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Abstract Using an example of a radiophysical generator model, scenarios for the formation of various
chaotic attractors are described, including chaos and
hyperchaos. It is shown that as a result of a secondary
Neimark–Sacker bifurcation, a hyperchaos with two
positive Lyapunov exponents can occur in the system.
A comparative analysis of chaotic attractors born as a
result of loss of smoothness of an invariant curve, as a
result of period-doubling bifurcations, and as a result
of secondary Neimark–Sacker bifurcation was carried
out.
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1 Introduction
The chaos generated by nonlinear dynamical systems
was discovered in the first half of the twentieth century. Chaotic dynamics is a fundamental property of
nonlinear systems, which was revealed in nearly all
areas of science, namely physics, radiophysics, optics,
biophysics, Josephson contact dynamics, neurodynamics, mechanics, chemistry, etc. [1–3]. During that time,
numerous studies on the properties of chaos were conducted, the scenarios of chaos emergence were discovered, and multiple applications productively using
dynamical chaos were developed.
Chaos is most reliably diagnosed using Lyapunov
exponents [4,5]. According to the number of positive Lyapunov exponents, hyperchaos can be classified when there are two or more positive exponents in
the spectrum. To this date, the properties of dynamical chaos with one positive Lyapunov exponent are
described in detail. Also, a sufficiently large number of
models with hyperchaos were presented, among others,
in [6–15]. However, the scenarios of hyperchaos formation are poorly studied. One of the scenarios described
in [16–23] is associated with riddling bifurcation. The
authors described the transition from chaos to hyperchaos in three stages: (i) the saddle-repeller bifurcation
of a particular unstable periodic orbit usually of a low
period, (ii) the appearance of a repelling node in the
saddle-node bifurcation, after which the chaotic attractor becomes riddled, (iii) the absorption of the repeller
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originally located beyond the attractor by the growing attractor. Also we would like to mention papers
[24–26] where different scenarios of chaos formation
were discussed on the example of a three-dimensional
map. The scenarios discussed in [24–26] are associated with destruction of torus. In addition, the papers
[24,25] demonstrated the possibility of hyperchaos on
the parameter plane.
Overall, a review of the models with quasiperiodic behavior shows that in such systems hyperchaos appears quite often with variation of parameters [14,27–30]. For example, in a recent paper [14],
a model with hyperchaos was proposed, in which
quasiperiodic oscillations were observed as well. It is
typical for flows [27–29], as well as maps [24–26].
In a recent paper [27], a possibility of hyperchaos
occurring via secondary Neimark–Sacker bifurcation
on example of two coupled antiphase-excited Toda
oscillators was shown. Also in the systems with stable
multi-frequency quasiperiodic oscillations, hyperchaos
with several positive Lyapunov exponents is usually
observed [31,32].
The main goal of the present paper is to describe
formation of the hyperchaos via secondary Neimark–
Sacker bifurcation in numerical experiments using
the simplest flow model. In our publication, we will
analyze the formation of different chaotic attractors
including hyperchaos on example of autonomous fourdimensional model with quasiperiodic dynamics. The
paper is structured as follows. In Sect. 2, we are going
to describe the model in question. In Sect. 3, we will
discuss specific features of the parameter plane and
localize the domains of existence of various chaotic
attractors. In Sect. 4, we will describe in detail and compare the features of different types of chaotic attractors’
formation including hyperchaos.

2 Object of study
A minimal dimension of a dynamical flow system in
which hyperchaos can occur is four (N = 4). In papers
[33,34], an autonomous four-dimensional system was
proposed. This system represents a radiophysical generator, in which autonomous two-frequency quasiperiodic oscillations were implemented:
ẋ = mx + y − xϕ − d x 3 ,
ẏ = −x,
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ż = ϕ,
ϕ̇ = −γ ϕ + γ Φ(x) − gz,

(1)

1, x > 0
−1, x ≤ 0.
Here, x, y, z and ϕ are dynamical variables. The first
two equations in system (1) is van der Pol oscillator
and the other two describe feedback loops. m is the
parameter of excitation, d is the parameter of nonlinear dissipation, γ is the parameter of damping, and g
is the inertia parameter. In [33], it was shown that in
system (1), a Neimark–Sacker bifurcation produces a
two-frequency torus; several bifurcations of the torus
doubling, and then torus destruction through the loss of
smoothness of an invariant curve, as well as the possible
internal synchronization were demonstrated. In [35], it
was shown that in system (1) on the base of the synchronization tongue of period-4, a secondary Neimark–
Sacker bifurcation occurs. In the present paper, we will
consider in detail the parameter plane in the vicinity
of secondary Neimark–Sacker bifurcation, investigate
the further transformations of the two-frequency torus
at variation of parameters and describe the features of
formation of chaotic dynamics.
where Φ(x) =

