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a b s t r a c t
The dynamics of a non-autonomous oscillator in which the phase and frequency of the external force
depend on the dynamical variable is studied. Such a control of the phase and frequency of the external
force leads to the appearance of complex chaotic dynamics in the behavior of oscillator. A hierarchy of
various periodic and chaotic oscillations is observed. The structure of the space of control parameters
is studied. It is shown there are oscillatory modes similar to those of a non-autonomous oscillator with
a potential in the form of a periodic function in the system dynamics, but there are also signiﬁcant
differences. Physical experiments of such systems are implemented.

1. Introduction
Many systems, including radiophysical, biological, and others,
exhibit oscillatory processes in which one the system acts on another with a periodic signal, but when the operating conditions
change, the frequency of forcing changes. For example, in information transmission systems to ensure high stability, the so-called
phase-locked loop is used [1–4]. The system of cardiovascular regulation of living organisms with a change in load increases or decreases the heart rate [5–9]. Such property for neurons can explain
plasticity and memory [10–13]. In some assumption such phenomena can be called and interpreted as adaptation. In such interactions, the dependence of the phase or frequency on the dynamic
variable can lead to the appearance of complex dynamics in the
system. The control process in this case is challenge task, its research and modeling encounters a number of diﬃculties. One of
the ways in the study of such systems and processes is the consideration of simpler objects in which the excitation of oscillations
and frequency control are rather easily modeled. As such a system,
it is convenient to use the classical model of the theory of oscillations.
A simple object for studying adaptation properties can be simple self-oscillating model, such as a harmonic oscillator, which is a
paradigmatic model that characterizes a wide range of systems in
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engineering and natural sciences [14–15]. A dissipative linear oscillator with external force (non-autonomous) in the simplest case
demonstrates self-oscillations or a stable equilibrium state as an
attractor. The complication of the dynamics of such a system is
traditionally observed with the addition of nonlinear terms. For
example, adding cubic nonlinearity will result in the well-known
Duﬃng oscillator [16–21]. In [22–24] were presented modiﬁcations
of Duﬃng oscillator describing a mechanical system with friction,
which can demonstrate chaotic behavior. These results were veriﬁed by numerical simulations and theoretical approaches [20, 22–
24]. Another modiﬁed non-autonomous Duﬃng oscillator allows to
describe complex bursting dynamics [25]. By adding exponential
nonlinearity, we get a Toda oscillator [26–27], whose equation reproduces the dynamics of the RL-diode circuit [28–31]. When such
systems interact, they exhibit complex dynamic behavior, including chaos, quasiperiodic oscillations, multistability, nonlinear resonance, etc. [32–40]. Another interesting option is oscillator with
nonlinearity of the sine type. It is one of the reference models of
nonlinear dynamics [15]. It describes the oscillations of a mathematical and physical pendulum, and also appears in other applied
problems, for example, when considering Josephson contact [41–
44], when studying self-induced transparency in nonlinear optics,
when analyzing the bending of an elastic beam. Also such kind
of models can occur in electromechanical systems [45]. Dynamical
systems of this type have very rich dynamics [46–50]. The richness
of the dynamics of such oscillators is related to the form of the
potential function, which is periodic and has an inﬁnite number of
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maxima and minima. In the case of a symmetric potential function, dynamics is observed, accompanied by a transition from one
well to another. In addition to the well-known scenarios of transition to chaos and types of bifurcations, so-called metastable chaos
takes place in such systems. In the case of asymmetry of the potential function, the so-called particle drift in the periodic potential
is observed.
In the frame of this work, we consider the features of the system when the external signal is complicated, i.e. taking into account the dependence of the phase and frequency of external inﬂuence on the dynamic variable. The accounting of adaptive properties in such a model can lead to the appearance of complex oscillatory regimes. A study of the dynamics of a non-autonomous
oscillator with a controlled phase and frequency of external force
is presented. The structure of the space of control parameters is
investigated. The role of parameters is determined. The work is
structured as follows. In Section 2 we describe the object of study:
a linear oscillator with an external periodic force, the external force
of which has a phase dependent on a dynamical variable, which
leads to the appearance of nonlinearity in the system. We discuss
in detail the dynamics of the oscillator, the phase of which depends on the dynamical variable. In Section 3 we presents a model
of harmonic oscillator with frequency depending on the state of
oscillator and the numerical study of this model. In Section 4 we
present implementation of proposed model in physical experiment
and compare numerical and experimental results.
2. Harmonic oscillator under external periodic force with a
controlled phase
As the simplest object of study, we will choose the classical
model of the theory of oscillations [14,15] – RLC - circuit, excited
by an external signal, which is written in the following form1 :

