUYECKOM U KBa3UMNEPUOJUYECKOM BHEIIHEM BO3JECHCTBUU
[29];

3) Ha HEM MPOJAEMOHCTPUPOBAHBI SIBJIICHUSA THUCTEpe3UcCa U MOTEpU
CUMMETpHUHU TpHU OBICTPBHIX IEpexojiax MapameTpa 4Yepe3 TOuKy Oudypkammu
[49].

3.6.2.3. OToOpaxkeHnne OKPY:KHOCTH. ITO OJJTHOMEPHOE OTOOpaKeHHE:
0,,=6,+A+(k/2x)sin6, (mod2x), (3.33)

rpaguk KOTOporo mpencrtaBieH Ha puc.3.9,a. Bo3moxHa duznyueckas
WHTEPIIPETAHS 3TOr0 OToOpakeHus. [Ipy HEKOTOPHIX MOMYMIEHUSX K HEMY
cBoAsTCS MojenbHeie JIY  aBTOKOJeOAaTeNbHOM CHCTEMBI, Ha KOTOPYIO
NEUCTBYIOT MEPUOINYECKUE UMITYJIbChI. ATTPAKTOPOM B (pa30BOM MPOCTPAHCTBE
UCXOJAHOM CHCTEMbl MOXKET ObITh TOp, a oToOpaxkeHue (3.33) MOXKHO
paccmarpuBath Kak oToOpakeHue IlyaHkape mpu MmonmepeyHOM CEUEHUH Topa
II0CKOCThIO [ 104].

115



Yacts . Moodenu u npoenos

| o]
[ T

15 3
10 - k N
5 _— 1 ; 1 |rl.'¥;.;lf\ r I
e R I L L L 0 Ny P
0 5 10 15 20 25 0 A2 1
a) o)

Puc.3.9. I'padux otobpaskenus okpyskHocTH (3.33) Oe3 BolunTaHus U3 O BenuuuHbl 27 (a) U
IUIOCKOCTh TapaMeTpoB (k, A), Ha KOTOpPOH pa3IMYHBIMH OTTEHKAMH CEPOTO BBIICICHBI
00J1aCTH IEPHOTUICCKUX PEKUMOB, a OCITHIMU — 00JIACTH KBa3UTIEPUOIUKH B Xaoca (0)

B ceuenum Topa  m30o0paxaromias ~ TOYKAa  «HApHCyeT»  MpHU
NOCJIEIOBATENBHBIX «IIPOKOJIAX» 3aMKHYTYIO KPUBYIO, TOUKAM KOTOPOW MOYKHO
NpUNMcaTh yIjoByK KoopAauHaTy 6,, rae n — HoMep npokoina. [lapamerp A

OIpeseNsieTcss OTHOLIEHHMEM NEpUOAOB 00XoAa MO «OOJBIION» U «Malloi»
OKPYXHOCTSIM  (COOTHOLIEHHMEM 4YacTOT AaBTOHOMHOW aBTOKOJEOAaTeIbHOM
CUCTEeMBl W BO3JEHCTBUS), Kk XapakTepu3yeT aMIUTUTYy BO3ICHCTBHS.
CrtpykTypa MmaockocTu napamerpoB cuctemsl (3.33) npeacrasnena Ha puc.3.9,0.
PaznuuHplMH TOHaMHU Ceporo IBeTa BBIACICHBI OOJACTH MEPUOTUUECKUX
IBIDKEHUH. B  pasnuuHbIX CcyXamomuxcs K HH3Y O00JacTsIX MMapaMeTpoB,
IOXOKHUX Ha KIIIOBBI, UMEIOT MECTO MNEPUOAMYECKHE PEXKHUMbI, O3HAYAIOIINE
CUHXPOHM3ALMIO ABTOKOJIEOAHMN BHEIIHUM CUTHAJIOM (OHM HAa3BaHbl «S3BIKH
ApHoubIa» B 3HAK IPU3HAHMS 3aCIyr COBETCKOro maremaruka B.M. ApHonbna
M0 MCCJIEIOBAHUIO paccMaTpuBaeMbIX (eHomeHoB). Ilpu »TOM TpaekTopusi Ha
TOpe 3aMblKaeTcs. Pa3nuuHble S3bIKM COOTBETCTBYIOT Pa3jMYHBIM 3HAYEHHUSIM
yyciia BpallleHus — uuciaa oO0OpOTOB M300pakarolled TOYKU [0 Mayloi
OKPY)KHOCTH 3a OAWH 000poT 1O OOJBIIOW OKPYXXHOCTH. JluHamMuka
OTOOpaKEHHSI OKPYXHOCTH IOAPOOHO H3y4YeHa, B YaCTHOCTH, OOHapy>KeHa
XapaKTepHasi 3aBUCHMOCTb CYMMapHOW IIMPHHBI WHTEPBAJIOB CHHXPOHHU3ALUU
(s13bIKOB) OT k, 3aKOHOMEPHOCTH MOSIBJIEHUs1 00J1acTel Xxaoca, U T.1.

3.6.2.4. OTo0pakeHne HEU30XPOHHOI0 HETMHEHHOI0 OCHWLIISITOPA NPH
AUCCHUNIATUBHOM MMIIYJbCHOM BO030y:xkaennu. Ha pwuc.3.10,a npuseneH
rpadguK OJHOMEPHOT'O MHOTOITAPAMETPUIECKOTO 0TOOpaxeHus [32]

X, =x,e N cos(2z/(N(1+ fx,)))+ 4. (3.34)
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0.2 1 14 02 1 1.4

N N
Puc.3.10. Pesynbrarer umccnemoBanusi otoOpaxkenus (3.34). Ero rpadukm u numarpaMMel
Jlamepes mpu A=34, N=0.1, d=0.1 u 3Hawemmsx L=005 (@) u F=0 (0).
budypxanmonnele auarpammbel X, (N), noctpoenssie ansa f=0.05 (8) u f=0(r), moryr

OBITh MCTOJIKOBAHBI M KaK PE30HAHCHBIC KPHUBHIC. YYACTKH OJHO3HAYHOCTH COOTBETCTBYIOT
KojeOaHusM mepuojia 1, pa3IBOCHHUE JIMHHNA 03HAYACT YIBOCHHE TEPUOJIA, «Pa3Ma3aHHBIC
YYaCTKH — Xaoc. Pe30HaHCHBIC KPUBBIC MPH PA3IUYHBIX 3HAUCHHUSAX A MOKA3bIBAIOT MEPEXO.
OT JIMHEHHOTO pE30HaHCAa K HeNuHeHHoMy (). 3akparieHa o0JacTb OUCTAaOMIIBHOCTH M
rucTepesuca

Wnero ero nosydeHust 1 CMbICT YETBIPEX €0 NMapamMeTPOB WILTIOCTPUPYET
puc.3.14,8, rne nmnpuBeAeHa BpEMEHHAs peaju3anus KojeOaHuW OKOJIO
MIOJIOXKEHUSI ~ PABHOBECUS  JHCCHUIIATMBHOIO  OCHWJUIATOpA,  HAIpPUMED,
MaTeMaTU4YEeCKOT0 MAasTHHUKA, NEPUOJUYECKHA BO30YXKIaeMOro CHeru(pUIecKum
o0pa3oM. A HMMEHHO, Tpy3 OTBOJAST B HAaIlpPaBJICHUU OCHU X HA OJUHAKOBOE
paccTosinue A, mocjie 4ero MasTHUKY MPEA0CTaBISIIOT BO3MOXKHOCTh KOJIE0aThCs
C OJJMHAKOBOM HayasbHOH (a3oil. Hanpumep, rpy3 XxBaTaloT pyKoW U OTIIYCKalOT
C HYJIEBOM HAYaJIbHOM CKOPOCTBIO. B cilyyae 3yekTpuueckoro MasTHuka — RL-
WO TeTH, TpeacTaBlieHHOW Ha puc.3.5,0, — mogobHoe BO3OYKICHUE
peanu3yercs HMMITyJbCaMU TOKA MPAMOW JUisl Avoja noyispHocTH. llpu stom
Oonplllasi aKTWBHAsT MPOBOJMMOCTh JHOJA OBICTPO TAaCHT COOCTBEHHBIC
KoJie0aHusl, TaK YTO HayaibHasg (a3za COOCTBEHHBIX KOJEOAHUU OT UMITYJIbCa K
UMITyJIbCYy MOYTH He MeHsercs (puc.3.14,a). Ecnu kBasunepuon 7' BO Bpemsi
COOCTBEHHBIX DKCIIOHEHIINAJIbHO 3aTyXarINX Kosie0aHui

x(t)=x,e°" cos(27zT/ T ) CUMTATh  IOCTOSIHHBIM  MEXKIYy  HMMILYJIbCAMU

BO3JICHCTBUS, @ HEU30XPOHHOCTH YIPOILIEHHO YYECTh 3aBUCHUMOCTBIO 1 OT
HauaspHOM ammutynel T =T7,(1+ fx,), rae x, — cTapTOBOE 3HAYEHUE B N-OM
nyre coOCTBEHHBIX KoyeOaHuil (mocie 7n-ro UMIyJbca), TO OTOOpakeHHe
nocnenoBanus npuodOperaer Bun (3.34). 3mech 4 — amIUIMTyAa HMMITyJIbca
Bosneiictust, N =T,/T — HopmupoBanHas yactora, d =9 - T, — koddurment
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muccunanuu, f — KO3(PQOUIUEHT HENMHEHHOCTH (I «MSTKOW TPy KUHBDY
TIOJIO’KUTEJNICH, JJIS <GKECTKOI — OTPHIIATEIICH).

PaccmarpuBaemoe  oTOOpa’keHWE, HECMOTPs Ha OJHOMEPHOCTH U
OTHOCHUTEIIbHYIO TIPOCTOTY (CM. IIEMOHCTPAIMOHHYIO TpPOrpaMMy Ha caiTe
[347]), oOHapyXMBaeT MPAKTUYECKH BCE HEIMHEHWHBIE (PECHOMEHBI, MPHUCYITHE
MaJOMEPHbBIM  HEJIMHEWHbIM  JIMHAMUYECKUM  CHUCTEMaM:  MHOXECTBO
KoJIeOaTeNIbHBIX PEKMMOB Ha 0a3e pas3iuyHbIX BHJOB KojeOaHuil (Mon),
JVHEWHBIN U HEJIMHEHWHBIH PE30HAHCHI, OM- U MYJIbTUCTAOUIBLHOCTD, CIIOKHOCTD
U (pakranbHOCTh 0acCEHOB TPUTSKEHHS  aTTPAKTOPOB, TUCTEPE3UC,
nuHaMudeckuit xaoc (cM. puc.3.10 u 3.11, a taxxe [143]).

OTtoOpakenusi OonblIel pa3MEPHOCTH CIOCOOHBI JEMOHCTPUPOBATH €I
Oornee pa3HOOOpa3HYIO NWHAMHUKY, HO M TOTO, YTO MPOJAEMOHCTPUPOBAHO Ha
OJTHOMEPHBIX MPUMEPAX, JOCTATOYHO UIsi (OPMUPOBAHHS BEChMa CEPHE3HOTO
OTHOIICHUS K 3TOMY BHIy MAaTE€MaTUYECKOTO armapara.

3.6.3. MecTo TUCKPETHBIX MOJIEIIeH

Paccmorpum 3TOT BOmpOC Ha KOHKpeTHOM IpuMmepe. B 1981 romy
JIx. Jluncelt omy0nuKkoBan coobiieHne 0 HaOI0JeHUH TUHAMUYECKOTO Xaoca B
OYEHb JOCTYIHOW (HEIOpOTOi) U MOMYJSPHOM CHUCTEME — LENH C KaTyIIKOH
MHAYKTUBHOCTU U BapaKTOPHBIM JHOJOM, BO30YkK/1aeMOil TapMOHHUYECKOH 3.]1.C.
[270]. C Tex mop CBEpHYTHIH B KaTyLIIKy KyCOK IPOBOJOKM M KyCOYEK
MOJIYIIPOBOIHUKA C KOHTaKTaMH aKTUBHO UCIIOJIb3YIOTCS JUTSL
SKCIIEPUMEHTAIBbHOM JAEMOHCTPALUKA HENWHEHHBIX (PEHOMEHOB, a B OJHON U3
CTaTeil B U3BECTHOM HAyYHO-TIOMYJIIPHOM XypHaje «Scientific Americany naxe
MIPOCKOYMJIA IIyTOYHAs PEKOMEHAAIMS HMEThb HMX «B KaXKIOM JOME Ha
MoJOKOHHKKe». Ha mpuMepe 3Toro 00beKTa MpoAeMOHCTPUPYEM BO3MOKHOCTH
JTUCKPETHBIX MOJICIICH.