1+sgnx 2
x ,
2

sgnx = {

3 Dynamical regimes: chaos and hyperchaos
A convenient tool for studying complex dynamical systems which allows to localize areas of quasiperiodicity, chaos and hyperchaos is the method of charts of
Lyapunov exponents [5]. The full spectrum of the Lyapunov exponents was calculated with Benettin algorithm and Gramm–Schmidt orthogonalization [4]. We
have to mention, that, strictly speaking, in our numerical experiments, we determined so-called “finite-time
local Lyapunov exponents” [36,37]. It means that Lyapunov exponents may vary for different trajectories and
their computation were implemented for a finite-time
interval. In numerical experiments, we can vary interval
between renormalizations in Benettin’s scheme changing finite-time interval and accuracy of computation.
Increase in accuracy leads to an increase in time of
computation, and we should choose trade-off between
these characteristics. For construction charts, we use
time interval between renormalizations equal to 0.1
and make 70,000 iterations (it corresponds to phase trajectory length 7000); for separate points we check the
accuracy and use time interval equal to 10.0. Further,
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Fig. 1 Chart of Lyapunov
exponents for system (1)
and it zoomed fragment in
the vicinity of transition
from two-frequency
quasiperiodic torus to chaos.
NS is Neimark–Sacker
bifurcation, NS 4 is
secondary Neimark–Sacker
bifurcation on the base of
the period-4 limit cycle

we will use term “Lyapunov exponents,” suggesting
“finite-time local Lyapunov exponents.”
Figure 1 shows a chart of Lyapunov exponents for
model (1) in the vicinity of the period-4 tongue (a)
and a zoomed fragment in the vicinity of the toruschaos transition (b). These charts were constructed as
follows: For each point of the parameter plane, the
full spectrum of the Lyapunov exponents was calculated. Depending on the spectrum signature, the point
on the parameter plane was colored in one or another
color in accordance with the palette presented in the
bottom of Fig. 1. (Table 1 also shows the signature
of the regimes and its symbols.) In Fig. 1a, the numbers 1 and 4 designate the areas of periodic oscillations with the corresponding period, the letters N S and
N S 4 note the Neimark–Saker bifurcation lines based
on the limit cycles of period-1 and period-4, respectively.
Figure 1 shows that with an increase in the parameter m, the birth of a two-frequency torus is observed on
the basis of the limit cycle of period-1. Figure 2a shows
two-dimensional projections of the phase portraits in
the Poincaré sections by surface x = 0 for the limit
cycle of period-1 (fixed point) and the torus born on
its base (invariant curve). Within the domain of twofrequency quasiperiodicity, synchronization tongues
with different winding numbers are observed. The most
expressed tongue is the tongue of period-4. Figure 2b
shows two-dimensional projections of the phase portraits in the Poincaré sections corresponding to two
adjacent values of the parameter m before and after
the birth of the limit cycle of period-4 on the torus. The
peculiarity of this tongue is that with an increase in the

Table 1 Accordance between signature of the Lyapunov exponents spectrum of observed regimes and symbols used for the
charts of Lyapunov exponents
Regime

Symbol

Spectrum of
Lyapunov
exponents

Periodic

P

Λ1 = 0, Λ4 <
Λ 3 < Λ2 < 0

Quasiperiodic

T

Λ1 = 0, Λ2 =
0, Λ4 < Λ3 <
0

Chaos

C

Λ1 > 0, Λ2 =
0, Λ4 < Λ3 <
0

Hyperchaos

H

Λ 2 > Λ1 >
0, Λ3 =
0, Λ4 < 0

Divergency

D

parameter m inside it, a secondary Neimark–Sacker
bifurcation (N S 4 ) occurs, and on the basis of the limit
cycle of period-4, a two-frequency torus is born again.
For this bifurcation, one can see (Fig. 2c) that in the
vicinity of each of the fixed points, an invariant curve
is born, i.e., the torus becomes a 4-turn, it is so-called
multilayered torus [38,39]. Along secondary Neimark–
Sacker bifurcation line, Arnold tongues are observed;
however, in this case, the synchronization will occur on
the base of multilayered torus. Thus, we will see hierarchy of synchrony regimes corresponding to different
multilayered tori.
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Fig. 2 Two-dimensional projections of phase portraits in the
Poincaré section by surface x = 0 demonstrating main bifurcations in system (1) at g = 0.25: a Neimark–Sacker bifurcation, m = 0.095 (black dot corresponding to the limit cycle
P1), m = 0.097 (red invariant curve corresponding to the torus
T1:P1); b synchronization on the torus, m = 0.106 (red invari-

ant curve corresponding to the torus T1:P1), m = 0.107 (black
dots corresponding to the limit cycle P4:T1:P1); c secondary
Neimark–Sacker bifurcation, m = 0.115 (black dots corresponding to the limit cycle P4:T1:P1), m = 0.116 (red invariant curves
corresponding to the torus T4:P4:T1:P1). (Color figure online)

With a further increase in the parameter m, the torus
collapses with the formation of chaotic attractor. At
the same time, as seen on the parameter plane, it is
formed as chaos with one positive Lyapunov exponent
(gray color), as well as hyperchaos with two positive
Lyapunov exponents (white color). Figure 1b shows
a zoomed fragment of the parameter plane, where
the transition to chaotic and hyperchaotic dynamics is
shown in more detail.
To discuss and trace the dynamics of the system, let
us introduce two indicators: the cycle number and the
torus number, with which one can monitor the origin
of the limit cycle or torus, as well as its position in
the hierarchy. These indicators will include sequences
of numbers corresponding to periods of a limit cycle
and tori, with an additional letter designation indicating
the type of dynamical behavior T or P for a torus or a
limit cycle, respectively. So, for instance, the basic limit
cycle will have the cycle number P1; after the Neimark–
Sacker bifurcation occurred to it, a torus appeared with
the torus number T1:P1, which means that the torus
originated on the basis of the limit cycle of period-1.
The limit cycle of period-4 appeared on torus T1:P1
will have the cycle number P4:T1:P1, and the torus
resulting from the secondary Neimark–Sacker bifurcation on the basis of this cycle will have the torus
number T4:P4:T1:P1. When a resonance with period
n occurs on the torus T4:P4:T1:P1, we will observe a
limit cycle with the cycle number Pn:T4:P4:T1:P1. By