ẍ + α x˙ + x = ASin( pτ + φ ),

(1)

where x, x˙ are dimensionless dynamic variables, α is dissipation
coeﬃcient, A and φ are amplitude and phase of the external force,
p = ω/ω0 is normalized frequency of external force, this coefﬁcient characterizes ration of natural circuit frequency and frequency of external force. Eq. (1) describes the behavior of a linear non-autonomous oscillator, the dynamics of which well known:
the external force in such a system excites periodic self-oscillations
[14, 15].
The ﬁrst proposed modiﬁcation of the model corresponds to the
case when the phase of external force depends on the variable. The
dependence of the phase on the variable is the simplest one, i.e.
through a linear function:

φ (x ) = kx,

(2)

where k is a constant coeﬃcient. After the transition Eq. (1) takes
the form:

ẍ + α x˙ + x = ASin( pτ + kx ).

(3)

As result of modiﬁcation, the Eq. (1) becomes non-linear and
Eq. (3) contains a nonlinearity of type Sin(kx).
Thus, by controlling the phase of the external force, the linear equation describing the forced oscillations of the linear oscillator is also converted into a nonlinear one with nonlinearity of the
Sin(kx)-type.
The analysis of the nature of the forced oscillations in the work
was carried out on the basis of an assessment of the spectrum of
Lyapunov exponents [51], which was calculated with Benettin algorithm [52], as well as on the analysis of phase portraits in the
1
Transformation of equations from non-autonomous RLC-circuit to dimensionless
form presented in Appendix

stroboscopic section. The amplitude A, normalized frequency p, and
phase control coeﬃcient k were used as control parameters. For
stability analysis, Eq. (3) was transformed into a system of three
ﬁrst-order differential equations:

x˙ = y,
y˙ = −α y − x + ASin(z ),
z˙ = p + ky.

(4)

We study the characteristic structure of various parameter
planes in this case.
Fig. 1 presents a charts of the dynamic regimes of system (4) on
the plane of parameters (k, A) for three different values of the frequency of forcing p. Different colors denote the domains of periodic regimes with different periods, domains of chaotic oscillations, when the largest Lyapunov exponent is positive are depicted
by gray color; the corresponding color palette is presented in the
bottom of Fig. 1. Fig. 1a illustrates the structure of the parameter
plane (k, A) at p = 0.25. In the dynamics of system (4), a sequence
of period doubling bifurcations is observed, ending with a transition to chaos. In the region of the existence of chaos, its development is observed, associated with a decrease in the connectivity
of the chaotic attractor, alternating with the appearance of zones
of periodic oscillations. Fig. 1b illustrates the structure of the parameter plane (k, A) at p = 1. The structure of the parameter plane
remains qualitatively unchanged, only the bifurcation values of the
parameters A and k change. Fig. 1c illustrates the structure of the
parameter plane (k, A) at p = 5. In general, the plane structure also
represents an alternation of zones of periodic and chaotic oscillations. However, bands of periodic regimes corresponding to higher
resonances appear. As can be seen from Fig. 1, an increase in the
parameters A and k leads to a qualitatively identical change in the
dynamics of the system.
Fig. 2 shows two-dimensional projections of phase portraits illustrating the appearance of a chaotic attractor as a result of a cascade of period doubling bifurcations, stroboscopic section of phase
portrait is depicted by blue points. Fig. 2a shows the limit cycle
for small values of the parameters of the amplitude of the external signal and coeﬃcient k. With an increase in the amplitude of
the external force, the limit cycle increases in size (Fig. 2b). As the
coeﬃcient k increases, the shape of the limit cycle changes, additional loops appear (Fig. 2c), however, in the stroboscopic section,
this attractor still corresponds to a single ﬁxed point. Fig. 1d shows
an example of a more complex attractor for large values of the parameters A and k. On the basis of such a limit cycle, a cascade of
period doubling bifurcations occurs in the system. In Fig. 2e, an example of a double limit cycle is shown, and then the chaos develops, presented in Fig. 2e. Inside the chaos region with a further increase in the parameters on the parameter plane, periodicity windows are observed, inside which a cascade of period doubling bifurcations also occurs and chaos also appears. For all cases shown
in Fig. 2, the dynamics of the system develops in the vicinity of
one of the potential wells located on one side of the unstable zero
equilibrium state. In this case, the phase trajectory can also enter
the region of the second symmetric potential well, but then returns. This is clearly seen in the stroboscopic sections, which are
located in the negative region of the dynamical variable x.
A similar scenario is observed with increasing frequency parameter p. However, with increasing frequency, attractor grows in size
and begins to visit other potential wells that are more distant from
the zero equilibrium state. At the same time, dynamic chaos developing at various frequencies has its own characteristic features. To
analyze the features, stroboscopic sections of phase portraits and
Fourier spectra for chaotic attractors were constructed for various
values of the parameter p, which are presented in Fig. 3.
For small values of the parameter p, which is responsible for the
frequency of the external force (p = 0.25), the oscillator dynam-
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Fig. 1. Charts of dynamical modes of harmonic oscillator under external periodic force with a controlled phase (4) for α = 0.1, a) p = 0.25, b) p = 1, c) p = 5.