6 Huon ¢ p-n-mepexomoM, €MKOCTHBIE CBOWCTBA KOTOPOTO 3aBUCAT OT HAINPSHKCHHS Ha
JINOJIE, — DJICKTPUUYECKU TePECTParBaEMbIi KOHACHCATOP, neTanu cM. B [33] Ha caiite [347].
Lenu ¢ TakuMu nuonaMu yxe OOJbIe MOMyBeKa HCIONB3YIOTCS B PATUOTEXHHUKE, U JIAXKe
npeiaraiich B KadecTBEe 3amoMuHaronmx saeMeHToB DBM. KonebaTtenbHbI KOHTYp €
JUOJIOM B Pa3IMYHBIX BapHaHTaX MPEACTABICH B JIOOOM COBPEMEHHOM PaJHONPHEMHUKE H
TEJEeBU30PE.
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Puc.3.11. Kapra pexxumoB monenu (3.34) Ha miockocTsx napameTpoB A—N u d—N. CepbiMu
HOJIyTOHAaMH BBIJIENIEHBI 00JIaCTH KoJieOaHWH, MepuoJ]] KOTOPBIX YyKa3aH LU(paMHU BHU3Y
pucyHka. OJHOMY OTTEHKY MOTYT COOTBETCTBOBAaTh DPAa3IMYHbIC IBHXKCHHUS OJWHAKOBOTO
nepuosa WIM Xaoc Ha 0Oa3e pasHbIX 1MKIOB. Ha rpaHumax oOmacteil mpoucxonsT
oudypkanuu. Cutyaruio B o0nacTsx OM- M MYJIbTHCTAOMIBHOCTH OTpakaeT (parMeHT B
cepeiMHe PUCYHKA. 3/1eCh HMCIOJB30BaH Croco0 n300paskeHHs 00JacTu CYIIECTBOBAHUS U
HBOJIIOIMH OTPEIEICHHOTO KA Ha OTAEIBHOM JICTE: SN — TPAHUIIBI JIUCTOB, pd — JIMHUH
oudypkanuii yaBoenus nepuona. HamokeHue IBYX JIMCTOB COOTBETCTBYET OMCTAOMIBHOCTH

U TUCTEPE3UCY

3.6.3.1. HauneM ¢ «IpeaKoB»
oobekTa. llenb, cocrosmas wu3
KaTyIIKU UHIYKTUBHOCTHU u
KOHJIEHCATOpa (xonmebaTenbHBIN
KOHTYp), — OJJIEKTPUYECKUN aHAJIOT
MEXaHUYECKOTO MasiTHUKA.
AHaJIOTUYHO TOMY, Kak CBOWCTBa
MEXaHUYECKOTO MasiTHUKa
ompezaensorcs  ero  Gopmoid  u

)

Puc.3.12.  Ilpocreiimmii  konebaTenbHBIN
KOHTYp (a) M ero skBuBaJieHTHasi cxema (0).
OKBUBAJIEHTHAs cXeMa LelH, B KOTOPOI pojib
KOHJICHCAaTOpa UCTIOJIHSIET JHO,
MpEeICTaBICHHBIH COBOKYITHOCTBIO
HEJIMHEWHBIX eMKOCTU U CONIPOTUBIICHUH (B)
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napameTpamu, MPOLECCHl B KOHTYPE 3aBUCAT OT KOHCTPYKLMH HCIIOJIb3YEMbIX
ajeMeHToB. B mpocteiiimem  ciiydae, Korja  OOKJIAAKHA — BO3IYITHOTO
KOHJIEHCATOpa COEAMHEHbl BUTKaMU NIPOBOJOKH, puc.3.12,a, conmepkaresbHas
Mozienb (PKBHBAJIEHTHas cxema) Takod menu umeer Buj puc.3.12,6. Ilpu
mocrosHCTBe  mapamerpoB  L,C,R  SKBUBAQJIGHTHOH CXEMBI,  HCIIONB3YS
ypaBHeHus Kupxroda, 1erko mosyduTh MOJENb 3TOH IENMU B BUAC YpPaBHEHUS
JUHEHHOTO JAMCCUMATHBHOTO ocuwuisitopa (3.2), roe x — JUHAMHYecKas
nepemenHas (3apsa), 0 =R/2L — koapduuuent nuccunanuu. CoOCTBEHHbIE
KojeOaHusi JTMCCUIATHUBHOIO OCLUMJUIATOPA 3aTyXaloT, a BBIHYXJEHHBIE (MpU
NEePUOANYECKOM BHEIIHEM BO3JECUCTBUHU) — MPEACTABISAIOT COOOM KoJeOaHus C
nepuoAoM Bo3encTBUs 1. ENMHCTBEHHBIM JIEMOHCTPUPYEMBIM KOJIeOaTeTbHBIM
sbpdhekToM B JMHEHHONW CHUTyallud SIBISICTCS pPe30HAHC — yBEIMYEHUE
aMIUTUTY bl BBIHYKJIEHHBIX KOJeOaHUM MPH COBMAEHUN YaCTOThl COOCTBEHHBIX
KoJ1e0aHUi M YaCTOTHI BO3/ICHCTBUSI.

3.6.3.2. K yemy npuBOIMT 3aMeHa KOHJeHcaTopa. BxitoueHue B 1LeNb
JIM0J1a, SKBUBAJIEHTHBIE MTapaMeTpbl KOTOporo R u C 3aBUCAT OT BEJIMYMH TOKOB
U HanpspkeHuil (puc.3.12,B), IPUBOAUT K MOPA3UTENBHOMY PACUIMPEHHIO KpyTa
KOJIeOaTeIIbHBIX SIBJICHWMA, HAOMOMaeMbIXx B Iienu. Jlaxke mpu mpocteitmem
rapMOHUYECKOM BO3JIEUCTBUM 3TOT «INEKTPUUECKUN MASTHUK» JEMOHCTPUPYET
MEpapXUI0 BbIHYKICHHBIX JBUKEHUW PA3JIMYHON CIOXHOCTU: TAPMOHUYECKHUX,
CJIOKHBIX MEPUOJINYECKUX, XaoTHyeckuX. [loxoxas kapTuHa UMeeT MECTO U IpH
BO30Y)KJIEHUM HUMIyJibcaMu. bu(ypkannoHHble MHOXECTBa (Ha TPEXMEpPHBIX
KapTUHKaX — T[IOBEPXHOCTH, a Ha JBYXMEpPHBIX CEUYEHHUSX — JIMHUK)
OTPAaHUYMBAIOT O0JIACTU CYIIECTBOBAHUS PA3NIUYHBIX KOJIEOATEIBHBIX PEXUMOB
B TPOCTPAHCTBE TapaMeTpoB, oOpa3ysi CTPYKTypbl, MpPEACTAaBICHHBIE Ha
puc.3.13. 3nech Ha OCsIX KOOPAUHAT TPEXMEPHOU KaApTUHBI OTJIOKEHBI 3HAYEHUS
aMIUTTYI6l V' W HOpPMHpOBaHHOW 4acToThl N =®/w, Bo3ueicTBus (@, —

4acToTa MallbIX COOCTBEHHBIX KoOJIeOaHMil), 1O BEpPTHUKAIM — BEJIUYMHA
auHenHoro  comnpotuBieHus R. CrpykTypy MOXHO  Jydll€ IOHSTb,
paccMaTrpuBas pa3jMvHbIE CEUECHUs MPOCTPAHCTBA MAPAMETPOB IJIOCKOCTIMHU, a
BUJ KOJIeOaHMI BHYTPH 00JIACTEH — TI0 X BPEMEHHBIM PEATU3AIIHSIM.

7 Tpu mOSBNICHUH PA3HOMMEHHBIX 3apSI0B HA OOKIAIKaX KOHACHCATOPA M TOKA Yepe3 BUTKH
KaTYLIKH TOSIBJIIOTCS 3JIEKTpUYECcKass U MAarHUTHAsl CUJIbI, KOTOpble OyAyT CTPEMHUTbCS MX
CKHMMaTb U pacraruBartb. [losTomMy, ecnu Marepuanbl KaTylIKM M KOHJEHCAaTopa
HEJOCTAaTOYHO XECTKH, TO UX pa3Mepsl, a 3HauuT U C, U L, MOr'yT 3aBHCETh OT BEJIMYUH TOKOB
1 HaNPsDKeHUH (IMHAMUYECKUX MTEPEMEHHBIX ), YTO 03HAYACT MOSBICHUE HETMHEHHOCTH.
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Puc.3.13. CtpykTypa mpocTpaHCTBa MapamMeTpoB KOHTYypa C AMOAOM IPH T'aPMOHHUYECKOM
BHEIIHEM BO3/ACHCTBHM 110 JAaHHBIM JKCHEPUMEHTAIbHBIX HccaenoBanuil. Iltpuxamu
MOKa3aHbl JIMHUM THCTEPE3UCHBIX (KECTKHX) IEpeXO0B. 3alITpUXOBaHBI OOJACTH Xaoca,
mudpamMu MokKazaH Mmepruo.l KojeObaHuii B COOTBETCTBYIOUINX 00JIaCTIX

[Ipumepbl TUMUYHBIX BpPEMEHHBIX pealu3alii TOKa NpU BO30YXKIACHUU
nenu  umnyavcamu  IOJC, TNONSIPHOCTH KOTOPOM «mpsMas» JUlsl  OUOJa,
npezacrasiaensl Ha puc.3.14. Wmmynecel ciexyror ¢ nepuogom T, @ =27x/T.

HecMoTpss Ha Maiyro AMUTENBHOCTh HMMIIYJBCOB, 3a BpeMsl HX JEHCTBHS
coOCTBeHHbIE KoJieOaHUsI ObICTPO 3aTyXaroT, TaK KaK MPH MPOTEKAHUU TPSIMOTO
TOKa HKBHMBAJIEHTHAas €MKOCTh auona (cm.puc.3.12,B) HIYHTUPYETCS MallbIM
aKTUBHBIM CONpoTUBIeHUEM. [10 OKOHYaHNM UMITyJIbCa KOJIEOAHUSI HAUMHAIOTCS
MOYTH C OJWHaKOBOW ¢asbl (puc.3.14,a,0), a MEXIy WMITyJIbCaMHA BPEMEHHAS
peanu3anus COCTOMT W3 LYyroB (IIOCJEIOBATEIbHOCTEN) 3aTyXarolHuX
COOCTBEHHBIX KOJIEOaHMIA.

B 3aBucumocTH OT amIUIMTYyABl W NEpUOAA BO3JAEUCTBUS, YPOBHS
3aTyXaHMsl, BUJAa HEIMHEWHOCTH, a TaK)K€ HauyalbHBIX YCJIOBUN, B CUCTEME
MOTYT YCTAQHaBJIMBATbCSl PA3UYHbIE TMOBTOPSIOMIMECS ABWXKCHUS — YUKTIbL.
Ilepuoowi yuxknos paBHBI MEPUOAY BO3ACUCTBUS WM KPAaTHbI €My — COCTaBJISIOT
Benuuuny k7, rae k — uenoe. BapuaHTOB nmepHOAMYECKUX JIBUKEHHM MOXKET
OBITH OYE€Hb MHOTO, HO MX ONMHCAHHE YJaeTcsl CUCTeMaTu3npoBaTh. Hampumep,
0 MPU3HAKY MOA00MS BCE IMKJIBI MOKHO YCIIOBHO Pa3ieiiuTh Ha JIBE TPyIIsl. B
KOKIOW W3 HHUX COXPAHSIOTCS HEKOTOpPBhIE OCOOEHHOCTH (DOPMBI BPEMEHHBIX
peasn3alnmii, a TaKKe MpeieabHbIX [UKIOB B ()a30BOM IPOCTPAHCTBE.
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Puc.3.14. BpemenHnbie peanu3anuu KoyiebaHwii Toka B LR—IMOJ LENU MPH NEPUOINIECKOM
BO3JICHCTBUY WUMIYJbLCAMHU TPSIMON mosipHocTH F(f): a) UK Kiacca CyOrapMOHHYECKUX
KojebaHuii — mepuoa Bo3nehcTBUs T OoJibllie KBa3HWIIEpHOJa COOCTBEHHBIX IBM)KCHUH B 3
paza (I';); 0) WMKI Kiacca «IOCIELOBATENbHOCTH HOOABICHHS MEPHOJA» — IEPHOL

BO3ICUCTBHSI MEHBIIE Tepuojaa Konebanuid B 3 pasa (I3, =T3); B) Monens BpeMEHHOI

3aBUCHMOCTH CyOTrapMOHMYECKHX KOJeOaHWH — KBa3WIEpHOJa 3aTyXarollux KojeOaHui B
I[yre HEM3MEHEH U 3aBHCHUT TOJIBKO OT HAYaIbHOTO OTKIIOHEHUS

[lepByto rpynmy COCTaBISIIOT LMKJIbI, MEPUOJI KOTOPBIX PaBEH MNEPHUOTY
Bo3neiictBus 17, cymiectBytomue B oOnact Hu3kux 4dactoT N <1. Takue
LUKJIBI OOBIYHO HA3BIBAIOT cyOeapmonuyeckumuy. Tak Kak MEpHO]] BO3ICUCTBU
BEJIMK IO CPABHEHHMIO C BPEMEHHBIM MAaCIITA0OM COOCTBEHHBIX IBWIKEHUU, HA
BPEMEHHBIX peaTU3alMsIX 3THX IHUKJIOB B OOIIEM cllydae UMEETCS HECKOJIBKO
MakcuMyMOB (cM. puc.3.14,a). Bropyro rpynmy coCTaBISIFOT ITUKIIBI iepuoaa k7,
rae k=2,3,..., KOTOpble HAOJIOMAIOTCA TPH OOJBIIMX YacTOTaX BO3JICHCTBHS
0.5< N <2. Ilpumepsl TakuX IUKJIOB TpeacTaBiieHbl Ha puc.3.14,6. Tak kak
OpyU  YBEJIMYEHUU  aMIUIMTYJIbl  BO3JCHCTBUSL CMEHAa JTHX  PEXHUMOB
COMPOBOXKAAETCS TOCJEI0BATEIbHBIM YBEIUYEHUEM Kk  HA E€OUHUILY, HUX
HA3bIBAIOT LUKIIAMH «IIOCIEA0BATEIbHOCTU 100aBiIeHus nepuoaa». JJocratouno
TPaJULMOHHO yCIOBHOC 0003HaYeHne uukiaoB — I, . 31eck k cooTBeTCTBYCT

OTHOILICHUIO MEPHOJa BO3ACUCTBUSA K KBa3UIEPUOAY COOCTBEHHBIX KOJICOaHMI
(ero MO>XHO OLIEHUTH 10 YUCIIYy MAKCUMYMOB Ha OCLIJIJIOTpaMME Ha MHTEpBaJe
T), a m — nepuoA LMKJIa, U3MEPEHHBIN B €IMHUIAX [TEPHOJia BO3AEHCTBU.

3.6.3.3. Maremarudeckue Moaeau. IIporecchl B MOTYyIPOBOAHUKOBBIX
IMOJaX, CBOMCTBA KOTOPHIX OIPEACTSIOT HEIMHEWHOCTh CHCTEMBI, HauOojee
CTPOTrO aHAIM3UPYIOT C IOMOINBIO YpPAaBHEHUH B YaCTHBIX HPOU3BOIHBIX.
OpHako AJis TOCTAaTOYHO MEIJICHHBIX MPOLECCOB MO MOXKHO paccMaTpUBATh
KaK  JIBYXIOJIOCHUK C  HEKOTOPhIMM  SKBHBAJICHTHBIMH  CBONCTBaMHU
(OTpakaloIMMU CBSI3b MEXJAY HaIpsSHKEHHEM Ha €ro KOHTAKTaX U TOKOM B
NOJBOASIINX MpoBojax) U orpannuuthest OJY. Eme Oonee mpocTsie Moaenu
yAaeTcs MOJIYYUTh B BUJE OTOOPAKEHUI, €CIIM OTPaHUYUTHCS OTIMCAHUEM JIUIIIH
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4acTH BO3MOJKHBIX JBIDKEHHH. PaccMoTpum Mopenu, CrnoCOOHBIE OTPa3UTh
(dparmMeHTh ONMCcaHHOM BhIiIE (puc.3.12) CIOKHON KapTUHBI KOJICOAHUIA.
Mooenv ¢ nenpepvignvim epemenem. IlpencTaBUM MOIyIpPOBOIHUKOBBIN
JMOJ B BHJIE HEIMHEHHOI0 KOHJEHCATopa, 3aBUCUMOCTh eMKOCTH C KOTOpPOTro
OT HaIpPsHKEHMs onuIleM nu3BecTHbIM BolpaxeHueM C=C,/(1-U/¢),rne C, —

HadYaJlbHas1s €MKOCTb JHUOAA4, U - HaIllpsPKCHUE Ha AUOAC, ¢ — KOHTAaKTHasd

pa3HOCTh NOTeHIHAIOB. [Ipr 3TOM MoJIeNbHOE YpaBHEHHUE IIETIH, MIOTYYCHHOE Ha
ocHoBe 3akoHOB Kupxroda, numeer Bua ocimuuisitopa Toxst (3.25):

d*x/dr* + ydx/dr +e* —1= Asin Nz,

rjae x — 0e3pa3MepHbIid 3apsa Ha oOKIIaIKax, ¥ — KO3GGUIMEHT nuccurianuu, 4 —
Oe3pasMepHas ~ aMIUIMTYyJla  BHEIIHETO  BO3JCHCTBUA, N =w/w, —

HOPMHUpOBaHHAs 4acTOTa BHEUIHErOo BO3JEHCTBUS, T =@,f — Oe3pazMepHOe

BpeMs.  Pe3ynbrarhl  UYMCIEHHBIX  HWCCJIENIOBAaHMA  OTOTO  YpPaBHEHWS,
MpenCcTaBlICHHbBIE Ha puc.3.7, JIEMOHCTPHPYIOT XOpOIIee KadeCTBEHHOE
OTIHCaHUE 80 8CeM NPOCMPAHCMEE NAPAMEMPOS.