the cycle number, we can determine the period of the
limit cycle by multiplying all the values near the indicator P, i.e., for the limit cycle with the cycle number
Pn:T4:P4:T1:P1, the period of oscillations is equal to
n ∗ 4 ∗ 1. Using these indicators, we will be able to
monitor the place of each cycle and torus in the hierarchy of synchronous cycles and to see its evaluations at
varying parameters.
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4 Chaos and hyperchaos in the model
Let us investigate in detail the formation of different
chaotic attractors. With this purpose, we consider the
dynamics of system (1) in dependence on the parameter m for two different fixed values of parameter g:
(i) when torus transforms to hyperchaos g = 0.2407;
(ii) when torus transforms to chaos with one positive
Lyapunov exponent, g = 0.248. In Fig. 1, two green
lines corresponding to these values of parameter g are
depicted.

4.1 Formation of hyperchaos via secondary
Neimark-Sacker bifurcation
Firstly, let us consider the scenario of the formation of
hyperchaos. Figure 3 shows the dependencies of the
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Fig. 3 Dependence of the largest three Lyapunov exponents on the parameter m at g = 0.2407 a and its zoomed fragments: b domain
of formation of chaotic dynamics; c, d domain of multistability

three largest Lyapunov exponents1 on the parameter m
and their zoomed fragments. As shown in Fig. 3a, for
m = 0.119, the largest exponent equals zero, and the
second and third are negative and equal to each other.
In the phase space, the limit cycle of period-4 corresponds to this regime. At m ≈ 0.1196, the two largest
Lyapunov exponents become equal to zero and the secondary Neimark–Sacker bifurcation (N S 4 ) occurs, as
a result of which a multilayered two-frequency torus is
born.2 The born 4-turn torus remains stable over a sufficiently large interval of the parameter m. Further, there
is an interval of the parameter m, where the second Lyapunov exponent becomes negative, which corresponds
to synchronization on the torus. Next, the destruction
of the torus with formation of chaos at m ≈ 0.12163 is
observed. For m > 0.12163, several domains of chaos
can be distinguished, which are separated by a domains
1 System (1) is four-dimensional and in fact it has four Lyapunov
exponents, but the fourth exponent is always negative, and we
did not add it to the plots.

of periodic oscillations. In Fig. 3b, a zoomed fragment
corresponding to the first domain of chaos is presented.
In Fig. 3b, it is clear that chaos is firstly born with one
positive Lyapunov exponent. Let us consider in more
detail the features of the formation of a chaotic attractor
in this domain.
Multistability is observed in the vicinity of the critical point of chaos. Figure 3c, d shows zoomed fragments of the plots of the three largest Lyapunov exponents, constructed with continuation method of changing of initial conditions3 for different starting initial
conditions. When m = 0.12162 in Fig. 3c, the initial
conditions were fixed as (0, 2.1391, 1.2333, −1.3559),
the system (1) quasiperiodic dynamics demonstrated;
and for Fig. 3d, initial conditions were fixed as (0,4.5742, 0.9503, −1.1037); then, in system (1), periodic dynamics is revealed. Thus, in Fig. 3c, plots are
focused on the visualization of the transformations of
the base invariant curve, and in Fig. 3d, plots visualize
the changing of coexisting attractor.

2

In accordance with [40,41], if for a flow dynamical system
at variation of the parameter, the largest Lyapunov exponent is
equal zero and two of the following are negative and equal to
each other before bifurcation, and if two of the largest Lyapunov
exponents are equal zero and the third is negative after bifurcation, it indicates the Neimark–Sacker bifurcation.