Fig. 2. Two-dimensional projections of phase portraits (red lines) and cross-sectional stroboscopic sections (blue dots) of harmonic oscillator under external periodic force
with a controlled phase (4) for various points of the parameter plane (k, A) at p = 0.25. a) k = 0.1, A = 0.5; b) k = 0.3, A = 0.5; c) k = 0.3, A = 0.75; d) k = 0.32, A = 2.67;
e) k = 0.36, A = 3.07; f) k = 0.62, A = 5.85.

ics mainly develops in one of the potential wells close to the zero
equilibrium point. The peak corresponding to the base frequency of
the limit cycle from which this chaotic attractor was born is clearly
visible in the Fourier spectrum. With an increase in the frequency
of external force p (p = 1), the attractor becomes more developed
and jumps are observed in dynamics from one potential well to
another. The Fourier spectrum of such a regime is broadband and
does not contain individual peaks, as it was for the previous case.
At p = 5, the phase portrait looks even more developed; the phase
trajectory visits about 7 potential wells. The Fourier spectrum is
also broadband, but in this case a certain higher-amplitude band
appears at low frequencies, which corresponds to ﬁltering the signal by the circuit at the resonant frequency. In Table 1 values of
the Lyapunov exponents for considered chaotic attractors are presented. The largest Lyapunov exponent for more developed chaotic
attractor has the biggest value.

Table 1
Values of the Lyapunov exponents spectrum of harmonic oscillator under external periodic force with a controlled phase
(4) for different chaotic attractors.
Parameters

1

2

3

p = 0.25, k = 0.85, A = 8.18
p = 1, k = 0.57, A = 5.35
p = 5, k = 3.03, A = 11.1

0.018
0.092
0.230

0.0
0.0
0.0

−0.118
−0.192
−0.330

Now we turn to the study of the characteristics of the plane of
parameters corresponding to the most classical in terms of synchronization: frequency - amplitude of the external signal. As a
frequency parameter, we will use the parameter p. Fig. 4 presents
charts of the modes of oscillations of system (4) on the plane of
parameters (p, A) for various values of the parameter k; the color
palette is similar to Fig. 1. Fig. 4a illustrates the structure of the
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Fig. 3. Stroboscopic cross sections and Fourier spectra for various chaotic modes of harmonic oscillator under external periodic force with a controlled phase (4). a) p = 0.25,
k = 0.85, A = 8.18; b) p = 1, k = 0.57, A = 5.35; c) p = 5, k = 3.03, A = 11.1.