Jluckpemuvie moodenu. 1) B KkadecTBe NIUCKPETHOW MOJETH pPEXUMA
CyOrapMOHHYECKHX KOJNCOaHMH (B HU3KOYACTOTHOM obmactu N =w/w, <1)

MOKHO C YCIEXOM INPHUMEHUTH OJHOMEPHOE MYJIbTHMOAAIBHOE OTOOpakeHue
(3.34). Mopenp anexkBaTHa peanbHOM cCHCTEME B OOJacTH MPOCTpPaHCTBA
NapaMeTpoB, IJie UMEIOT MECTO IBIKEHHA Ha 6ase uuknos I, I, u T.0. (em.

puc.3.11). Ot obnacTu MMEIOT KaueCTBEHHO OJMHAKOBYIO CTPYKTypy. OHHU
MOJOOHBI APYT IPYyTy U caMornoao0Hbl. Camorogo0ue o3Ha4aeT YCTPOMCTBO 1O
TUIy «MaTPEIIKI»: OCHOBHOW KOHCTPYKTHBHBIN AJIEMEHT, MIPE/ICTABICHHBIN Ha
YepHO-OeNbIX (parMeHTax pHUCYHKa, IyOJHMpyeTcss BO BCE 0oyiee MENTKUX
Macmradax; OH TPOCMATPUBAETCS BO BCEX [BETHBIX «3bIKAX» M UX
¢parmenTax. Ho B oTiMuuMe OT «MaTpEIIKW», TPAHUIBI COCTABIISFOIIMX
3JIEMEHTOB KOTOPOM HE MepeceKaroTcsi, 00JacTU CYIIECTBOBAHUS PA3JIMYHBIX
BUJIOB KOJIEOAHUI HA IMJIOCKOCTU MapaMeTpOB MasiTHUKA MPH TOCTATOYHO MaJIbIX
YPOBHSIX 3aTyXaHHUs HaKJIaAbIBalOTCA JApyr Ha Japyra, oOpa3ys obiactu
MYJIBTUCTAOMIBLHOCTH (CM. puc.3.11, HIDKHAS TaHEeNb).

2) /lsyxmepHoe omobpadicenue, MOJSIUPYIONIEE BBIHYKICHHYIO TUHAMUKY
KOHTYpa ¢ IUOJ0M B Oosiee BhICOKOYacTOTHOM obsactu 0.8 < N <2 mocTpoeHO
B [28] ¢ omopoil Ha XapakTepHbIH BHJI BPEMEHHON pealM3alMH IUKJIa
«TocneoBaTeIbHOCTU 00aBieHusl nepuoaay, puc.3.14,6. OHO cioxHee, yem
(3.34), m Xopoumo BOCHPOU3BOJUT YCTPOMCTBO IUIOCKOCTH HapaMeTpoOB
peanbHOM 1ienu [89] B 06s1acTu OOIBIIMX YaCTOT U aMIUIUTY T BO3JEHCTBUSA (T
CYIIECTBYIOT «IIMKJIbI JO0OaBleHUs Tepuoaa», cp. puc.3.15 u 3.13,0), xoTs He
oTpakaeT MHOrooOpa3usi 0a30BbIX IMKIOB M JPYrMX paHee ONHCAHHBIX
0COOCHHOCTEH TMHAMUKU KOHTYpa.
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; 3) B obGnactax, rae moboi u3
904 i {3 0a30BBIX IMKJIOB C H3MCHEHUEM
1 IapaMeTPOB JIEMOHCTPUPYET
0 MOCIIEA0BATENBHOCTh  OU(ypKaImii
A YABOGHHUSI ~ TEepuoja,  XOpoImien
2 MOJIENIbI0O  KOHTypa C  JHOJOM
307 1 ABJIAETCS OJTHOMEPHOE
KBaJIpaTHYHOE 0TOOpaxeHue,

0 N HATIUMe, BUJA X, = A — X_.

0 1 3
4) B obnmacTu OoTpUIIATEIBHBIX

2 :
1 . - |_--- COIIPOTHUBIICHUH, rue 00BEKT

1 ] 3 4 Xaoe Xaoe Oduean-

wa Iy wa I memsoii  TGMOHCTPHPYET aBTOKOJICOaHMsI,
' €ro JMHAMUKA XOPOIIIO
Puc.3.15. Kapra pexxuMoB 0TOOpakeHUs st
MOJEIUPYETCS 0TOOpaKEHUEM
IIHUKIIOB <(I[O6aBJ'IeHI/I$I nepuoaa»
OKPY’KHOCTHU (3.33), KOTOpOE

JEMOHCTpHUPYET (DEHOMEHBbI CHUHXPOHU3ALWK MaJbIM U IOJaBJIEHUS OOJIbLUINM
BHEUTHUM MEPUOIUUECKUM BO3/IEHCTBUEM.

Takum o0pa3zom, Hanbosiee MOJHO U3 PACCMOTPEHHBIX MOJIEIEH OTpa’kaeT
JUHAMHUKY KOHTypa C JIuMojA0M YypaBHeHue ociuisitopa Toast (3.25). Ono
MOJICTTUPYET BCE CEMEHCTBA XapaKTEPHBIX IIMKIOB CHCTEMbI M OCOOCHHOCTH
CTPYKTYpBl TpOCTpaHCTBa mapameTpoB. J[luckpernas wmonens (3.34) u
IBYXMEpHasi MOJEJIb XOpOLIO ONMCHIBAIOT TOJIBKO OJHO M3  JIBYX
CYILECTBYIOIIMX CEMEHCTB LUKIOB — «CyOrapMOHHMYECKOE» M «A00aBIECHUS
nepuoja». B wactHocTH, Mozaenb (3.34) oTpaxaeT Takue (QPEHOMEHBI, Kak
JVHEWHBI U HEIMHEWHBIN pe30HaHChl, MYJbTUCTAOUIBHOCTh, TUCTEPE3UC MPHU
M3MeHeHnn napamerpoB. KBagpaTuuHoe oToOpaskeHHE YHHMBEpPCalIbHO, HO HE
OTpaXkaeT CcHeUu(PUKHA paccMaTpUBAEMOro OOBEKTa, Kak M OTOOpa)keHHe
OKPYXHOCTU. ~ MOXHO  JIU  TOCTPOUTHh  KOHKYPEHTOCHOCOOHOE ¢
muddepeHnnanbHbIM ypaBHEHHEM oclyuiaTopa Toja ToyeuHoe oToopakeHue?
IToxa MBI HE MOXKEM CKa3aTbh, CKOJIb CIOXKHON OKa)keTcsl ¢popmyJia sl TaKOTo
0TOOpaKeHHUS.

3.7. Moaejun nNpoCTPAHCTBEHHO-Pa3BUTHIX CUCTEM

JIis KOHCTPYHMpOBAHUS MOJENEH TPOCTPAHCTBEHHO-PA3BHUTHIX 00bEKMOs
4acTO HCIOJB3YIOT aHcamOmu cBs3aHHbIX OJIY wmiam  oToOpakeHWid, CM.,
Hanpumep, [21, 279]. IIpocTtpaHCTBEHHBIE CBOWCTBA B TAaKUX CHUCTEMax
OPOSBISIIOTCA B HAJIWYUM  PELICHUHM C  PA3JIMYHBIM  pacCHpeiciICHHEM
OJIHOBPEMEHHBIX 3HAYEHUM XAPAKTEPU3YIOIIUMX BEIMYMH B  JJEMEHTax
ancam6Ons. Hanpumep, xonebaHusi ABYX CBS3aHHBIX JIMHEHHBIX OCLMJUIATOPOB
MOKHO TIPEJICTaBUTh COBOKYIHOCTBIO JIBYX COOCTBEHHBIX CHHYCOUIAIbHBIX
JNBWKEHUN C OTIMYaronMMucs dvactoramu. OJHO M3 HHUX COOTBETCTBYET
cuH(pa3HBIM KOIeOaHUsIM, KOT/Ia JIEMEHTHI IBUKYTCS a0CONFOTHO HASHTHYHO, &
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JIpyroe — mpoTuBo(a3HbIM, KOT/Ia UMEET MECTO MOCTOSHHBIN cIBHT TI0 (a3e Ha
7. Ty 0COOEHHOCTh MPOCTPAHCTBEHHO PAa3BUTHIX CHCTEM U3 COCPEIOTOUYCHHBIX
JJIEMEHTOB, MOJXKHO paccMaTpuBaTh, KaK aHAJIOT TMPOCTPAHCTBEHHBIX MOJ]
OTPaHUYECHHOM pacmupeaesieHHoW cucteMsl (puc.3.16).

S0 0N T U

U — - - B _omy e =i ) —-——l"-—-—

Puc.3.16. KonebarenpHple MOabl aHcamOnsi BYX (a,0) W HECKONBKUX (B) MasTHHKOB —
BBEPXY; MPOCTPAHCTBEHHBIE MOl PACIPEICIICHHOW CHCTEMBI — BHU3Y

CBOHCTBO MYJBTUCTAOUIBHOCTH, NEPEKIIMKAIOIIEECS ¢ MPOCTPAHCTBEHHOMN
MHOTOMOJIOBOCTBIO, TUIIMYHO JUIsl aHcaMOuiel kosiebaTenbHbIX cucteM. MiMeHHO
NpUHLMIKAAIBHAS ~MHOTOMOJOBOCTh UM  CBfI3aHHass C HeH HerpyOoCTb
(4yBCTBUTENBHOCTh K MaJOMy HW3MEHEHHIO MapaMeTpoB), KOI/a BO3MOKHBIE
BapUaHThl JBM)KCHUA MHOTOYHMCIIEHHBI, a 0acCeiiHbl MPUTSHKEHUS HECKOJBKUX
COCYILECTBYIOIIUX B ()a30BOM IPOCTPAHCTBE aTTPAKTOPOB 00pa3yrOT CIOKHYIO
U Jaxe (QpakTadbHyr CTPYKTYpY, SBISETCS TUIUYHBIM  CBONCTBOM
IPOCTPAHCTBEHHO Pa3BUTBIX HEJMHENHBIX CUCTEM. Janee MBI
OPOMJUTIOCTPUPYEM  CIIOCOOHOCTh ~ OTHOCUTENBHO  MPOCTBIX  JUCKPETHBIX
KOHCTPYKLMH ONMMCHIBATh 3TOT (PyHIaMEHTAJIbHbBIN (PEHOMEH.

3.7.1. PemieTku CBSI3aHHBIX OTOOPAKEHUI

3.7.1.1. Cucrema aBYX /AHUCCHMIIATHBHO CBSI3aHHBIX KBaJPaTUYHbIX
orobpaxenuii. [Ipu KoHCTpyHMpoBaHuM nenouek u pemerok (CML-monenu®)
6a3oBble oTOOpaxkeHuss x,,, = f(x,), OOBIYHO HAECHTUYHBIEC, CBSI3bIBAIOTCA

MEXIy CcOOOW TeM WM HMHBIM CHOCOOOM: JIOKaNbHO (TONBKO Ommkaifiue
coceau), IoOampHO (Bce co BceMu), uiau no rpynmaMm. Ha puc.3.17
CUMMETpUYHAsl CBsI3b, KOI/IAa 3JIEMEHThl B3aUMOJEHMCTBYIOT JApPYyr Ha Jpyra
OJIMHAKOBO, O0O3Hau€Ha IMpPSIMOYTOJbHUKOM, a OJIHOHANpAaBJIEHHAs, KOraa
peaiu3yercss TOJBKO BO3JCIHCTBHE TMEPBOr0 3JEMEHTa Ha BTOPOIA,
TPEYroJbHUKOM. BO3MOXHBI W MPOMEKYTOYHBIE CIy4yau, KOTJa CBS3b
HecummeTpuyHa. [Ipobiema cucremMarruzanuy BHIOB CBSA3H paccCMaTpHUBAJIaCh B
[105], Tie BapraHThl CHMMETPUYHOM CBSI3U MEXIY OTOOPaKEHUSIMU CBEACHBI K
CIIETYIOIINM BUJIAM: OUCCUNAMUBHOM)

X = S () +E(f(0,) = f(x,))

3.35
yn+1:f(yn)+k(f('xn)_f(yn))’ ( )

¥ Or anrmmiickoro Coupled Map Lattice.
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UHEPYUOHHOMY
xn+1 :f(xn)+k(yn _xn)’
yn+1 :f(yn)+k(xn _yn)’

WM UX KOMOMHamuu. 371ech X, y — JWHAMUYECKHE TIEpeMEHHble, k —
Kod(puImeHT cBs3H, f — QYHKIUS HETUHEHHOCTH 0230BOT0 OTOOpaKEHUSI.