3

Also sometimes it is called adiabatic initial conditions, i.e.,
for each new value of the parameter, the initial conditions were
chosen as the final state attained for the previous value of the
parameter.
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As shown in Fig. 3c, when m ≈ 0.121612, a new
limit cycle (periodic regime) appears, which with further increase in the parameter m coexists with the main
4-turn torus. Multistability between these attractors
and attractors resulting from their transformations are
observed up to m ≈ 0.121642. Dashed lines in Fig. 3c,
d mark domain of multistability in the parameter space.
In Fig. 3c, it is clearly seen that as the parameter m
increases, resonant cycles appear on the surface of the
two-frequency torus; it correspond to dips of the second Lyapunov exponent in the negative region, and then
the 4-turn invariant torus undergoes destruction and a
chaotic attractor is formed on it base. In Fig. 3d, one
can see that the coexisting limit cycle at m ≈ 0.121621
undergoes the secondary Neimark–Sacker bifurcation;
we see that two nonzero Lyapunov exponents (Λ2 and
Λ3 ) are equal to each other before bifurcation. With
further increase in the parameter m, resonances on the
torus (dips in the negative region of the second Lyapunov exponent Λ2 are visible) and torus destruction
are also observed with the formation of chaos. Bifurcations of coexisting attractors occur independently of
each other.
The values of the Lyapunov exponents for coexisting attractors are close to each other, which makes it
difficult to analyze them. Let us consider what happens
in the phase space when the parameter m is varied in
the same way as in Fig. 3c, d.
Figure 4 presents two-dimensional projections of
phase portraits in the Poincaré section by a surface
x = 0 for model (1). The figures show the vicinity of
the one of four invariant curves of the 4-turn torus with
torus number T4:P4:T1:P1 (left column), as well as its
enlarged fragment, visualizing the structure of attractors (right column). The structure of the phase space in
the vicinity of the other three invariant curves is similar. The coexisting attractors are shown by red and blue
dots; red attractors correspond to the plot of Lyapunov
exponents shown in Fig. 3c, blue to 3d. The considered transformations occur with small variations of the
parameter; in the presented examples, the parameter
m changes with accuracy about 10−5 , which imposes
certain requirements on the accuracy of calculations.
For the above example of attractor, the full spectrum
of Lyapunov exponents was calculated with high accuracy, and their values are presented in Table 2.
Figure 4a shows an invariant curve with torus number T4:P4:T1:P1 that has a rather complex form; however, in the zoomed fragment (right column), it can
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be seen that the invariant curve is smooth and continuous. In Table 2, one can see that the spectrum of
Lyapunov exponents of the attractor shown in Fig. 4a
contains two zero exponents, which corresponds to the
two-frequency quasiperiodic regime.
When m ≈ 0.121612 in the system, the limit cycle
of period-72 is born, which coexists with the invariant
curve. In the Poincaré section, 72 fixed points correspond to this limit cycle (blue dots in Fig. 4a), one zero
and three negative Lyapunov exponents correspond to
this regime (Table 2). The limit cycle is born very close
to the torus; however, the torus does not disappear,
and they coexist in a sufficiently large interval of the
parameter m. Such kind of multistability is observed in
many systems [43,44] and is usually associated with
symmetries in the system. The structure of the limit
cycle of period-72 in the Poincaré section corresponds
to the invariant curve of the torus with torus number
T4:P4:T1:P1; in the neighborhood of each of the four
invariant curves, 18 fixed points appear. The limit cycle
of period-72 has the cycle number P18:T4:P4:T1:P1.
With a further increase in the parameter m, changes
with coexisting attractors occur. So on the basis of
invariant curve, higher-order resonances appear (red
dots in Fig. 4b). A resonant cycle of period-448 is born
on the surface of the torus, 112 fixed points appear
on each invariant curve (Fig. 4b), and the cycle number is P112:T4:P4:T1:P1. Further the invariant curve
becomes more complex, sharp angles appear, and at
m ≈ 121631, the invariant curve is transformed into
a chaotic attractor (Fig. 4c–e); in accordance with
[25], we observe torus-chaos. For chaotic attractors,
the largest Lyapunov exponent becomes positive, and
the second is zero (Table 2). In this case, there is a blowing of invariant curve. Thus, as a result of this scenario,
chaos is born with one positive and one zero Lyapunov
exponents.
The coexisting limit cycle of period-72 with the
cycle number P18:T4:P4:T1:P1 is also changed with
the increase in the parameter m (blue attractors). When
m ≈ 0.121621, a secondary Neimark–Sacker bifurcation takes place resulting in a 72-turn torus with the
torus number T18:P18:T4:P4:T1:P1 to which 72 invariant curves correspond in the Poincaré section (Fig. 4b).
An additional zero exponent appears in the spectrum
of Lyapunov exponents (Table 2). With further increase
in the parameter m, resonances are also observed for
this attractor. In this case, period of the limit cycles
and the cycle number increases. For example, one can
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Fig. 4 Two-dimensional projections of phase portraits in the
Poincaré section by surface x = 0 demonstrating multistability and transition to chaos with one positive Lyapunov exponent, g = 0.2407; a m = 0.121615, T4:P4T1:P1 (red) and
P18:T4:P4:T1:P1 (blue); b m = 0.121625, P112:T4:P4T1:P1
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(red) and T18:P18:T4:P4:T1:P1 (blue); c m = 0.121631, chaos
(red) and T18:P18:T4:P4:T1:P1 (blue); d m = 0.121632, chaos
(red) and T18:P18:T4:P4:T1:P1 (blue); e m = 0.121636, chaos
(red) and chaos (blue); f m = 0.121640, merged chaos. (Color
figure online)

Table 2 Signature of the spectrum of the Lyapunov exponents for attractors at transition to chaos, g = 0.2407
m