Fig. 4. Charts of dynamical modes of harmonic oscillator under external periodic force with a controlled phase (4) with α = 0.1, a) k = 0.5, b) k = 1, c) k = 2.

parameter plane (p, A) at k = 0.5. Here it is possible to distinguish
separate zones of complex behavior associated with the so-called
resonances at higher harmonics. At low frequencies on the parameter plane, there is a sequence of period doubling bifurcations is
observed in the dynamics of the system ending with a transition to
chaos. The lines of bifurcations of period doubling have the characteristic form of tongues with a certain threshold in the parameter
k. So, for the ﬁrst line of period doubling (at the maximum frequency of the external signal p), the minimum of bifurcation line
is located at the doubled resonant frequency, it is typical for the
structure of the space of control parameters of a non-autonomous
nonlinear oscillator [9–12]. With a decrease in the frequency of
forcing, similar lines of period doubling are observed at frequencies corresponding to subresonances. As the frequency decreases,
the threshold for bifurcation of the doubling period increases. With
an increase in the parameter k, chaos develops due to a decrease
in the connectivity of the chaotic attractor, alternating with the appearance of zones of periodic oscillations. On the whole, the structure of the plane of control parameters (Fig. 4a) is similar to that
for a non-autonomous nonlinear oscillator [18,19]: it is possible to
distinguish separate zones of complex behavior associated with the
so-called resonances at higher harmonics.

An increase in the parameter k (Fig. 4b and Fig. 4c) leads to an
increase in the range of variation of the phase of the forcing, and
as a result to an increase in the regions of complex behavior and
the complication of their structure.
Fig. 5 presents charts of dynamic modes on the plane of parameters (p, k) for two values of parameter A: A = 1 and A = 10. Qualitatively, the structure of the parameter plane repeats the analogous
one presented in Fig. 4. Which also conﬁrms that a change in the
parameters A and k qualitatively leads to the same result. Fig. 5 illustrates the diversity of the zones of existence of various modes
of oscillation.
3. Harmonic oscillator under external periodic force with a
controlled frequency
The second modiﬁcation of the model is harmonic oscillator,
the frequency of which depends on the dynamical variable. The
equation of non-autonomous oscillator in this case has the form

ẍ + α x˙ + x = ASin( p(x )τ + φ ),

(5)

where p(x) is the frequency of external force. As in the previous case, we assume that the dependence of the frequency of the
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Fig. 5. Charts of dynamical modes of harmonic oscillator under external periodic force with a controlled phase (4) with α = 0.1, a) A = 1, b) A = 10.

Fig. 6. Charts of the dynamic modes of harmonic oscillator under external periodic force with a controlled frequency (9) for α = 0.1, (a) p0 = 0.25, (b) p0 = 1.

external force on the dynamic variable is linear:

p(x ) = p0 + kx(t ).

(6)

Then Eq. (5) takes the form:

ẍ + α x˙ + x = ASin[( p0 + kx )τ + φ ], .

(7)

Setting ϕ = 0, we obtain an equation of the form

ẍ + α x˙ + x = ASin[( p0 + kx )τ ], .

(8)

In the case of frequency control, the dynamics does not change
qualitatively; the main difference in the system behavior is the
structure of the space of control parameters. A change in the frequency of forcing, which is a consequence of its dependence on
a dynamical variable, leads to the fact that the instantaneous frequency of the oscillations changes and the nature of the oscillations is more complex than when controlling the phase. The system of ﬁrst-order equations in this case has the form:

x˙ = y,
y˙ = −α y − x + ASin(z ),
z˙ = ( p0 + kx ) + kyτ .

(9)

It should also be noted here that, unlike the system of equations (8) in (9), the variable z clearly depends on the time τ .
The study of model (9) will be carried out similarly to a controlled phase system. To analyze the dynamics when varying the
parameters, we again use the charts of dynamic mode, based on
the analyzing the spectrum of Lyapunov exponents.