(3.36)

a)

oH7HH 7+ {7 He{r}
ey g

= kH 5 HeH 7 Hed

= —=
X |y, —
LY

= {kH s HeH 7 HE

I?‘!‘H. yn +1 - ‘
=i

Puc.3.17. OnnomepHubie (a,0) W nAByMepHble (T) pEUIETKH CBS3aHHBIX OTOOpaKEHHH WU
WUTIOCTpANUs. BUIOB CHUMMETPUYHON CBSI3M Ha IPOCTPAHCTBEHHO-BPEMEHHOW IHMarpaMme
00OMEHUBAIONTNXCST 0COOSIMH TTOTYJISIIHH (B)

]

ABTOpaMM TNPUBEJCHHONW CHCTEMAaTH3allMy IPENJIOKEHA HWHTEpecHas
MHTEPIIPETALMs BBEJACHHBIX BHJOB CBSI3U Ha SI3bIKE MOIYJISIIMOHHOW OMOJIOruy.
MOo3KHO IIPEIoIOKHUTh, YTO OCOOM CHaYala pa3MHOXKAKTCS, OCTaBAsSICh B CBOEH
HOMyJISIUM, a IOTOM Ha HEKOTOpOe BpeMsl IMOJydYalroT BO3MOYKHOCTb
MUTPUPOBATH MEXAYy NOMyJSUUsAMH («CHayajga pa3MHOXKAIOTCS, IOTOM
pacnonzatorcs»). Ha crnenyrommii rog uuki nosropsiercs. Ha puc.3.17,B aTomy
COOTBETCTBYIOT  CIUIOIIHBIE  «TPOIBD» HAa  MPOCTPAHCTBEHHO-BPEMEHHOM
nuarpamme. Takas CBS3b CTPEMUTCS BBIPOBHSTh MTIHOBEHHBIE COCTOSIHHS
MIOJICUCTEM, U €€ €CTECTBEHHO Ha3BaTh ouccunamusHou. LITpuxoBele TMHUN Ha
puc.3.17,B COOTBETCTBYIOT CHTyallM{, KOIJa OCOOM HMMEIOT BO3MOXHOCTb
MUTPAIMH, MUHYSI IIUKJI Pa3MHOKEHHS U THOENN B «CBOEH» momysinuu. Takyro
CBSI3b HMEET CMBICT HMMEHOBAaTb UHEPYUOHHOU, T.K. OHa CIIOCOOCTBYET
COXPAHEHUIO «IaMITH» O COCTOSIHMM Ha MpeapayuieM mare. Bo3moxkHa u
KOMOMHHUPOBaHHAs CBS3b.

Br16op Buaa cBs3M NMpu MOJECIUPOBAHUM HETPUBHAJIEH. DTO, B YACTHOCTH,
WUTIOCTPUPYIOT  Pe3yJIbTaThl AKCIEPUMEHTAIbHBIX HCCIEIOBAaHUM CHCTEMBbI
CBSI3aHHBIX HEJMHEHWHBIX 3JIEKTPUYECKUX KOHTYpoB (cM. 1. 3.6.3) B oOiacTtu
napaMeTpoB, T/I€ KaXJash M3 CUCTEM IMEPEXOAWT K Xaocy dYepe3 YIBOCHUS
nepuoaa. Okxazajaochb, YTO TIPU CBSI3W YEpe3 PE3UCTOp (AMCCUTIATUBHBIN
JJIEMEHT) a/IeKBaTHO €€ ONMCAaHUE KaK JUCCHUIIATUBHOM, a 4epe3 KOHJAEHCAaTop
(UUCTO PpEaKTUBHBIA JIIEMEHT) — KaK KOMOMHMPOBAHHOW, a HE YHCTO
unepiuonnoi (1) [20].
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Br16op 6a3oBoro otobpaxeHusi ¥ BUJa CBSA3H BHOCAT CBOIO CHEIM(PHUKY B
NoBeleHue Mojeneld, HO (EHOMEH MYJIbTUCTAOWILHOCTH B aHcaMmOJsaX
CBSI3aHHBIX 0TOOpaXEHUI BCerjaa SBIISICTCS OTIPEACTISIOIIUM.
[IpowurocTpripyeM 3TO Ha MOPOCTEMIIEN CUCTEME JBYX KBaJApPaTUYHBIX
OTOOpaKCHHI, B35B B BapHAHTE C JIUCCUITATHBHOM CBSA3bI0 (3.36) KBagpaTHUIHOE

otobpaxkenne f(x,)=A—x.

a=A-x2 k2= )2)
yn+1:ﬂ'_y5+k(ylf—x5)

OrpaHn4MBIIKCH CITy4aeM, KOT/Ia 3HaYEHUs MapaMeTpa HEJIMHEWHOCTH A B
NepBOM W BTOPOH MOJCUCTEMAX OJMHAKOBBI, MbI BBEIEM CIEAYIOIIYIO
CUCTEMAaTH3alMI0 KOJIeOaTeNbHBIX MOJ CHUCTeMbl. B mpezene HyleBoM CBs3H
(k=0) xaxnapii pexum nepuoga N MoxkeT ObITh peann3oBaH N crocobamu,
OTJIUYAIOIIMMUCS CIBUIOM KOJEOAHHWH MOJCUCTEM BO BPEMEHU Ha BEIUYUHY
m=0,1, 2, ..., N—1, kak 310 nokazano Ha puc.3.18 mis xonebanuii nepuoaa
N =2 u 4. HazoBeM ux 6uoamu Konebanuii M WMCTIOIb3yeM JUISl OINHCAHUS
Uepapxuu  KojeOaTeNbHBIX  PEKMMOB TIPU  BBEJIEHUM  CBSI3M, KOTAa
B3aMMOJICHCTBHE MOACUCTEM MPHUBOJIUT K PA3IMYHbIM BapUaHTaM MX B3aUMHOM
cuHXpoHM3ammu. Jas  o0o3HaueHUs ~ MEPUOJUYECKUX  BUIOB  OyaeMm

(3.37)

MCHONIB30BaTh 3anuch N, . B xaormueckux pexumax, obozHawaembix N,
HECMOTpPSI Ha OTCYTCTBHUE MOBTOPSIEMOCTH B JABUKEHHUSIX, MOXKHO COXPaHUTh
MPUHIUT KJIAaCCU(UKAIIUHU, UCTIONb3YEMbIN JJI MEPUOIUYECKUX PEKUMOB, €CITU
MOHUMAaTh 104 N YHCIIO JICHT aTTPAaKTOpa, a MO 7 — BPEMEHHOM CIIBUT MEXIY,
HalpuMep, MaKCUMAJIbHBIMU 3HAYECHUSIMU X, U ),. Pexxumbl ¢ m = (0 Ha3bIBAIOT
cuHdpazHbMu, ¢ m # () — HecuH(}a3HBIMU.

ﬁ*ﬁ ARAS % rﬁﬁﬂﬁ‘ﬁw‘p AASL 4 t‘L};\uV‘f‘a’;\ﬁ; %
» A ne
"% 30000000000 = | 1060000t « 10000000000 <

Puc.3.18. BpemenHnble peanuzanuu kolebGaHuWd B TojcHcTeMax (MTHOBEHHbBIE 3HAYCHUSI
MEPEMEHHON X, B OAHOM M3 HUX 00O3HA4YEHBbl TEMHBIMU TOYKAMHU, & B APYTOH — CBETIIBIMH)

nis nepuoga N = 2 (a) u 4 (0). CrpaBa npuBezieHbl 0003HaueHHs BUI0B KoneOaHuit N,

Ecnu Bocmonb30BaThCsl M3BECTHBIM Ipa)yecKM MPUEMOM U U300pa3UTh
o0JacTH CyIIECTBOBAHUS M HBOJIIOLMHM KaXKIOrO W3 BHUJOB KOJeOaHUU Ha
OTIENbHBIX JINCTaX, TO MOYKHO IMOCTPOUTH HAIJIAJHYI0 MHOTOJIMUCTHYIO CXEMY
oOnacTelt cyuiecTBOBaHUsA (YCTOMYMBOCTH) KoOJieOAaTE€IbHBIX PEKMMOB Ha
miockoct (k,A). Ha puc.3.19,a npencraBiieHa cxema, oTpakaromnias o0JacTh
CYILIECTBOBaHMS BCEX PEXHUMOB Kojiebanuil nepuoga 1, 2, 4 u 8 mpu £<0.5.
[IpuBenennas Ha puc.3.19,06 cxema mpexacTaBiaseT coOOW  ceueHue
MHOTOJIMCTHOM KapTuHbl puc.3.19,a mnockocteto k= 0.05 U KauecTBEHHO
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WUTIOCTPUPYET SBOJIONMIO JBIKeHU B cucteme (3.37) ¢ HW3MEHEHHEM
napameTpa A npu cinaboit GpukcupoBaHHOU CBsi3H. CIUIONIHBIC JTUHUU HA ATOM
CXE€M€ COOTBETCTBYIOT YCTOMYMBHIM PEKUMaM, IITPUXOBbIE — HEYCTOWYUBBIM.
Toukamu oTMedeHBI OmdypKarmoHHble nepexoabl. bykBamu A, B, C, D
BBIIENICHBl BETBHM, OOBEAMHSIOIIME HEKOTOPhIE TPYIIBI PEXUMOB’: OHH

HAa4YWMHAIOTCA MNEPUOANICCKUMHA pexXuMamMu, KOJIHUYECTBO KOTOPBIX
YBCIIUYHUBACTCA C pOCTOM ﬂ, a4 3aKaHYMBarOTCA XaOTUYCCKHUMH.
G

162

Puc.3.19. Cxema 3BomonMy BUIOB KoJIeOaHUIT Ha TUIOCKOCTH MapaMeTpoB (a) U ee BapuaHT
mpu k=0.05 (6). [Ipumepsl pazOueHust (Ha3oBOTO MPOCTPAHCTBA CUCTEMBI Ha OacCEeWHBI
MPUTSHKEHUS Pa3IMIHBIX BUIOB KOJeOaHHId B CUTyalusX MyJIbTHCTAaOMIBHOCTH (B)

OO6nmacTu XaOTHYECKHX PEKUMOB 3alITPUXOBAHBI, KPUTUYECKOE 3HAUCHUE
napaMeTpa HEJIMHEHHOCTH, MPU KOTOPOM PEaTU3yeTCs MEPEexXo] K Xaocy vepes
T0CJIEI0BATEIBHOCTL  OndypKauuii yaBoeHus nepuoza, obosHadeno A,,. B

obmacTsax, 0003HAYCHHBIX Ha cXeMaxX OyKBOW () WIIM CIIOBOM f0rus, CYyIIECTBYIOT
KBAa3UIEPUOJINYECKUE KOJEOAHUs, U peau3yeTcsl Mepexo]l K Xaocy yepe3 ux
paspyiienue. bacceiiHbl TPUTSHKEHUST aTTPAKTOPOB MYJIBTUCTAOMIBHBIX BHJIOB
IBIDKEHUM nemsaT  (asoBoe TMPOCTPaHCTBO Ha  OacceiHbl  MPUTSHKEHUS
(puc.3.19,B), cTpykTypa KOTOpbIX ppakranbHa. C pOCTOM CHJIbI AUCCUTIATUBHOM

’ BetBb A COOTBETCTBYET SBOMIONNH CHH(a3HEIX pexumoB (m = 0), B, C, D — HecuH)A3HBIX.
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CBSI3HM k KOJMYECTBO COCYIIECTBYIOIIMX COCTOSIHMM CHCTEMBbl YMEHBIIAeTCs, a
npu OONBIIUX Kk CYHIECTBYET TOJBKO CHH(pA3HOE IBW)KEHHE, T.€. CUCTeMa
(axTHYeCKH CTaHOBUTCS OJTHOMEPHOM. '

3.7.1.2. Ci10:)kHasi ITMHAMHUKA HENO4YKHU (K YeMy NMPUBOAUT yBeJIUYeHHE
yucaa 3jaeMeHTOB). He Oyaer HEoXUIaHHBIM YCIbIIIATh, YTO YBEJIWYECHHE
qyciia 3JEMEHTOB PAacCMaTpPUBAaEMOro aHCamOJisi MPUBOAMUT K elle OoJblIeMy
YCIIOKHEHHUIO KoJie0aTebHOW KapTHHBI. J[eMCTBUTENBHO, B TPOCTPAHCTBEHHO
pa3BUTON cucTeMEe uUMeeTcs TeM OOoJbllle BO3MOXKHBIX BAPUAHTOB JBUKEHUU
MOACUCTEM BO BPEMEHHM U OTHOCUTEIBHO ApPYr Jpyra (IMpOCTPaHCTBEHHBIX
CTPYKTYp), UeM JJIMHHEE 1enouka. Jia wuoctpanuu Ha puc.3.20 nmpuBeIeHbI
pe3yIbTaThl YUCICHHBIX SKCIEPUMEHTOB C LIETIOYKON JTUCCUMIATUBHO CBS3aHHBIX
OTOOpaKEHUM MasiTHUKA:

= (A=) £y + (k2 + £ ), (3.38)

rJie © — TUCKPETHOE BpeMs, m — HOMEp dJeMEHTa LENOYKH, k — KoddpuimeHT
CBs3H, f — MynbTUMOAaNbHOE oToOpaxeHue (3.34). [lo ropusoHTaNBEHON OcH
OTJIOKEH HOMEpP DJEMEHTa, IO BEPTUKAIHHOM — MTHOBEHHOE COCTOSHHE.
[oJT0rHe Y9acTKH CTPYKTYPBI HA3BIBAIOTCS OOMEHAM, TIEPETIAIbI — KUHKAMU.

C u3MeHEeHHEM IMapaMeTpOB CTPYKTYPHI IBOIIONMHOHUPYIOT: yIBAHBAIOTCS
BPEMEHHOW M MPOCTPAHCTBEHHBIE TEPHOJBI, (OPMHUPYIOTCS TMEPUOIUICCKUE,
KBa3uUNEPUOAMYECKHE U XaoTHueckue KoHpurypauumu. C  yBenuyeHHEM
K03 (duLMeHTa CBSA3U JOMEHbI CTAHOBATCS LIUpE, a KUHKU — Oosee nonorumu. B
UTOTe MPHU OYECHb OONBIIUX KOA(P(UIIMEHTAX CBA3HM IMPH JIOOBIX HAYaIbHBIX
YCIIOBUSX CYIIECTBYET JIMIIb MPOCTPAHCTBEHHO OJHOPOIHBIMA PEKUM — aHAIOT
MOSIBJICHUIO JIBJWHBI B IIPUMEPE C OXJIXKACHHOW Booi (c. 92). [TogpobHOCTH 0
CBOMCTBax paccMaTpuBaeMou LENMOYKH cM. B [31].

10 XKenaromuM monpoOHEe MO3HAKOMUTBECS CO CIIOKHOH JHHAMUKON 3TON HENWHEHHOU
CHCTEMBI MOXHO IIPEUIOKUTH yueOHYI0 mporpamMmy Ha caite [347] u crateu [18, 19].