Regime

Λ1

Λ2

Λ3

Λ4

0.121615

T4

0.0000

0.0000

− 0.0005

− 0.0883

0.121615

P 72

0.0000

− 0.0012

−0.0013

− 0.0863

0.121625

P 448

0.0000

− 0.0001

− 0.0012

− 0.0875

0.121625

T 72

0.0000

0.0000

− 0.0006

− 0.0882

0.121631

C

0.0001

0.0000

− 0.0010

− 0.0879

0.121631

T 72

0.0000

0.0000

− 0.0003

− 0.0885

0.121632

C

0.0003

0.0000

−0.0004

− 0.0887

0.121632

T 72

0.0000

0.0000

− 0.0002

− 0.0886

0.121636

C

0.0004

0.0000

− 0.0002

− 0.0890

0.121636

C

0.0001

0.0000

− 0.0001

− 0.0887

0.121640

C

0.0004

0.0000

− 0.0002

− 0.0890
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observe the limit cycle of period-360 with the cycle
number P5:T18:P18:T4:P4:T1:P1. Then, the 72-turn
torus is destroyed and a chaotic attractor is formed. Figure 4d presents example of coexisting chaotic attractors. Attractors have a different structure, in accordance with the invariant curves, on the basis of which
they appeared; for the first case, four destroyed invariant curves are observed, and for the second case, 72
destroyed invariant curves are observed. For both cases,
it is clearly seen that the strange chaotic attractor in the
Poincaré section is localized in the vicinity of the base
invariant curve, and no filling of the invariant curve
inside is observed.
Remark that the largest Lyapunov exponents for
coexisting attractors are positive; however, the absolute value of the exponents is different (Table 2). For
attractor born as a result of the destruction of a 4-turn
invariant curve, the largest Lyapunov exponent is four
times greater than for a chaotic attractor born on the
basis of a 72-turn torus, and for both cases, the order
of values is 10−4 .
With further increase in the parameter m at m ≈
0.12164, two chaotic attractors merge and form a single
complex attractor. The basis of the structure of the new
chaotic attractor is the 4-turn torus (T4:P4:T1:P1), but
the loops of the 72-turn torus (T18:P18:T4:P4:T1:P1)
are embedded in to chaotic attractor. The largest Lyapunov exponent corresponds to a more developed
chaotic regime, i.e., chaos based on a 4-turn invariant
curve (Table 2).
The plots of Lyapunov exponents (Fig. 3) and Table
2 clearly show that the largest Lyapunov (positive)
exponent for chaotic attractor born as a result of the
destruction of 4-turn torus is greater than the largest
exponent for chaos born as a result of destruction of
72-turn torus. In the plots of Lyapunov exponents with
a further increase in the parameter m in a certain interval of parameter (m < 0.121657), the largest exponent
of the merged attractor remains at the same level, and
for m > 0.121657, its value begins to decrease. Figure 5 presents fragments of two-dimensional projection
of the phase portraits in the Poincaré section, where the
transformations of attractors are shown with the corresponding variation of the parameter m and decrease in
the largest Lyapunov exponent. The attractor is a merging of two chaotic attractors up to m ≈ 0.12657, and
it preserves the structure of 4-turn torus (Fig. 5a). At
m = 0.121657, the phase points condense in the vicinity of the invariant curves of 72-turn torus (Fig. 5b). Fur-
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Fig. 5 Two-dimensional projections of phase portraits in
the Poincaré section by surface x = 0 demonstrating formation of hyperchaos, g = 0.2407; a m = 0.121656,
chaos; b m = 0.121657, chaos; c m = 0.121658,
P21:T18:P18:T4:P4:T1:P1; d m = 0.12166, chaos; e m =
0.121675, P5:T18:P18:T4:P4:T1:P1, f) m = 0.12168, hyperchaos

ther, there are resonances on the torus. Figure 5c shows
an example of the limit cycle with the cycle number
P21:T18:P18:T4:P4:T1:P1 and, respectively, a period
equal 1512. Figure 5d shows the limit cycle with the
cycle number P5:T18:P18:T4:P4:T1:P1 and, accordingly, period-360. At m ≈ 0.121678, hyperchaos formation is observed. Figure 5e shows an example of
hyperchaotic attractor at m = 0.12168; Lyapunov
exponents take the following values: Λ1 = 0.0003,
Λ2 = 0.0001, Λ3 = 0, Λ4 = −0.0891. In this case,
fulfilling of the invariant curve inside happens when a
hyperchaos occurs. The hyperchaotic attractor in the
Poincaré section has form of 72 chaotic “islands.”
With a further increase in the parameter m, periodicity windows are observed, in which the secondary
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Table 3 Signature of the spectrum of the Lyapunov exponents
for attractors at transition to hyperchaos via secondary Neimark–
Sacker bifurcation on the base of limit cycle of period-72, g =
0.2407

Fig. 6 Two-dimensional projections of phase portraits in the
Poincare section by surface x = 0 demonstrating transition to
hyperchaos via secondary Neimark–Sacker bifurcation on the
base limit cycle of period-72, g = 0.2407; a m = 0.12177,
P18:T4:P4:T1:P1; b m = 0.12176, T18:P18:T4:P4:T1:P1; c
m = 0.12205, hyperchaos

Neimark–Sacker bifurcation occurs again, after which
the hyperchaos forms. On fragments of plots of Lyapunov exponents, the corresponding transformations
are clearly visible on the basis of the limit cycles of
period-72 (Fig. 3a) and period-28 (Fig. 3b), denoted by
the symbols N S 72 and N S 28 . Consider in more detail
the features of the formation of hyperchaos for these
windows.
Let us now turn to Fig.3b, in which the letter N S 72
denotes the secondary Neimark–Sacker bifurcation at
m ≈ 0.121765. In this case, the secondary Neimark–
Sacker bifurcation occurs with a decrease in the parameter m, which is also indicated by the equality of two
nonzero Lyapunov exponents (Λ2 and Λ3 ) before the
bifurcation. For this parameter area, multistability is
not observed. The secondary Neimark–Sacker bifurca-