Fig. 6 shows the charts of the modes of oscillations of system
(9) on the plane of parameters (k, A) for various values of the parameter p0 and the dissipation parameter α = 0.1. The color palette
used was the same as for Fig. 1. Fig. 6a illustrates the structure of
the parameter plane (k, A) at p0 = 0.25. The overall picture remains
the same which was for harmonic oscillator under external periodic force with a controlled phase: on the parameter plane, selfoscillation bands with a period of 1 in the stroboscopic section are
observed. With basic limit cycles, a cascade of period doubling bifurcations occurs and a chaotic attractor arises. The difference from
the case of the dependence of the phase on the variable is that
these structures are observed only at small values of the parameters A and k. For large parameter values, the periodicity windows
become very narrow and the chaotic dynamics mode dominates.
Fig. 6b illustrates the structure of the parameter plane (k, A) with
p0 = 1. The structure of the parameter plane remains qualitatively
unchanged, bands of periodic regimes are observed, from which
chaotic oscillations arise through a cascade of period doubling bifurcations. However, for this choice of parameters, the regions of
the limit cycle become more pronounced. With a further increase
in the parameter p0 , the chaos regions disappear and only periodic
oscillations are realized in the system. This effect is due to the fact
that with an increase in p0 the amplitude of the forced oscillations decreases, and, accordingly, the amplitude of the change in
the forcing frequency.
Fig. 7 shows examples of projections of phase portraits and
their stroboscopic sections for the case p0 = 0.25. The phase portrait for the limit cycle of the period-1 is a multi-turn cycle, which
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Fig. 7. Two-dimensional projections of phase portraits (red lines) and stroboscopic sections (blue dots) of harmonic oscillator under external periodic force with a controlled
frequency (9) for various points of the parameter plane (k, A) at p0 = 0.25. (a) k = 0.02, A = 0.167; (b) k = 0.03, A = 0.2; (c) k = 0.045, A = 0.417; (d) k = 0.085, A = 0.733;
(e) k = 0.11, A = 0.9; (f) k = 0.168, A = 1.35; g) k = 0.283, A = 2.267.

Fig. 8. Stroboscopic cross sections and Fourier spectra of harmonic oscillator under
external periodic force with a controlled frequency (9) for various chaotic modes.
(a) p = 0.25, k = 0.168, A = 1.35; (b) p = 1, k = 0.39, A = 2.77.

corresponds to one point in the stroboscopic section (Fig. 7a). On
its basis, a cascade of period-doubling bifurcations occurs. The
phase portrait in Fig. 7b corresponds to a double limit cycle; in
Fig. 7c, an example of a chaotic attractor is presented. For small
values of the parameters A and k, the oscillations occur inside
two potential wells of the oscillator, the phase trajectory visits the
vicinity of each of the wells. With increasing parameters A and k,
a larger number of potential wells are involved in the dynamics of
the system. Fig. 7d shows an example of the limit cycle for such
a case. The stroboscopic sections shown in Figs. 7e and e clearly
show the gradual involvement of more potential wells in the dynamics.
An increase in the frequency parameter p0 also affects the spectral characteristics of the dynamic mode. Fig. 8 shows examples
of phase portraits in the stroboscopic section and Fourier spec-

tra for chaotic attractors at two different values of the frequency
parameters p0 . It is clearly seen in phase portraits that with increasing frequency the attractor becomes more developed and the
phase trajectory moves on the basis of a larger number of potential wells. For both cases, the spectrum is broadband, but there is a
pronounced component corresponding to the base oscillation frequency. In the case of the regime shown in Fig. 8a, a relatively
high uniformity of the spectrum should be noted. Perhaps by the
selection of control parameters it can realized chaotic modes with
a uniform spectrum.
Next, we consider the structure of other parameter planes for
a non-autonomous oscillator, the frequency of which depends on
the dynamic variable (9). In Fig. 9 charts of the dynamic regimes
of system (9) on the plane of the coeﬃcient of base frequencies ratio vs amplitude parameter of the external force (p0 , A)
for various values of the frequency tuning parameter k and the
dissipation parameter r = 0.1 are presented. Fig. 9a illustrates
the structure of the parameter plane (p0 , A) for k = 1. In the
structure of the parameter plane, there is some similarity with
Fig. 4a, in the case of controlling the phase of external force, however, there are signiﬁcant differences. The domain of chaotic dynamics, as well as for the model with phase adjustment, is limited by twice the resonant frequency. In the parameter plane,
the structure within which a cascade of period doubling bifurcations with the formation of a chaotic attractor, which is located between the resonant and doubled resonant frequencies, is
clearly pronounced. The period doubling bifurcation line has a
minimum near the doubled resonant frequency. At a frequency
of external force of a lower resonance frequency, at small amplitudes of the impact, periodic self-oscillations are destroyed and a
chaotic attractor appears, and there is no set of cascades of period doubling bifurcations corresponding to subresonances, as was
in the case with a phase-adapted system. With an increase in the
frequency tuning parameter k (k = 1, Fig. 9b), the threshold for
the appearance of bifurcation of period doubling near the doubled
frequency becomes smaller, the region of chaotic oscillations expands to the domain of high frequencies of external force. Moreover, in the region of more than twice the resonant frequency, new
cascades of period doubling are formed at multiple resonant frequencies, but with a large threshold in amplitude. With a further
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Fig. 9. Charts of dynamical modes of harmonic oscillator under external periodic force with a controlled frequency (9) with α = 0.1, (a) k = 0.5, (b) k = 1, (c) k = 2.