" Oro6paxenue (3.34) B3STO M1 YIPOIICHHS: €CIIM B CHCTEME KBAIPATHIHBIX OTOOPAKCHHI
MYJIBTUCTAOUIBLHOCTE (hOpMUpYeTcsl Ha 0aze JBMKEHHUH yABOEHHOTO MEpPHOJa, TO 37E€Ch OHA
CBOMCTBEHHA y)ke IMkiaaM nepuona 1. [Ipy Hanmmuuy y M301MPOBAHHOM IMOJCHCTEMBI JIBYX
COCTOSIHMM nepuoja 1 B JABYX CBS3aHHBIX OTOOpaKEHMSAX HMMeeT MecTo 4 Bujaa KojeOaHWH
nepuonga 1 — nBa cuH(a3HBIX U Ba 3€PKAIBHO CHMMETPUYHBIX IPYT APYTY HEeCHH(pa3HBIX
[31].
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4 A7
*7 X !
X X
|
X =8| '
% m o % 1 120
) 0)

Puc. 3.20. Pexxum nepuonma 1 ¢ HEOOHOPOIHBIM NPOCTPAHCTBEHHBIM PACHPEICIICHUEM B
nenouke u3 120 smementoB: 4=0.965, N=0.64, d=0.2, f=0.2: a) k=0.1; 6) k=0.35.
3Ha4YeHUs X| U X, — COCTOSIHUS paBHOBECHUS OMCTaOMIIbHOMN 3JIeMEHTapHOMU sTueiKu

3.7.1.3. IByxmepHasi pemierka oro0paskeHuii. [lanpHeiiee ycioxHeHue
Mozenu (3.38), ee MPOCTPAaHCTBEHHOE Pa3BUTHE, MOXKET BECTHCh KaK IO JTUHUHU
YBEJIMUEHUSI KOJIMYECTBA JIEMEHTOB, TaK M YCIOXKHEHHS CIIOCO0a CBSI3U MEXIY
Humu. PaccMoTpuM mnpumep, rae Te K€ MYJbTUMOJAIbHBIE OTOOpPaKEHUS
00pa3yrT pemeTky, B KOTOPOM KaXJbId JJIEMEHT B3auMOACHCTBYeT C 4
OJIMKalIIMMU COCETHUMHU 3JIEMEHTAaMH, CBSI3b JIOKaIbHAs U IUCCUIIATUBHAS:

Xt = A=) L G + (KA + M) + £ + £ ™). (3.39)

3nech i, j—  OIpEeaeNsIoT

NOJOXKEHHE  JJIEMCHTA  PEIICTKH.

f % sl [pumep MTHOBEHHOM

+ e ‘i't * “ K0JIe0ATEIIbHO-BOJI-HOBOH  KapPTHHBI

g \ w '] \, “Y“ 1 ?{” TaKoOU PEIICTKH, MMEIOIIEH

x| s 12“% L “ 'ﬂ* !t OJINHAKOBOE YHCIJIO 3JIEMEHTOB IO
?;;gﬂ;’&: *‘!‘?“\1 L f{ niigz s, ©O0OHM HaNpaBJICHUSM, IPECTaBIICH

>0 **%*'il'["““’” Im"*ﬁ"ﬂ} ':f:f-f-a* e b Ha puc.3.21. DT0 CraunoHapHas
”Lg':;l ‘*,,q%e\ﬂ* i CTpYKTypa,  MOIydeHHas  [pH

= 'n“ [ﬁ**" J CIy4yailHOM 3aJaHUd  Ha4YalbHbBIX

Lfr‘ YCJIOBUM. 3agaBas HaydaJIbHbIE

0 YCIOBUSL 1O TOMY WIH HHOMY

Puc.3.21. Pexum pauHamuku AByxmepHod — 3dKOHY, MOXHO  TIOJYYWTH  TIpU
pemerkun 50x50 siaementoB mepuona 1 ¢ CIA0OW CBS3U MEXIY JJIEMEHTaAMH
HEOJHOPOHBIM NPOCTPAaHCTBEHHBIM  [IpaKTUYECKH JII000e Tpebdyemoe
pacnpenenenuem, A=0.965, N=0.64, d=0.2, CTaIMOHApHOE pacmpeneneHue. [Ipu
£=0.2, k=0.2. Ileppognueckre TpaHUYHBIE yBeMUEHUH CBI3H MEKITY
DJIEMEHTAMHU YUCJI0 BO3MOJXKHBIX CTPYKTYP YMEHBIIACTCS, a IIPU YPOBHAX CBSI3HU
BBIIIIE HEKOTOPOI'0 MOPOT'0OBOI'0, pPa3pelIC€HHBIM OCTAETCS JIMIIbL OJHOPOIHOE
MMPOCTPAHCTBCHHOC PACIIPCACIICHUC.
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3.7.2. KineTrouyHbsle aBTOMATHI

«Knerounbrii  aBTOMAT —  JAWCKpPETHAas  JMHAMHYECKAass  CHUCTEMA,
npeacTaBistonias co0OW COBOKYNMHOCTb OJMHAKOBBIX KJIETOK, OJIMHAKOBBIM
00pa3oM COeMHEHHBIX MeXIy co0oil. Bee kimeTkn o0pa3yroT Tak Ha3bIBAEMYIO
peleTKy KJIETOYHOTO aBToMara. PemeTku MOryT OBITh pa3HBIX THIIOB,
OTJINYASCh KaK IO pa3MEpHOCTH, Tak U 1o ¢opme kietok» [120]. Knerounsie
aBTOMaThl OBUTM TpeIokeHbl B pabore ¢on Heiimana [169] m cramm
YHUBEpPCAJTbHON MOJENbI0 MapasuleNIbHbIX BBIYMCICHUM, TAKXKE KaK MalllHHbI
TrropuHTra — MOJIENBIO JIJISl IOCTIEA0BATENbHBIX BHIYMCIICHUN. «...J[t00ast KieTka
Ha Ka)KJOM I1are BBIYUCIIIET CBOE HOBOE COCTOSIHUE 10 COCTOSIHUSIM €€ OJM3KUX
coceneil. Takum 00pazoM, 3aKOHBI CUCTEMBI SIBIISIFOTCS JTOKAJIbHBIMHU M TTOBCIOAY
onuHakoBeIMH. "JloKanmbHBIN" O3HAuUaeT, YTO HJs TOTO YTOOBI y3HATh, YTO
IPOU30MIET 3[1ECh MTHOBEHHE CIIYCTS, IOCTATOYHO MOCMOTPETh HA COCTOSIHHE
ONMMKAMIIEro OKPYXEHHs, HUKAaKoe JaJbHOJACHCTBHE HE JIOMYCKaeTCs.
"OnMHAKOBOCTH" O3HAYAET, UTO 3aKOHBI BE3/I€ OJIHU U T€ KE: 1 MOTY OTJIMYUTH
OJIHO MECTO OT jApyroro mo dopme manmmadra,'” a He MO KAKOH-TO Pa3HHMIE B
3akoHax» [162]. OTcrona MOKHO BBIIEIUTH CIEAYIOUINE XapaKTEPHbIE CBOMCTBA
KJIETOYHBIX aBTOMATOB.

1. PemeTrka onHOpoAHA. 3aKOH 3BOJIOLMH KJIETOK BCIOAY OJMHAKOB.

2. V3MeHeHus 3Ha4YE€HMH BCEX KIIETOK IMPOUCXOASIT OJHOBPEMEHHO IIOCIHE
BBIYHMCIICHUSI HOBOT'O COCTOSTHUS KQXKI0M KIETKU PEIICTKH.

3. B3aumopeicTBus noKanbHbL. JIUIIb KIETKH OKPECTHOCTH (KakK MPaBUIIO,
COCEHHE) CITIOCOOHBI MOBIUATH HA TAHHYIO KIIETKY .

4. MHOXECTBO COCTOSIHUM KJIETKH KOHEYHO.

B kauecTBe npumepa KJIE€TOYHOTO aBTOMaTa OObIYHO MPUBOASAT MOJEIb MO/
Ha3BaHUEM Wrpa <OKH3Hb», cosgaHHyro B 1970 romy /. Komysem —
mateMatukoM KemOpumxckoro yHuBepcutera. OHa IMIMPOKO MpEJCTaBICHA B
cetu MHtepHer, cMm., Hampumep, [344]. IlpaBuna (yHKUHOHMPOBAHUS 3TOrO
aBTOMaTra COCTaBJIEHbl C YYE€TOM OCOOEHHOCTEH peallbHbIX IPOLIECCOB,
MPOUCXOAAIINX TMPU 3aPOKACHUM, PA3BUTUU U THOETU KOJOHUM >KUBBIX
opranu3mMoB. PaccMarpuBaercst OecKOHeuHasi IUIOCKas pPelETKa KBaJpaTHbBIX
kietok (puc.3.22). TeMHBIM IIBETOM BBIJICJISIFOTCS JKUBBIE KIETKU. Bpems
nuckpetHo (n = 0, 1, 2,...), a cuTyalusi Ha PEIIETKE B CIAEAYIOIIMA MOMEHT
BpeMeHM n+l ompenenseTcs HaludheM JKUBBIX COCEAEH Yy KaXIOW KUBOU
kietkn. CocenHue KJIETKH — Te, 4TO UMeET oOmrue péopa. Xoa 3BOIIOIUHU
JTUKTYETCS CIACAYIOIIMMHU 3aKOHAMH.

1. Buiorcusanue. Kaxknast kjeTka, MIMEIOIIAsS ABE WIM TPU COCEIHUE JKUBBIC
KJIETKH, BBDKUBACT U MIEPEXOAUT B CIIEIyIOLIEe TOKOJICHHUE.

12 .
T.e. mo pacnpenesneHII0 XapaKTepu3yoIeil BETHUMHBI 10 pabodeMy MOJI0 aBTOMAra.
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2. I'ubenv. Kaxknas kieTka, y KOTOpO# O0JbIe TPEX coceIei, morudaer us-
3a mnepeHacenéHHocTH. Kaxmas KkieTrka, BOKPYT KOTOpOH CBOOOJHBI BCe
COCeHME KJIETKH WJIH JK€ 3aHATa BCETO OJIHA KJIETKa, MOTH0aeT OT OJJMHOYECTRA.

3. Poowcoenue. Ecnv 4uClio 3aHATHIX KJIETOK, C KOTOPBIMUA TPAHUYUT KaKas-
HUOY[Tb TTyCTast KJIETKA, B TOYHOCTH PAaBHO TPEM, TO Ha ITOU KIIETKE MPOUCXOTUT
POXKJIEHHE HOBOT'O OpraHu3Ma.

Taxk, eclm Ha4YaJIbHOE
pacrmpesiefieHde KJIeTOK (JaHamadT)
HUMEET BUJI puc.3.22,a, TO yepes 1iar, B "s*s
CIENYIOIHUA MOMEHT JUCKPETHOTO
BPEMEHU OyleT HUMeTb MeCTO v o' *
koHbwurypanus puc.3.22,6, u T.4. [lpu .
9TOM HEKOTOPBIC HavaJabHbBIC tossnad
CIPYKTYpbI morubaror, APYTHE — pyc3.20. ITpumepsr HEKOTOPBIX

BBDKUBAIOT " CTAHOBATCA  jaynimadyroB Ha pabodeM mone KIETOYHOTO
CTallMOHApHBIMH, WJIHA NCPUOINYICCKHA  apromara wWrpa <OKH3HBY». a) 3aJaHHbIN

MMOBTOPSIFOTCS, WIH IIEPEMEINAIOTCS B HauaubHbli npoduns, n = 0; 6) curyanus
npoctpanctBe W T.a1.  CBolicTBa  TMOCIE epBoro mara, 7 = 1

JAHHOM CeTH: CTPYKTYDHI,

paznenéHHble JBYMS IYyCTHIMH KJIETKaMM, HE BIMSIIOT JAPYr Ha Jpyra;
KOHGUTypalysi B MOMEHT BPEMEHHM 71 TIOJHOCTBIO ONpeneNseT Oymyiiee
(cocrosiHue B MOMeHTHl n+l, n+2 W Tak pgajee); BOCCTAHOBHUTH IPOIILJIOE
CHUCTEMBI TI0 €€ HACTOsIIeMy He yIaércs (quHaMHuKa HeoOpaTuMa); yCTOMYMBEIE
¢opMbl O00BIUHO OOMajgaroT cumMmerpued u T.1. YUem Oousblyro IUIOLIA/b
3aHMMAaEeT COOOILECTBO, TEM CIOKHEE OHO MOXKET Ce0sl BECTH.

B mHacrosiiee BpeMs wurpa <« Ku3Hb» IMOdyuuia  pa3BuTue. Tak, B
MOJIEPHU3UPOBAHHBIX BapHaHTaX aBTOMAT TPEXMEPEH, CIOCOOEH MOJEIUPOBATh
HECKOJIbKO  TOMNYJISALMM, HampuMmMep, TakKuX KaK B3aUMOJEUCTBYIOLINE
«TPaBOSAIHBIE» U «XHUIIMHUKWY. HO Jake B CBOMX YCIIOKHEHHBIX BapUAHTAX ATOT
OPOCTOM TIPUMEp OTHIOIb HE OTPAaHMYMBAECT YPOBEHb CIIOXKHOCTH 3ajad,
KOTOpPBIE MOTYT PEIIaThCsi C MOMOINBIO KIETOYHBIX aBTOMAaTOB. KiteTouHbIid
aBTOMAaT MOXET OBITh OMUCaH JKBHUBAJEHTHO CHCTEMOH  CBS3aHHBIX
OTOOpaXEHHUI C MTUCKPETHBIMU COCTOSIHHSIMH. ETO 0ocoOeHHOCTH — MpoCTOoTa |
HarJsiAHOCTh KOHCTPYUPOBAHUA U YIAOOCTBO KOMIBIOTEPHOI'O HCCIIEIOBAHMS.
Krnerounsie aBTOMATHI UCIOJIb3YIOTCSA TUISE MOJICIUPOBAHUS
TUAPOAMHAMUYECKUX W Ta30JJUHAMUYECKUX TEUEHUM, HJIEKTPOHHBIX IEMeH,
pacrnpoCTpaHEHHs TEIUIOBBIX MOTOKOB, ABWXKEHHS Toinbl U T.1. [305,116]. Mx
OPUMEHSIOT TPU COCTABJICHWU T'€HETHUYECKUX aJIFOPUTMOB, TPU IIOHUCKE
KpaTdaimiero myTa Ha rpade u T.4. [logpobHOcTH cM., Hanpumep, B [16, 162,
109] u na catite [339].
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3.7.3. JluddepenpanbHbie YpaBHEHUS C 3aMa3/[bIBAHUEM