Λ1

Λ2

Λ3

Λ4

m

Regime

0.12177

P 72

0.0000 − 0.0010 − 0.0011

− 0.0866

0.12176

T

0.0000

0.0000 − 0.0004

− 0.0882

0.12175

HC

0.0002

0.0001

− 0.0890

0.0000

tion occurs on the basis of the limit cycle of period-72
with the cycle number P18:T4:P4:T1:P1; as a result, a
two-frequency quasiperiodic regime appears, which is
represented in phase space by the 72-turn torus with a
torus number T18:P18:T4:P4:T1:P1. Figure 6a shows
two-dimensional projection of the phase portrait in the
Poincaré section by the surface x = 0 at m = 0.12177,
which corresponds to the limit cycle of period-72. The
figure clearly shows a set of discrete points. The structure of the phase space corresponding to the limit cycle
of period-4, on the basis of which such dynamics is
developed, has also been preserved. On each of the
four invariant curves, 18 fixed points appeared. When
the parameter m decreases, the Neimark–Sacker bifurcation occurs on the basis of the limit cycle of period72, as a result of which the two-frequency multilayered torus (T18:P18:T4:P4:T1:P1) is born again. The
corresponding transformation is illustrated in Fig. 6b
(m = 0.12176). In the vicinity of each fixed point, a
smooth closed invariant curve is born, with the general
structure of the phase space, characteristic of the limit
cycle with cycle number P4:T1:P1, also preserved.
With further increase in the parameter m, the torus collapses and a hyperchaos with two positive Lyapunov
exponents is formed; an example of the phase portrait
is shown in Fig. 6c (m = 0.12175). The phase space
inside the invariant curves is filled in and the “islands”
of chaotic dynamics are formed in the Poincaré section. The formation of “islands” of chaos occurs in
the following way: the filling occurs inside invariant
curves corresponding to the limit cycle of period-72,
thus forming four islands of chaotic dynamics, each of
which contains 18 more small-scale “islands” of chaos.
Table 3 also shows the values of Lyapunov exponents for characteristic regimes and attractors presented
in Fig.6. As given in Table 4 for the shown chaotic
attractors, the values of positive Lyapunov exponents

123

Author's personal copy
2364

are of the same order (10−4 ), as it was in the previous
case.
Thus, using the example of the limit cycle of
period-72 with the cycle number P18:T4:P4:T1:P1, we
observed the formation of a hyperchaos. The domains
of parameters with hyperchaos and chaos alternate with
each other, but there is a correspondence between the
observed chaotic regimes and the configuration of the
attractor in the Poincaré section; formation of hyperchaos is associated with the filling of invariant curves
inside.
Similar transformations of phase portraits can be
observed for the limit cycle of period-28, but for greater
values of the parameter m. Let us consider windows of
periodicity of the limit cycle of period-28. Synchronization tongue of period-28 is rather pronounced and
denoted by the symbol N S 28 in Fig. 3a. Inside this
tongue, the limit cycle of period-28 is observed. A
zoomed fragment of graphs of Lyapunov exponents in
its vicinity is presented in Fig. 7a. Figure 7a clearly
shows that at m ≈ 0.12199, a secondary Neimark–
Sacker bifurcation occurs as a result of which a torus
is born, and then a hyperchaos is formed. Figure 7b–d
shows the characteristic phase portraits in the Poincaré
section; Fig. 7b are the fragments of phase space in the
vicinity of one of the invariant curves; Fig. 7d, e shows
fully phase space (left column) and zoomed fragment
(right column). The structure of the phase space preserves the basic limit cycle of period-4; seven fixed
points arise on each invariant curve, which generally
corresponds to the limit cycle of period-28 with cycle
number P7:T4:P4:T1:P1 (Fig. 7b). With an increase in
the parameter m, the secondary Neimark–Sacker bifurcation occurs on the basis of the limit cycle of period28, and 28 invariant curves corresponding to multilayered torus with torus number T7:P7:T4:P4:T1:P1 are
formed in the Poincaré section (Fig. 7c). As a result
of the destruction of the 28-turn torus, a hyperchaos
is formed. In this case, the phase points fill invariant curve inside. The structure of the phase space is
preserved in the form of four “islands” of chaotic
dynamics corresponding to limit cycle of period-4, on
the basis of which the described hyperchaos is developed. As well as for the limit cycle of period-72, the
phase space inside the invariant curves is filled in.
Firstly, invariant curves of the 28-turn torus are filled
in (Fig. 7d), and then 4-turn invariant curves are also
filled in (Fig. 7e), thus forming four islands of chaotic
dynamics.
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Fig. 7 Dependence of the largest three Lyapunov exponents on
the parameter m in the transition to hyperchaos via secondary
Neimark–Sacker bifurcation on the base limit cycle of period-28
at g = 0.2407, a Two-dimensional projections of phase portraits in the Poincaré section by surface x = 0 demonstrating
transition to hyperchaos via secondary Neimark–Sacker bifurcation on the base limit cycle of period-28, g = 0.2407; b m =
0.1219, P7:T4:P4:T1:P1; c m = 0.122, T7:P7:T4:P4:T1:P1; d
m = 0.12205, hyperchaos; e m = 0.1223, hyperchaos

Table 4 presents the values of Lyapunov exponents
for attractors shown in Fig. 7, which is fully consistent with the observed regimes. With an increase in
the parameter m, an increase in the values of the Lyapunov exponents is observed. If we compare the values
of the positive Lyapunov exponents, it is clearly seen
that the hyperchaos resulting from the destruction of
a torus with a torus number of T7:P7:T4:P4:T1:P1 is
characterized by a much larger value.