Fig. 10. Charts of dynamical modes of harmonic oscillator under external periodic force with a controlled frequency (9) with α = 0.1, (a) A = 1, (b) A = 10.

increase in the frequency tuning parameter k (k = 2, Fig. 9c), the
cascade of period doubling bifurcations in the vicinity of the doubled resonant frequency expands to high frequencies and, when it
crosses the triple frequency, a uniform region of chaos is formed.
Fig. 10 shows the charts of the dynamic modes of system (9) on
the plane of parameters, the coeﬃcient of base frequencies ratio vs
frequency control coeﬃcient (p0 , k) for various values of parameter A. Fig. 10a illustrates the structure of the parameter plane (p0 ,
k) for A = 1. In the structure of the parameter plane, there is some
similarity with Fig. 9a, as well as for the case of controlling the
phase of the force. The region of chaotic dynamics is limited by
twice the resonant frequency. On the parameter plane, the structure within which a cascade of period doubling bifurcations with
the formation of a chaotic attractor, which is located between the
resonant and doubled resonant frequencies, is clearly expressed.
At a frequency of external force of a lower resonance frequency,
for small amplitudes periodic self-oscillations are destroyed and a
chaotic attractor appears, and there is no set of cascades of period doubling corresponding to subresonances, as was in the case
with a phase-tuning system. At frequencies greater than twice the
resonant frequency, periodic self-oscillations are observed. With
increasing parameter A = 10 (Fig. 10b), the structure of the parameter plane changes signiﬁcantly. The period doubling bifurcation threshold near the doubled resonant frequency becomes much
smaller. In the vicinity of the tripled resonant frequency, one more
period doubling line is observed, with an increase in the frequency
tuning parameter k over a wide range of external forcing frequen-

cies, a cascade of period doubling bifurcations is observed and
chaotic dynamics appear at frequencies doubled.
4. Experimental implementation
Fig. 11a shows experimental scheme, in which the case of phase
controlled harmonic oscillator is implemented. The scheme includes RLC circuit, forcing by voltage of the external generator,
whose phase depend from capacitor voltage. In experiment we
used as generator Adgilent 8115А, spectrum analyzer N9320A and
oscilloscope DSO-X4034A. Resonance frequency of the RLC-circuit
was ﬁxed 330 kHz.
The control parameter space of the system under study has
a complex structure, but in there dynamics the typical types of
behavior are observed. Figs. 11b–e show two-dimensional projections of phase portraits on the plane (U, dU/dt) (upper panel) and
power spectra (bottom panel) corresponding period doubling rout
to chaos. Also in the dynamics of the system the regimes corresponded to broadband chaos are observed. Fig. 11f shows twodimensional projections of phase portraits on the plane (U, dU/dt)
and power spectra corresponding to broadband chaos. Form of
phase portraits in physical experiment is similar to the same obtained in numerical simulations.
Fig. 12 shows experimental scheme, in which the case of frequency control is implemented. The scheme include RLC circuit,
forcing by voltage of the external generator, whose frequency depend from capacitor voltage. The control parameter space in this
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Fig. 11. (a) experimental scheme of harmonic oscillator under external periodic force with a controlled phase; (b)–(f) illustrations of formation chaotic dynamics, upper:
phase portraits of experimental circuit; bottom: power spectrums.