Juddepenunanbible ypaBHEHUS C 3ara3/ibIBAIOLIUM apryMEHTOM OOBIYHO
UCIOJIB3YIOTCS ISl MOJIEIUPOBAHUS CUCTEM, IMOBEJACHUE KOTOPBIX OIMpPENeseTCs
HE TOJNBKO TEKYUIMM COCTOSHHEM, HO ¥ 3HAYCHHUSIMH TI€PEMEHHBIX B
OpEIbIIyIINe MOMEHTHl BpeMeHH. Takue OOBEKThI IIMPOKO TMPEACTABICHBI B
IpUpojie, OHU U3y4aroTcs B pusuke, OMoaoruu, Gu3noNorun, XuMuu. [IpruanHel
3ama3JpIBaHUsl MOTYT OBITh pa3IMYHBIMU. Tak, B AMHAMHUKE TMOMYJISLHUHA OHO
CBSI3aHO C TE€M, YTO OCOOHM YYacTBYIOT B PENpPOAYKLHUH JIUIIb MOCTE MEepPHoaa
B3pPOCJICHUS, @ B POCTPAHCTBEHHO PAa3BUTHIX PATUOPUINYECKUX CUCTEMAX OHO
00yCIIOBJIEHO KOHEYHON CKOPOCTBIO PAacCIpOCTPaHEHUsl CUTHalla, 3/1eChb BpeMs
3ama3/iplBaHUsl 7 CBS3aHO C BpEMEHEM, TpeOyeMbIM Ha MpeoJoJieHUe
paccTosiHus MEXIYy d3JieMeHTamMHu. B moctarodyHo oOmiem ciyyae CHUCTEMBI C
3ara3/IbIBaHUEM OIMCHIBAIOTCS YPAaBHEHUEM

£, x(0) + £, X" V(O + .+ % = F(x(0),x(t = 1)) X(t = 7,)),  (3.40)

rae 7y,...,7, Y4YUTBIBAIOT BO3MOJKHOCTb CYHICCTBOBAHUA HECKOJBKHUX IPUYNH

3ama3pIBaHUsl C PA3HBIMU XapaKTEPHBIMU MaciiTabamu. YacTHBIMH CITydassMu
ypaBHeHUs1 (3.40) SBISAIOTCA CIEAYIONIUME STAJOHHBIE MOJIENH. Y paBHEHHE
Wkenpl, omnuchiBaIliee AUHAMHKY MACCUBHOIO ONTHYECKOTO  pE30HATOpa,
x(t)=—x(@)+ p-sin(x(t —7)—x,); ypaBHeHue Makkes —  [';acca,
OTHCHIBAIOIIEE TPOIECC BBIPAOOTKH KPACHBIX KPOBSHBIX KJIETOK B JKHUBBIX
OpraHu3mMax, x(t)==b-x(t)+a-x(t—7)/1+x(t —7)); ypaBHEHHUE
reHeparopa ¢ 3ama3fbiBarolieil OOpaTHOW CBSI3bI0, OYEHb MOIMYJISPHOrO B
pannopusuke,” ¢ - x(¢) =—x(t) + f(x(t — 7)).

HecMoTpsi Ha €QUMHCTBEHHYIO CKAJISIPHYI0 JUHAMUYECKYIO MEPEMEHHYIO,
BCE€ MPEJICTABIICHHbIE TUHAMUYECKUE CUCTEMBI SBIISIOTCS OECKOHEUHOMEPHBIMH,
T.K. TIPU 3aJlaHUM HAYaJIbHBIX YCIOBUU HEOOXOJIMMO YKa3zaTh pacmlpeliesicHue
JMHAMUYECKOM IEpeMEHHOM Ha BpeMeHHOM oTtpeske [0, 7 ]. Haxe Y3 nepBoro
NopsiJIka MOTYT JIEMOHCTPUPOBATH CJIOXKHBIE IBUXKEHUS, KOTOPHIM B (ha30BOM
MPOCTPAHCTBE COOTBETCTBYIOT aTTPAKTOPHI OYE€Hb BBHICOKOW Pa3MEpHOCTH, Xaoc,
MYJIbTUCTAOMIBHOCT W TpouHMe HenuHehHble (enomensl. [lns  Oonee
OCHOBATEJIbHOIO 3HAKOMCTBAa C BO3MOXKHOCTSAMH Mojeier B Buue Y3 cwm.
KpUTHYECKHH 0030p pabor 110 CJI0KHOM JIMHAMHKE TeHeparopa C

3amasjapiBarole oopatHoi cBs3bio [106], moHorpaduto [76], ctatbu [90] u
caut [343].

13 I'eneparop mpencraBisier co0OW 3aMKHYTBIE B KOJIBLIO HEIMHEWHBIH yCHIUTENb (ero
xapakTepusyeT GyHKOHS f), WHEPUUOHHBIA dyeMeHT (QWIbTp, HWHEPIHOHHOCTD
XapaKTepU3yeTCsl MapaMeTPOM &) U IMHUS 33JIePKKH (7 — BpeMsl 3aICPKKH).
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3.7.4. ludbdepenipanbHbie YpaBHEHUS B YACTHBIX MTPOU3BOIHBIX

OTO, NOXKaIyH, caMblii XOPOIIO M3Y4YEHHBIM MU MUCTOPUYECKU PAHHUN BUJ
MaTeMaTHYECKOr0 ammapara, pa3BUTBIM CIEHUAIBHO I MOJEIUPOBAHUS
OPOCTPAHCTBEHHO pa3BUTHIX cucteM. JluddepeHunanbabie ypaBHEHHUS B
YaCTHBIX MPOM3BOJHBIX HCIOJB3YIOTCS B CAMbIX Pa3jIUYHbIX HAyYHBIX
TUCHMIUTAHAX: OT (PU3WKHU, XMMHHM W OHOJOTHH JI0 SKOJOTUU M SKOHOMHKH.
JlocTaTO4HO BCIIOMHHTH BEJIMKME ypaBHEHUsT MakcBeiia B AJIEKTPOAUHAMUKE
[86], ypaBuenume IllpenuHrepa B KBAaHTOBOM MEXaHUKE, YpaBHEHHUS THUIIA
peakuus — quddy3ust B XumMuu U Ouosioruu, ypaBHenue I'mn3Oypra — Jlannay
(moBcemecTtHO). @opmy JAVUII umeroT MHOTHE KJIACCHUECKHE MOJIEIN TEOPUHU
BOJIH, HaIlpUMeEp:

ypaBHEHHWE  TpPOCTOM  BONHBI  Ox/Of + v(x)0x/0z=0, 1me x -

XapaKTepu3yIolasi BeJIM4YMHA, V — CKOPOCTh PACIPOCTPAHEHHsI BO3MYILECHHUS, B
o0umieM ciydae 3aBHCSIAs OT €ro BEJIWYMHbI, z — MPOCTPAHCTBEHHAs
KOOpJMHATa, 3Ta MOJIEIb MOXET ONUCHIBATh «YKPYUEHHE» M OINPOKHIbIBAHUE
PO ISl BOJIHEI;

ypasuenne Kopresera — me Bpusa 0Ox/0f + v(x)dx/dz + f8°x/éz° =0,
HamOosee MpocTas MOJENb, MMEIOMIasl PEIICHUsS COJUTOHHOTO THma (Tpy0o
rOBOpsi, ATO JIOKAJIM30BAHHBIE BO3MYUIEHMs, paclpOCTpaHSIOMMECS C
MOCTOSIHHOW CKOPOCThIO 03 u3MeHeHHs (OpMblI M COXPAHSAIOIINE ATH
XapaKTEPUCTUKU TOCIIE CTOJIKHOBEHUS IPYT C IPYTOM);

ypasHenne bBroprepca Ox/0f + v(x)0x/0z — a 0°x/6z* =0, mpocreiimas
MOJI€TIb, OIMCHIBAIOMIAsl BOJHBI B CHCTEMax C JUCCHUMAIMEH, B YacCTHOCTH,
yJapHbIe BOJHBI (IBIKEHHE 00JIaCTH PE3KOro Mepenajia 3HaueHUH x).

Cucrema, OMHMCHIBAIOMIASACS NaXXe YPABHCHHEM B YAaCTHBIX IMPOW3BOIHBIX
NEpBOr0 TMOpsSAKAa C OJHOM MPOCTPAHCTBEHHOM KOOpAMHATOM (Kak B
BBIILICYIOMSIHYThIX MpPUMEpPAX), sIBIsETCS OeckoHeuHOMepHOM. s 3amaHus ee
COCTOSTHUS HY>KHO 3a7aTh HayanbHyto pynkmmio x(0,z). Ecau paccmaTtpuBaercs

cucremMa 0€3 TPOCTPAHCTBEHHBIX TpaHUIl (3Ta HAcanu3anus yaoOHA, eciu
CHUCTEMa O4YEHb MPOTSDKEHHAs, a SBICHUA y €€ TIpaHull ciabo BIMSAIOT Ha
JUHAMHUKY M HE MHTEPECYIOT HCCIEAO0BaTeNs), TO 3Ta (PYHKIMS JOJDKHA OBITH
Ompe/ielieHa Ha BCEW YUCIOBOM ocu —o0< z <00, Ecnu ke mpocTpaHCTBEHHAs
MPOTSHKEHHOCTh CUCTEMbl OTpaHUYEHA, TO HadalibHas (QYHKUMS JOJKHA OBITH
3aJlaHa TOJIbKO Ha COOTBETCTBYIOIeM MpoMexyTke 0<z <L, a B KpaeBbIX
TOUYKaX 3aJIal0TCS T€ WM MHBIE KpaeBble yCIOBUsS, HApUMep, GUKCUPOBAHHBIC
KOHIIBI — x(¢,0) = x(¢,L) = 0. B mocnennem ciydae roBopsAT 0 KpaeBoil 3a1aye.
JAVUII MoryT uMeTh aTTpakTOpbl B BUJIE HEMOJBUKHBIX TOUYEK (COCTOSIHUS
paBHOBECHSI) W MPEACIbHBIX UKIOB U MPOYUX BHJIOB MaJOMEPHOW TUHAMUKH,
HO MOTYT JIEMOHCTPUPOBAaTh M OYEHb BHICOKOPA3MEPHYIO JAMHAMHKY (cHUCTeMa
OCCKOHEYHOMEpHA). DTOT BHJ MaTeMaTHYeCKOro arapara eme Oojiee OoraT
CBOMCTBaMM M CJIOKEH JJIsl UCCJIEJOBAHMS, YEM BCE paHEe PACCMOTPEHHbBIE B
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naHHOW TyaBe. DyHIAMEHTAIBHBII MHTEPEC BBI3BIBAET BOMPOC 00 YCIOBHUAX
CYLIECTBOBAaHUSA W €IMHCTBEHHOCTH pemeHus JAYUII, oTyacTtu B CBSI3U ¢ HUM
NPUBIIEKAIOT OOJIbIIOE BHUMAHME B TIOCIETHEE BPEMSI  pedCumMvl C
obocmpenusmu (KOT/Ia pElIeHHe CYIIECTBYET TOJIbKO HAa KOHEYHOM HMHTEpBAJEe
BPEMEHH ), KOTOPBIEC 10CTaTOYHO TUTIMYHEI [115, ¢.148-170].

VYpaBHEHUSAM B YAaCTHBIX MPOU3BOJIHBIX MOCBsIIEHa OOIIMpPHAs JTUTEPATYpa,
cM., Haripumep, [161, 54, 154, 109].

3.8. UckyccTBeHHBbIE HEIPOHHBIE CETH

UckycctBennsie HeiiponHsie cetn (MHC) — Buxg MaremaTuyeckux
MoOJIeIeH, KOTOpbIE CTPOATCS MO MPUHIMITY OpraHUu3aluu U (QyHKIIMOHUPOBAHUS
X OMOJIOTMYECKUX MPOTOTUIIOB — CETed HEPBHBIX KIETOK (HEHpPOHOB) Mo3ra.
Ucnone3yercs uaes 0 TOM, YTO HEMPOHBI MOKHO MOJAEIUPOBATH JIOBOJIBHO
MPOCTHIMH aBTOMAaTaMH (MCKYCCTBEHHBIMM HEWpPOHAaMH), a BCS CIOKHOCTb
MO3ra, TMOKOCTb €ro ()yHKIMOHHUPOBAaHUS W Jpyrue BaKHEWIIME KadecTBa
ONpEACISAIOTCA CBA3SIMU MEXAYy HeillpoHamu. TepMHUH «HEWPOHHBIE CETH»
chopmupoBaiics k cepenuHe 50-x romoB XX Beka [271]. O4yeHb aKTHBHBIC
UCCIIEIOBaHMs B 3TOM oOnacTu Benuch a0 70-X roJoB, a 3aTéM HMMEN MECTO
necAaTwieTHUH cran uatepeca. B 1980-e unTepec onatrh Bo3poauics (LIEHTPOM
BHUMaHHUSI CTaJu acCOLMATHBHAS MaMATh U HEUPOKOMIBIOTEPHI), U K KOHITYy 20
BEKa 4MCI0 MexayHapoaHblx KoHpepenuuit mo MHC u HelipokomnbroTepam
JOCTUTJIO COTHH.

Ecin  HMCKyCCTBEHHBII  HEHpPOH  MpeACTaBiIsseT CcoOOW  (PyHKIHUIO,
CBS3BIBAIOIIYI0 BXOJHOE€ U BBIXOJHOE 3HAYEHUS, M CUTHAJI B CETH
pacipocTpaHseTcss TOJbKO B OJHOM HamlpaBlieHWH (HET OOpaTHBIX CBA3EH), TO
HNHC raxke Oyner numb (QyHKIHEH, MpeoOpasyromield BXOJHOM CHTHAI B
BBIXOJIHOE 3Ha4YeHHe. | TaBHBIM 00pa3oM, 3TOT HamboJsiee MPOCTO BapHaHT MBI
KpaTko paccMoTpuM Hibke. Eciu ke ecTh oOpaTHble CBSI3M W/WMIM HEHpPOH
MPEACTABISIET COOOM CHUCTEMY C COOCTBEHHOW TWHAMHUKOW — OTOOpa)K€HUE, TO
NHC sBnsgercs MHOTOMEPHBIM OTOOpa)K€HHEM (CUCTEMOM  CBSI3aHHBIX
O0TOOpaXXeHH co crneuu(puuecKuMu CBOWCTBAMHU 3JEMEHTOB M CBS3EH), CM.,
HanpuMmep, [244]. AHaJIOrMYHO, €CIM HEMpPOH OMMCHIBAETCS OOBIKHOBEHHBIM
mudpdepenunanbabiM ypaBHenueM, To MHC ects cucrema cBsazanubix O/1Y,
CM., Hampumep, padoTs [82, 83].