Author's personal copy
Chaos and hyperchaos via secondary Neimark–Sacker bifurcation
Table 4 Signature of the spectrum of the Lyapunov exponents
for attractors at transition to hyperchaos via secondary Neimark–
Sacker bifurcation on the base of limit cycle of period-28, g =
0.2407
m

Regime

Λ1

Λ2

Λ3

Λ4

0.1219

P 28

0.0000 − 0.0044 − 0.0062

− 0.0779

0.122

T

0.0000

0.0000 − 0.0021

− 0.0863

0.12205

HC

0.0016

0.0008

0.0000

− 0.0907

0.1223

HC

0.0031

0.0014

0.0000

− 0.0925

Thus, in this parameter domain, the formation of
chaotic dynamics as a result of the destruction of an
invariant curve is observed. As a result of torus destruction, a chaotic attractor with one positive Lyapunov
exponent is formed. Also in the system, there is a hierarchy of multilayered tori, the destruction of which leads
to the formation of hyperchaos. Fundamental to the
emergence of hyperchaos is filling an invariant curve.

4.2 Formation of chaos with one positive Lyapunov
exponents
Via the secondary Neimark–Sacker bifurcation, the
transition to chaos with one positive Lyapunov exponent is also possible. Within the framework of model
(1), such transition can be observed for the same tongue
of the limit cycle of the period-4 with cycle number
P4:T1:P1, but for large values of the parameter g. Let
us consider in more detail the formation of chaos at
g = 0.248.
In Fig. 8a, plots of the Lyapunov exponents versus
the parameter m are presented for g = 0.248. As in the
previous case for small values of the parameter m, the
two-frequency quasiperiodicity is observed. Inside the
region of quasiperiodic oscillations, high-order resonances are observed, which correspond to the negative
values of the second Lyapunov exponent Λ2 in Fig. 8a.
Figure 9 presents two-dimensional projections of phase
portraits in the Poincaré section by a surface x = 0.
Figure 9a–c demonstrates the transformation of invariant curves during the initial formation of chaos. Figure 9a shows the invariant curves corresponding to 4turn torus with torus number T4:P4:T1:P1. In this case,
the invariant curves are closed, have a simple form, with
slight bends. Figure 9b presents the phase portrait for
the limit cycle of the period-188 that has arisen on the
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surface of 4-turn torus. On each of the four invariant
curves, 47 fixed points arise; thus, the cycle number for
this attractor is P47:T4:P4:T1:P1. After resonance, the
invariant curves presented in Fig. 9c have become more
complex, but according to the values of the Lyapunov
exponents, the regime is still quasiperiodic. Thus, as the
parameter m is increased, the complexity of the invariant curve is observed. Then, at m ≈ 0.119587, a limit
cycle occurs on the surface of the 4-turn torus with the
cycle number P10:T4:P4:T1:P1 (in Fig. 8a, this cycle is
designated by symbol P 40 ), the loss of stability which
leads to the appearance of a chaotic attractor.
In the vicinity of the chaos-forming region for g =
0.248, as well as for the previous case (Sect. 4.1),
multistability is observed. Figure 8c, d shows the
plots of Lyapunov exponents constructed for different starting initial conditions at m = 0.11963. For
Fig. 8c, the starting initial conditions were chosen
as (0, 1.9356, 1.2147, −1.3150) and for Fig. 8d, as
(0, 4.6534, 0.1521, −1.3231). Multistability is observed
in the range of the parameter m(0.119622−0.119665);
this interval is marked by dotted lines in the plots of
Lyapunov exponents. As shown in Fig. 8c, a stable limit
cycle is observed for this region. When m ≈ 0.119662,
a period-doubling bifurcation occurs, and then the
regime is hardly switched to chaotic dynamics.
When m ≈ 0.119622, a coexisting cycle appears,
the dynamics of which can be traced in Fig.8e; the coexisting cycle undergoes a cascade of period-doubling
bifurcations with a transition to chaos. Figure 9d–f
shows two-dimensional projections of phase portraits
in the Poincaré section of coexisting attractors. As
shown in Fig. 9d near the limit cycle with the cycle
number P10:T4:P4:T1:P1, the limit cycle appears with
the same cycle number. With the coexisting cycle, a
cascade of period-doubling bifurcations occurs and a
chaotic attractor is formed. Figure 9e presents an example of the coexisting limit cycle of period-40 and the
chaotic attractor, which arose on the basis of the coexisting cycle. The chaotic attractor is very compressed
in phase space and is located near the coexisting limit
cycle. The plots of Lyapunov exponents show that as the
parameter m is increased, several intervals are observed
with the chaotic dynamics of the coexisting attractor,
alternating with the periodic one. When approaching
the edge of the multistability region, the coexisting
attractor becomes periodic. Figure 9f shows an example
of a coexisting chaotic attractor, arising from the main
limit cycle, and the limit cycle of period-160 (cycle
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Fig. 8 Dependence of the largest three Lyapunov exponents on the parameter m at g = 0.248 a and its zoomed fragments: b, c domain
of multistability