Fig. 12. a) experimental scheme of harmonic oscillator under external periodic force with a controlled frequency; (b)–(f) illustrations of formation chaotic dynamics, upper:
phase portraits of experimental circuit; bottom: power spectrums.
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case has complex structure too. In there dynamics period doubling
rout to chaos is observed. Figs. 12b–d show two-dimensional projections of phase portraits on the plane (U, dU/dt) (upper panels)
and power spectra (bottom panels) corresponding period doubling
rout to chaos. Figs. 11e and f show two-dimensional projections
of phase portraits and power spectra (on right) corresponding to
broadband chaos. Fourier spectrum for broadband chaotic attractors is continuous, but in Fig. 11e it has a pronounced component
corresponding to the base oscillation frequency.
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5. Conclusion

Using RLC-circuit presented in Fig. 10a we can write Kirchhoff’s
voltage law:

Thus, the introduction of a linear dependence of the phase and
frequency of the external force on the dynamical variable in a nonautonomous linear oscillator can describe property of adaptation a
simple system. This property signiﬁcantly complicates the dynamics of such a simple system and leads to the emergence of a hierarchy of periodic and chaotic oscillations when the control parameters of the external inﬂuence are varied. The dynamics of such a
system becomes close to a system with multi-well potential.
In the case of phase dependence on the dynamical variable, a
hierarchy of chaotic attractors is observed resulting from cascades
of period doubling bifurcations, while the lines of period doubling
bifurcations are located at the doubled resonant frequency and
subresonance frequencies. An increase in the amplitude of the external force leads to the expansion of the domains of existence of
complex modes of oscillations and in this case these regions are
not limited to twice the frequency of the external inﬂuence, as well
as the appearance of new zones of periodic oscillations in the region of chaos is observed. In this case, oscillation regimes appear
in the dynamics of the system corresponding to the so-called dynamics of a nonlinear oscillator with a periodic potential well.
In the case of the dependence of the frequency on the dynamical variable, a hierarchy of chaotic regimes is also observed, however, only the period doubling line remains in the vicinity of the
doubled frequency of the external force. The system of bifurcation
lines of period doubling at subresonance frequencies is destroyed
with the formation of chaotic dynamics. However, an increase in
the frequency of external force in this case also leads to the formation of a picture with a cascade of period doubling and the emergence of a hierarchy of chaotic regimes at the so-called superresonant frequencies.
The chaotic dynamics resulting from the control of the phase
and frequency of a dynamic variable is characterized by broadband spectrum. The widest spectrum is observed in the case of
a phase dependent on a dynamic variable, with the frequency of
the external force near the resonance. For lower frequencies, the
pronounced component of the base periodic signal is retained. For
lower frequencies of external inﬂuence, the signal is ﬁltered by the
circuit and the spectrum has a limited band. In the case of a frequency dependence on a dynamical variable, the signal spectra are
also broadband, however, the components of the basic limit cycle
are pronounced. The results of experimental and numerical studies
are in good qualitative agreement.
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Appendix

UR + UL + UC = A sin(ωt + φ ),

(11)

where UR , UL , UC are voltages on the resistor R, inductance L and
capacitor C, correspondingly, which can be determined by the next
equations:

UR = Ri, UL = Ldi/dt , UC = U.

(12)

Here U is voltage on the capacitor C, which determine current
on the capacitor i = C dU /dt . Then we can write Kirchhoff’s law in
term of dynamical variables of voltage and current:

RC

dU
d 2U
+ LC 2 + U = A sin(ωt + φ ).
dt
dt

(13)

Simple algebraic transformations give new form of equation:

Ü + 2γ U˙ + ω02U =
where 2γ =

R
L,

A

ω02

ω0 =

sin(ωt + φ ),

√1 .
LC

(14)

Then we implement normalization on

the frequency, with substitute: τ = ω0 t and get:

ẍ + α x˙ + x = A sin( pτ + φ )

(15)

with x(τ )=U(t), α = 2γ /ω0 .
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