3.8.1. CtangapTHblil popMasIbHBIA HEUPOH

Takoll MCKYCCTBEHHBIM HEHMPOH COCTOUT M3 aJalNTUBHOIO CyMMaTropa W
HeMMHeHoro npeodpazosarens (puc.3.23,a). Ha ero Bxoapl momaercss BEKTOP

BXOJTHBIX 3HAYEHHil TIepeMenHoi {x, }. KaxkmoMy BXO/y X, COOTBETCTBYET CBOii
BEC w;. Cymmarop OCYIIIECTBIISET B3BECILICHHOE (amanTuBHOE,

1

moACTPanBaArOUICCCA C ITIOMOIIBIO BGCOB) CYMMHUPOBAHHUEC BXOJ0B
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S:Zn:w,.xl., (3.41)

a HEIMHEWHBIN TTpeoOpa3zoBareb HOPMUPYET CUTHAJ Ha BBIXOJE HEWpPOHA

y=F(S). (3.42)
Q) e

B
Broms Cfl:-t,am:m w ‘b_/Q
X i Hueinea
1.--\\'\“"Wl‘xh HeHpOHA

.E:H R W Fm Bﬁo -
- Wiy ,Jendpumba\ “r
nbl// J=Fia ?_L ? Cunane
9—7{ / Axcon
0) & ™
0 S s S0

Puc.3.23. ®opmanbpHBIii U OHONOTHYECKUN HEHPOHBI: a) CXeMa MCKYCCTBEHHOTO HEWpOHa,
0) rpaduk (HYHKIUU CIUHUYHOTO CKayKa, B) HEUPOH OWMOJIIOTMYCCKUI (YepHBIMH TOYKAMH
OTMEUYEHBl BXOJIHBIC CHHAICHI, OCIBIMH — BBIXOJHOH, TPEYrOJIbHUKAMH — HAaIlpaBIICHHUE
CMeIleHus! BO30YXKICHNS)

Boi6op ¢ynkuuu aktuBaumu F Helipona omnpenensercs: 1) cneundukoit 3amaym,
2) ynobcTBOM peanuzanuu Ha DBM, B BUJIE JIEKTPUUIECKOM CXEMBI TN IPYTUM
criocoOomM, 3) anropuTMOM «0OyueHUs», cM. II. 3.8.4 (HEKOTOpBIE aITOPUTMBI
HAKJIapIBAlOT OTPAaHUYEHUS Ha BHUJ (QYHKIMM aKTHBauuH). Yamie Bcero BuA
HEJIMHEHHOCTH HE OKa3bIBaeT MPUHIMIIMAIBHOTO BIUSHUS Ha PELICHUE 33Jauu.
OnHako yJqauHbld BEIOOP MOXET COKPAaTHTh BpeMsl 0Oy4EHHsI B HECKOJIBKO Pas.
[lepBoHauanbHO B KauecTBe (PyHKIUH F 4aCTO UCTOI30BATACh «CTYHEHbKA»

0, S <0,

F(S)= (3.43)

1, S>0,
rpaguk KOoTOpoW mpuBeAeH Ha puc.3.23,0. B Hacrosmee Bpems IepedcHb
BO3MOJKHBIX BUJOB (DYHKIIMM aKTUBAIMM 3aHSUT OBl CIMIIKOM MHOTO MecTa [79,
346]. B wyacTHOCTHM, BecbMa pacHpOCTpPaHEHAa HEIUHEWHas QyHKUUSA C
HACBHIIIEHUEeM, TaK Ha3blBaeMas JIOTHCTHYECKas (PYHKUUS WINM KIACCUYECKHI
CUTMOUI:

F(S)=

(3.44)
l+e

—as ?

[Ipu yMeHBbIIIEHUHW ¢ CUTMOHJ CTAaHOBHUTCS OoOjiee TOJIOTMM, B TIpejeiie IMpHu
o =0 BBIPOXKIASACHh B TOPH3OHTAIBHYIO JIMHUIO HA ypoBHE 0.5. [Ipn yBennyeHnn
¢ CUTMOUJI IPpUONIKaeTcsa K GyHKIUHA €TUHUYHOTO cKauka (3.43).

136



I'maa 3. {lunamuueckue mooenu 3800yuu

BxonHble 3HaueHMs] NMEPEMEHHOW X; MOXHO YINOZOOUTH BO30Y>KICHHUAM

BXOJHBIX CHHAIICOB pealbHOro (Ouosoruuekoro) HeWpoHa puc.3.23,B,
MOCTYMAIOIIUX C JIEHAPUTOB OKPYXAIOIIMX HEPBHBIX KJIETOK 4Yepe3 CHHAICHI
(Mecta coenuHeHuil). Y peanbHbIX HEHPOHOB MOXET OBbITh OT E€AMHHUIL IO
JIECSITKOB THICSY JICHAPUTOB, C MOMOILBIO KOTOPBIX «COOUpaeTcss HHPOpMaIus»
O COCTOSSHUM KJIETOK, C KOTOPBIMHM YCTaHOBJIEHA CBSI3b. YPOBEHb CBS3U B
MOJIEJIA OTpaXkaroT BecoBble Ko3(duuumentsr w;. Hocurtens mupopmanyu B

HEPBHBIX KJIETKaX — CKAa4yOK MeMOpaHHOIro MOTeHIHMajla (HEpBHBIM HMITYJIbC,
cnaiik). OH ¢popMupyeTcs B KJIETKE MOCIe TOro, Kak COBMECTHOE BO3ZCHCTBHE
JNEHAPUTOB MPEBBICUT HEKOTOPOE KPUTHUECKOE 3HAYEHHE, YTO MOJEIUPYETCS B
(dopmManbHOM HEHpOHE CYMMHUpPOBAaHMEM U HEJIHWHEHHBIM MpeoOpa3oBaHUEM, U
pacrpocTpaHseTcsl 0 aKCOHY KakK BOJHA M3MEHEHHUS MOJSpU3aluid MEMOpaHbI.
IIpuxonast B cMHAICHI, TaKas BOJIHA BBI3BIBAET BBIJCICHHE BEIIECTB HA3bIBAEMBIX
HelpoMeauaTopamu, KOTopble AUPPYHAUPYIOT K JEHAPUTAM APYTUX HEHPOHOB,
CBSI3aHHBIX C JAHHBIM aKCOHOM, MpPeoOpa3ysch pelentopaMm B 3JIEKTPUUECKUN
UMITyJIbC BO30ykaeHus.'* Tlocime reHepanuM WMITyJbCa KIETKA OKa3bIBAETCS
HEBOCIIPUUMYMBOM K BHEIIHUM BO3JCHUCTBUSM B TEUEHHE HEKOTOPOIO
uHTepBajia BpeMmeHH. llocienHee COCTOSHUE HA3bIBAIOT pedpakmepHbiM.
Mo3HO CKa3aTbh, YTO MBI UMEEM JIEJIO C BO3OYAMMON CUCTEMOM, KOTOPAst MOYKET
HAXOJUThCA B (haze noxos (10 cpabaThIBaHUs), 8030yocoenuss (IPU TIPOBEACHUH
UMIIyJbca) U pedpaxmeprocmu (B TEUEHUE OMPEICICHHOTO BPEMEHH IOCTe
MPOXOXKACHUsI HMITyJbca). Hamumuume pedpakTepHOro mnepuona OIpeaesieT
MpeieIbHO BO3MOXKHYIO YAaCTOTY T€Hepaluy uMItysibcoB (He Ooisee 200 I'm).

3.8.2 ApxutekTypa u KiaccupuKauu HEHPOHHBIX ceTel

IIpu cozgannn MHC ucnonp3yroT HECKOJIBKO CTAHIAPTHBIX APXUTEKTYP, U3
KOTOpPBIX IIyTeM BBIPE3aHUsl JIMINHEr0o WiIKd (pexe) [100aBIEHUs CTPOST
OOJBIIMHCTBO  HUCHOJB3yEeMBIX  Mojened. ba3oBbIMM  cuMTaloTcs  JIBE
ApPXUTEKTYpbl: TOJIHOCBS3HBIE W  CJOUCThIE (MHOrOCJIOWHBIE) ceTu. B
NOJHOCBA3HbIX HEUPOHHBIX cemsAx KaXKIbli HEUPOH IepelacT CBOW BBIXOIHOM
CUTHAJ OCTaJIbHBIM HEMpoHaM, B TOM uucie U camoMmy cebe. Bce BxomHbIe
CUTHAJIBI TIOJJAI0TCS BCEM HeWpoHaM. BBIXOIHBIMU CUTHAIaMU CETH MOTYT OBIThH
BCE WJIH HEKOTOPHIE BBIXOJHBIC CUTHAJIBl HEHPOHOB IOCIIE HECKOJIBKUX TaKTOB
(yHKIMOHUPOBAHMSI CETH.

14 o
CYH_IGCTByIOT 1 YUCTO JJICKTPUICCKHUEC MCXaHN3MbI CBA3U HCHUPOHOB.
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BhixoaHoR
CnoiA

BxogHoi

i Crpemele cnou
cnoi

Puc.3.24. Cetp npsiMoro pacnpocTtpaHeHus (EpCenTpoH) U3 TPeX CIOEB

B mmnozocnotinvix netiponnvix cemsax HEUpOHBI OOBEAUHSIOTCS B CJIOU
(puc.3.24). Cnoit coAepXUT COBOKYITHOCTh HEHPOHOB C €IWHBIMU BXOIHBIMHU
curHagamu. Yucio HEWpPOHOB B CJIOE€ MOXKET OBITh JFOOBIM W HE 3aBUCHUT OT
KOJIMYECTBAa HEHPOHOB B JIPYruX closix. B oOmiem ciiydae ceTh COCTOUT W3
HECKOJIbKMX CJIO€B, MPOHYMEPOBAaHHBIX CJI€Ba HaIpaBO. BHeNIHHME BXOJ/HbBIC
CUTHAJIBI TIOJIAIOTCSI HA BXOJIbI HEMPOHOB BXOJHOIO CJIOS (E€T0 YacTO HYMEPYIOT
KaK HYJIEBOM), a BBIXOJAMH CETU SIBJISIOTCS BBIXOJIHBIE CUTHAJIbI MOCIEAHETO
ciosi. KpoMe BXOJIHOTO M BBIXOJIHOTO CJIOEB B MHOT'OCJIOMHOW HEHPOHHOU CeTH
€CTh OJIMH WJIM HECKOJIPKO TaK HA3bIBAEMBIX CKPbIMbIX C10e8. B 3aBUCUMOCTH OT
TOTO, TIEPEAAIOT JIU MOCJICIYIONINE CJIOM CBOM CUTHAJIBI Ha TPEABITYIIHE CIIOH,
pasnuyaroT cetu mpsmoro pacmupoctpadeHus (feedforward networks, cetn 6e3
0oOpaTHBIX CBSI3EH) M CETH ¢ OOpaTHBIMH CBs3siMU (recurrent networks). Criexyer
UMETh B BHJY, YTO IIOCIIC BBEACHHS OOpATHBIX CBS3EH CETh yKE€ HE IMPOCTO
OCYILIECTBIIIET OTOOpa)KEHWE MHOMKECTBAa BXOJHBIX 3HAYCHHN HA MHOXECTBO
BBIXOJIHBIX, OHa TMpeBpaliaeTcss B JTUHAMUYECKYI) CHCTEMY BBICOKOM
pa3MEpHOCTH, W BO3HUKAEeT BOMpPOC O ee ycroiunBoctu. Kpome Toro,
HEWPOHHBIC CETU MOXKHO Pa3JIeUTh Ha

1) roMoreHHbIe U TETEPOreHHBIC (T.€. ¢ eAMHON (DYHKITMEH aKTUBAIMH IS
BCEX HEHPOHOB WJIHM C PA3IMYHBIMU (QYyHKIMSIMU aKTUBAIIHH ),

2) OunHapHble (ONMEPHUPYIOT TOJBKO JBOMYHBIMU curHamamu 0 u 1) u
aHaJIOTOBBIE (OMEPUPYIOT C BEIIECTBEHHBIMU YUCIIAMU);

3) CUHXpOHHBIE U ACUHXPOHHBIE.

MNHC paznuyarorcst TakKe MO YUCIY ClIoeB. TeopeTUYeCKH YUCIIO CJIIOEB U YHUCIIO
HEUPOHOB B KaXJIOM CIIO€ MOXXET ObITh MPOU3BOJLHBIM, OJHAKO (haKTHUECKH
OHO OIrPAaHMYCHO pECypcaMH KOMIIBIOTEpA WU  CICIHAIM3UPOBAHHBIX
MHUKPOCXEM, Ha KOTOPHIX OOBIYHO peain3yeTcsi HeHpoceThb. UeM ClIoXKHEe CETh,
TeM 0oJiee CI0KHBIC 3a]]a4i OHA MOYKET peliaTh.

3.8.3. OCHOBHBIE CBOMCTBA U PELIAEMBIE 3aaU1

HecmoTpss Ha mNPUMUTHBHOCTH B CpPaBHEHUU C OHOJOTHMUYECCKUMU
cucteMamu, aaxe mMHorocioiasle MHC npsiMoro pacmpoctpaHeHus: 00i1aiaroT
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PSZOM TIOJIE3HBIX CBOMCTB M CIIOCOOHBI pEIIaTh OYEHb BakHbie 3amauu. K
TaKHM CBOMCTBaM B IIEPBYIO OUYEPE/Ib CIEAYET OTHECTH:

1. O6yuaemocms. BribpaB oany u3 apxutektyp HC u cBoiicTBa HEHPOHOB,
a TaKKe MPOBEIsS AJITOPUTM OOYUYEHHsS, MOXKHO «OOYyYHMTb» CETh PEIICHUIO
3a71a4, KOTopas €l no cwiam. Het rapaHTuii, 4TO 3TO yIacTCA CIENaTh BCETa,
HO BO MHOTHX CITyJasix 00y4eHHEe ObIBACT YCIICIITHBIM.

2. Cnocobnocmv k 06006wenuro. Ilocnme 00ydeHUS CEThb CTaHOBHTCS
HEYYBCTBUTEIBHOM K MaJlbIM M3MEHEHHUSM BXOJHBIX CUTHAJIOB (IIyMy WU
BapHalMsIM BXOJHBIX 00pa30B) U JJa€T MPaBUIIbHBINA PE3yJIbTAT Ha BBIXOJIE.

3. Cnocobrocmb k abcmpacuposanuto. Eciny IpeabsiBUTh CETH HECKOJIBKO
UCKQXCHHBIX BapHAaHTOB BXOJHOrO0 o0Opa3a, TO CETh caMa MOXET CO3/JaTh Ha
BBIXO0/I€ UCAIbHBIN 00pa3, ¢ KOTOPHIM OHA HUKOT/1a HE BCTPEYaIach.