number P40:T4:P4:T1:P1). At m ≈ 0.119665, as well
as for the main coexisting attractor, a hard transition to
chaos is observed. Such a transition is associated with a
crisis of the attractor born as a result of period-doubling
bifurcations. The chaotic attractor has a complex structure. However, the form of four invariant curves is preserved. Invariant curves become more rugged and lose
smoothness.
For large values of the parameter m inside the periodicity windows, the formation of chaos is observed
through a sequence of period-doubling bifurcations.
This scenario can be observed for the limit cycle
of period-12 with the cycle number P3:T4:P4:T1:P1.
(This regime is denoted by symbol P 12 in Fig. 8a.)
Figure 10 shows the projections of the phase portrait in the Poincaré section by a surface x = 0,
demonstrating the transformation of the limit cycle of
period-12 into a chaotic attractor. Figure 10a–c shows
three period-doubling bifurcations. As we can see, the
base cycle with cycle number P3:T4:P4:T1:P1 persists
the structure of the torus T4:P4:T1:P1. In Fig. 10d,
e, two characteristic chaotic attractors are presented.
In Table 5, values of the full spectrum of Lyapunov
exponents for these chaotic attractors are shown. For
the chaotic attractor in Fig. 10d, the largest Lyapunov
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exponent equals Λ1 ≈ 0.0023. In this case, the chaotic
attractor in the Poincaré section consists of 12 discrete lines, each of which arose with doubling of the
limit cycle of period-12. The chaotic attractor has similar structure to the chaotic attractor resulting from
the limit cycle of period-40 with the cycle number
P10:T4:P4:T1:P1 (Fig. 9e); it is compressed in the
phase space. With an increase in the parameter m, chaos
becomes more developed, and the attractor again takes
the form of the 4-turn torus. In Fig. 10e, four destroyed
invariant curves are clearly visible, with characteristic
sharp angles near three fixed points that correspond to
the resonant cycle, on the basis of which the attractor appeared. For the developed chaos, the largest Lyapunov exponent is equal to Λ1 ≈ 0.0064. The principal
difference between such a chaotic attractor is that in this
case, the structure of the phase space characteristic for
the tori is persist, but we did not observe formation of
chaotic islands (filling invariant curves inside) that are
typical for the hyperchaos.
Note that a typical classic Feigenbaum scenario
dependence of Lyapunov exponents is observed. The
first Λ1 and the third Λ3 exponents behave symmetrically with respect to the second Λ2 (zero); an increase
in the largest exponent is accompanied by a decrease
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Fig. 9 Two-dimensional projections of phase portraits in the
Poincaré section by surface x = 0 demonstrating formation of chaos via loss of smoothness of invariant curve,
g = 0.248; a m = 0.119, T4:P4:T1:P1; b m = 0.1195,
P47:T4:P4:T1:P1; c m = 0.11955, T4:P4:T1:P1; d m =

0.119623, P10:T4:P4:T1:P1 (red), P10:T4:P4:T1:P1 (blue); e
m = 0.119645, P10:T4:P4:T1:P1 (red), chaos (blue); f m =
0.119664, chaos (red), P40:T4:P4:T1:P1 (blue). (Color figure
online)

in the third. This picture is wellseen for chaos with
one positive Lyapunov exponent (Fig. 8a). However,
after the periodicity window at m ≈ 0.121456, the
dynamics of the third Lyapunov exponent changes; it
begins to increase with the first. It can be assumed
that for large values of the parameter m, the regime
could become hyperchaotic. But due to the limited
dynamical regime of the model (1) in the parameter
space for this parameter, we observe that the trajectories begin to go to infinity before the third indicator
reaches zero.

rence of hyperchaos may be associated with secondary
Neimark–Sacker bifurcation and torus destruction.
It is well-known that Neimark–Sacker bifurcation
corresponds to displacement of two multipliers at once
beyond the unit circle of the plane of imaginary and
real parts of the multipliers. This gives the prerequisites for emergence of two unstable directions. Torus
destruction is usually associated with loss of smoothness of an invariant curve, or homoclinic bifurcation, or
it can happen via Afraimovich–Shilnikov scenario, or
another one [25]. Thus, on the threshold of bifurcation,
various complex regimes can be observed: high-order
synchronization tongues with period-doubling bifurcations inside them or multistability. In this regard, the
presence of Neimark–Sacker bifurcation does not give
an unambiguous opportunity for immediate occurrence
of hyperchaos. However, a hyperchaotic set is formed

5 Conclusions
In the present work, on the example of the simplest
model with hyperchaos, it is shown that the occur-
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Fig. 10 Two-dimensional projections of phase portraits in the
Poincaré section by surface x = 0 demonstrating formation of chaos via cascade of period-doubling bifurcations of
the limit cycle of period-12, g = 0.248; a m = 0.1207,

P3:T4:P4:T1:P1; b m = 0.12075, P6:T4:P4:T1:P1; c m =
0.12083, P12:T4:P4:T1:P1; d m = 0.12085, chaos; e m =
0.121, chaos

Table 5 Signature of the spectrum of the Lyapunov exponents
for chaotic attractors occurring via cascade of period-doubling
bifurcations of the limit cycle of period-12, g = 0.248

chaos is associated with dynamics of subsystems or
destruction of tori of higher dimensions. As a result of
torus destruction via secondary Neimark–Sacker bifurcation, it is possible to obtain hyperchaos with just
two positive Lyapunov exponents, because they relate
to two unstable directions occurring via such kind of
bifurcation.

m

Regime

Λ1

Λ2

Λ3

Λ4

0.12085

C

0.0023

0.0000

− 0.0059

− 0.0878

0.121

C

0.0064

0.0000

− 0.0117

− 0.0839

and chaotic regimes occurring as a result of other different scenarios developed to this set.
The proposed scenario is sufficiently general and
universal for dynamical systems of any higher dimension of their phase space. Wherein, for the systems with
a large dimension of the phase space, the spectrum of
Lyapunov exponents can contain more than two positive Lyapunov exponents, among others, in [8,9,32].
In ensembles of coupled oscillators with a number of
subsystems exceeding two, the high-dimension hyper-
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