Cpenu pemraeMbIX 3ajad CIEQyeT BBIACIUTh paclo3HaBaHue 00pa3oB
(HampuMep, 3pUTENBHBIX WM CIYyXOBBIX), pEAIN3alMI0 aCCOLMAaTUBHOMI
namsaTu', KiaacTepusanuio (pasOrMeHre U3y4aeMOd COBOKYITHOCTH OOBEKTOB Ha
IPyNIBl CXOXKUX MEXKAY COO0O0H), ammpoKCHUMAalMi0 (QYHKIUM, MpencKazaHue
BpeMeHHbIX psnoB (cMm. 1. 10.2.1.3), ympaBieHue, HpPUHATHE pPELICHUM,
JIMarHOCTHKY.

MHorue Y3  NEpEeUYUCIEHHBIX  3aJad  CBOAATCS K  CleAyrolen
MaTeMaTH4ecKoi mocTtaHoBKe. HeoOXoauMo MOCTPOUTH Takoe OTOOpaXkeHHe
X — Y, 9To0bI B OTBET Ha KaXIbI BO3MOXHBIM cuUTHaT X GopMHUpOBaJICS
NPaBWIBHBIM BRIXOIHOM curHan Y. OtoOpaxkeHue 3aaeTcs KOHEYHBIM YHCIIOM
map (BXOJl, M3BECTHBIM BBIXOM). Uncimo 3Tux map (0O0ydaronux MpPHUMEpPOB)
CYIIECTBEHHO MEHbIIIE OOIIEr0 4YHucida BO3MOXHBIX COUYETAHUW 3HAYCHUI
BXOJHBIX U BBIXOJHBIX CHUTHaNoOB. COBOKYITHOCTh BCEX OOyYaroIIMX MPUMEPOB
HOCUT Ha3BaHUE obOyuaiowjeli evibopku. Hampumep, B 3a1adax pacro3HaBaHUS
o0pa3oB X — HEKOTOpoe TpejcTaBiieHHe oOpa3a (M300pakeHHe, BEKTOp), Y —
HOMEp KJacca, K KOTOPOMY TMPUHAAJICKHUT BXOAHOM oOpa3. B 3amauax
ynpasiieHus: X — Ha0Op KOHTPOJIUPYEMBIX apaMETPOB YIPABIEMOI0 OObEKTa,
Y — kon, ompenensoomuii yHpaBISIFONIEE BO3JECHCTBUE, COOTBETCTBYIOLIEE
TEKYIIMM 3HaYEHHUSIM YIPABISAIONIMX MapaMeTpoB. B 3agauax mporHo3upoBaHus
B KaueCTBE BXOJHBIX CHUTHAJIOB WCHOJB3YIOTCA 3HAYCHHsI HaOII0IaeMOi
BEJIMYMHBI 10 TEKYIIEr0 MOMEHTa BPEMEHHU, Ha BBIXOJE — CIEIYIOIIUE BO
BPEMEHHM 3HAUEHUS HAOII0JaeMOW BEJTUYMHBI.

Otn 1 BooO1Ie OOJbIIast YacTh MPUKIAIHBIX 337a4 MOXKET OBITh CBE/IEHA K
MIOCTPOCHHIO HEKOTOpPOM MHOroMepHou ¢yHkumu. KakoBel mnpu 3TOM
BO3MOXHOCTH HEHpoceTeil, KOTOpble, Kak OBLIO BUAHO W3 OINUCAHUS HUX

" B wmomemn Bemunciennii gon Heiimama (MCIIONb3yeTcsi B OOBIMHBIX KOMITBIOTEPAX)
oOpalieHue K HaMaTd JOCTYIHO TOJBKO IMOCPEICTBOM ajpeca, KOTOPHIH HE 3aBUCHUT OT
COJIEp)KaHus NaMATH. ACCOLIMaTUBHAS MMaMATh JOCTYIIHA M0 YKa3aHUIO JaHHOTO COAEpPKAHMS.
ConepkuMoe MaMSATH MOXET OBITh BBI3BAHO HaK€ IO YAaCTUYHOMY WM HCKAKCHHOMY
COJIEPKaHUIO.
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CTPYKTYDHI, BBIUUCIISIOT JIMHEHHBbIE W HENMHEWHbIe (QYHKIUU 00HO20
nepemenHo20, a TaK)Ke BCEBO3MOXKHBIE KOMITO3MIIMUA — (PYHKIUU OT (YHKIUH,
nojlydaeMble TpH KacKaJHOM COEIMHEHUU (KOMIO3UIMH) HeipoHOB. YTO
MOXKHO TIOJMY4YWTh, HUCHOJB3Ys TOJbKO Takue omnepanuu? Kakue QyHKIIH
yJacTCsl BBIYUCIUTH TOYHO, @ Kakue (YHKIHUHU MOXHO CKOJb YTOAHO TOYHO
anmnpoKCUMHUPOBAaTh C TOMOIIBI0 HEUPOHHBIX ceTeil? B pesynbTaTe
MHOT'0JIETHEN HayYHOU MOJEMHUKH MexXy KoiMoroposiM n ApHOIBAOM Oblia
JI0Ka3aHa BO3MOXKHOCTb TOYHOI'O MIPEJICTaBICHUS HEMPEPhIBHBIX (YHKIUN
HECKOJIbKUX MEPEMEHHBIX B BUJI€ KOMIIO3UIIMKM HENPEPBHIBHBIX (DYHKLIUNA OJJHOTO
nepemMeHHoro u cinoxenus [92, 15]. Haubonee mnonmHo Ha Bompoc 00
anmpOKCUMAIIMOHHBIX CBOMCTBaX HEHPOHHBIX CETed OTBEYaeT 00O0OIIeHHAs
TeopeMa CroyHna [320], KOTOpass  YTBEpPXKIAaeT  YHHUBEPCAIbHBIE
anmnpOKCUMAIIMOHHBIE ~ BO3MOXXHOCTH  TPOM3BOJIBHOM  HEJIMHEWHOCTH:  C
IIOMOIIBIO JIMHEWHBIX ONEpaldii M KaCKaJIHOTO COEJUHEHMsS] MOXHO Ha Oasze
IIPOU3BOJILHOTO HEJIMHEHHOTO 3JIEMEHTA MOJIYUYUTh YCTPOICTBO, BEIYHUCISIONIEE
TH00YI0 HENpEphIBHYI (QYHKLIUIO C JIFOOOH Hamepea 3aJaHHOM TOYHOCTBIO.
[Tonynsiproe m3noxenue teopem KommoropoBa m CroyHa B NPUMEHEHHH K
HEUPOHHBIM CETAM MOXHO Haith B [63]. Takum 00pa3om, HEUPOHBI B CETH
MOTYT MCIOJb30BaTh MPAKTUYECKH JIIOOYI0 HEIMHEHHYIO (PYHKIUIO aKTUBAIUH,
BaKEH JUIIb (HaKT ee HeTuHeHMHocTu. VTak, MCKyCCTBEHHbIE HEUPOHHBIE CETH
MOTYT «04eHb MHOT0€». OCTaeTcs OTKPBHITHIM JPYTroi BOIPOC — KaK UX 3TOMY
«HAYUYUTB»?

3.8.4. O6yuenue

B mpormecce ¢pyHKIMOHUpOBaHUS HEHpOHHAS CeTh (HOPMHUPYET BBIXOTHOM
CUrHaJI Y B COOTBETCTBUU C BXOJHBIM CHUTHAJIOM X, peanu3ys HEKOTOPYIO
¢ynkmuio Y =g(X). Eciu apxurekTypa ceTu 3amaHa, TO 3HAYCHHUS g

OIPEIEIAIOTCA CHHANTHYECKUMU BECaMU. BIOOp ONTUMANIbHOTO 3HAYEHUS ITUX
IapaMeTpoB HasbplBaeTCs 0OydeHHeM ceTH. CyIlecTBYIOT pas3Hble MOIAXOIbI K
0o0y4eHHI0.

Obyuenue ¢ yuumenem. IIpu 5ToM IS IOCTPOEHUS PELICHHS UCIIOIb3YETCA
oOyyaromas BBIOOPKa — TMapbl HM3BECTHBIX BXOJIHBIX-BBIXOJHBIX 3HAYCHUM
(X 1,)’1), oo (X 4 N). [TycTts 3HaYeHHs BEKTOPOB X U Y CBsA3aHBI HEKOTOPBIM

cootHomenueM Y =g(X), B uwactHocty, Y, =g(X;), i=1...,N. Oynkuust g

Hem3BecTHA. OO03HaUMM E — (YHKIMIO OIMMOKH, IOKa3bIBAIOIIYIO CTCIICHBb
OJIM30CTH MPOU3BOILHON QYHKINH f K QyHKIINH Z.

Pemute mnocTaBieHHYIO 3ajady C MOMONIIBI0 HEWPOCETH 3aJaHHOU
ApPXUTEKTYpPbl O3HAYAET MOCTPOUTH (QYHKUUIO f, TOJ00paB CHHANTUYECKUE BECa
TakuM 00pa3oM, yToObl (yHKUHMs OmMOKM ObUla MUHMMalbHOW. B Hambonee
MPOCTOM CiIy4yae OOy4YeHHE COCTOUT B MOUCKE (PYHKIWH f, MUHUMH3HPYIOIEH £
Ha oOyuaromeid BbiOOpke. OHO TpeOyeT MATUTENbHBIX BBIYMCICHUN H
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npeacTaBiIsieT co00il WUTEepalMOHHYI0 MpOoIenypy (YMCiIO HUTeparuil MOXKeT
coctapmsate ot 10° 1o 10%). Ecnm BeiOpana oOyuaromas BbIOOPKa M BHJ
¢yskiuun E, TO OO0yueHHEe ceTHM TMpeBpaliaercs B 3aJadyy MHOTOMEpPHOU
HEJIMHEWHOW OoNTUMU3aIMu [73], KOTOpas 3a4acTyro SIBJISETCS KpailHE CIIOXKHOMN
B MPaKTUUYECKOM IuIaHe (cM. Takoke 1. 10.2.1.3).

[TockonbKy CcO3/aHUE WHTEIICKTYaIbHBIX CHCTEM Oa3MpyeTcsi BO MHOTOM
Ha OMOJOTrMYECKHX MPOTOTUHNAX, 10 CHUX MOP HE IMPEKpallaeTcsi CIop O TOM,
MOXXHO JIM CUUTaTh AJNTOPUTMbI OOYUYEHHUSI C YYHUTEJIEM aHaJOTHYHBIMU
MPUPOJHBIM MpoIeccaM 00yUYESHHUsI, UM OHU MOJTHOCTHIO UCKYCCTBEHHBI.

Obyuenue 0e3 yuumens. VI3BeCTHO, 4TO HEWPOHBI 3PUTEIBHOW KOPBI,
HaIpUMep, y4yaTcsl pearipoBaTh Ha CBETOBbIE MMITYJIbCHI JIMIIb MOJ ACHCTBHEM
caMHUX MMITYJIbCOB, 0€3 BHEITHETO yUHUTENsl. B 4aCTHOCTH MBI CITIOCOOHBI PEIIUTD
TaKyIO CJIOXHYIO 3a7a4y, Kak BbIJEJIEHHE 00pa30B HA MPEIbsBICHHONW KapTHUHE
1 T.11. OHAKO BBICIINE ATANbl 00yUeHUs, HAIIPUMEp, Y IETe, HEBO3MOXKHBI 03
«y4duTels» B JHIE ero poaurtens. Kpome Toro, ornenpHbIE 00JaCTH B MO3TE
BIIOJTHE MOTYT BBIMIOJHATH POJIb «YUHUTENEW» A APYrHX oOJacTei, ympaBiiss
UX aKTUBHOCTHIO. 1109TOMY HENb3s OJHO3HAYHO CKa3aTh, KAKOW THUII 00y4YeHUs
OMOJIOTMYECKH MPaBAOI0A00HEE — C YUUTEIEM WM O€3 Hero.

B mmpoxo pacnpoctpaHeHHOM BapuaHTe oOydeHue 0e3 YUUTeNsl BBITJISAUT
cienytromuM  obpazom. HMmeercs Habop BXomHbIXx BekTopoB. Habopa
COOTBETCTBYIOIIMX BBIXOAHBIX BEKTOPOB HeT. OOy4YuTh CEThb O3HaYaer
nonoOpaTh €€ MmapaMeTpbl Tak, 4YTOObl OHAa HEKOTOPBIM «ONTHUMAJIbHBIMY)
obpasoMm kinaccudurpoBana Bxoaueie BekTopsl. MHC Hamo 00yunTs pa3ouBaTh
MHOYKECTBO BXOJHBIX BEKTOPOB Ha TPYMIIHI (KJIacchl) TakK, YTOOBI B OJUH KIIACcC
nonagany OJu3Kue APYT K APYTry BEKTOPBI, a OTIMYUS MEXIY KJIacCaMH OBLIH
OTHOCHUTEJIBHO BEJIHMKH. JTO JIelaeTcs IyTeM ONTHUMM3ALMK LEJIEBON (PyHKIUH,
3aBHUCSIIENH OT JABYX YHNOMSHYTHIX (hakTopoB. Ilpu mogaue HOBOro BXOJHOTO
BEKTOpa, OOy4YeHHas CeThb OTHECET €ro K OJHOMY M3 KJIacCOB, KOTOpbIE OHa
chopmupoBasia cama (0e3 yuutensi). OAUH U3 CaMbIX U3BECTHBIX MPUMEPOB
Takoro crocoda pemieHus 3anad kinaccudukanuu — o0ydyeHue cetu KoxoHneHa,
CM., Harpumep, [79].

B mnacrosimmiee Bpemsi cymiecTByeT Macca JUTEpaTypbl MO HEHPOHHBIM
CETSIM, OCBEIIAIONIEH CaMble PAa3IMYHBIC BOIMPOCHI OT BHIOOPA APXHUTEKTYPHI
NHC no o0yueHus: 1 NpakTHYECKUX MIPUMEPOB NMPUMEHEHMS. B TOM uncie ecTsb
MHOXECTBO padoT, AOCTYIHBIX MIHpoKoMy uutarento [115, ¢.171-203, 63, 64,
69, 79, 164, 346]. HekoTtopsle [ONONHUTEIbHBIE JETANU MW MPUMEPHI
npumenenus MHC nipu MoaenupoBaHuy 10 BPEMEHHBIM PsiiaM MPEACTaBICHBI B
nm. 10.2.1.3, 10.2.1.6.
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